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This book is dedicated to my wife Vera for opening 
many possibilities and providing balance in my life. 



PREFACE

This book is designed to: 

Provide students with the tools to model, analyze and solve a 
wide range of engineering applications involving conduction heat 
transfer.

Introduce students to three topics not commonly covered in 
conduction heat transfer textbooks: perturbation methods, heat 
transfer in living tissue, and microscale conduction.  

Take advantage of the mathematical simplicity of one-
dimensional conduction to present and explore a variety of 
physical situations that are of practical interest.

Present textbook material in an efficient and concise manner to 
be covered in its entirety in a one semester graduate course. 

Drill students in a systematic problem solving methodology with 
emphasis on thought process, logic, reasoning and verification.

To accomplish these objectives requires judgment and balance in the 
selection of topics and the level of details. Mathematical techniques 
are presented in simplified fashion to be used as tools in obtaining 
solutions. Examples are carefully selected to illustrate the application 
of principles and the construction of solutions.  Solutions follow an 
orderly approach which is used in all examples.  To provide 
consistency in solutions logic, I have prepared solutions to all 
problems included in the first ten chapters myself. Instructors are 
urged to make them available electronically rather than posting them 
or presenting them in class in an abridged form. 

This edition adds a new chapter, “Microscale Conduction.” This is a 
new and emerging area in heat transfer. Very little is available on 
this subject as textbook material at an introductory level. Indeed the 
preparation of such a chapter is a challenging task. I am fortunate 
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that Professor Chris Dames of the University of California, 
Riverside, agreed to take on this responsibility and prepared all the 
material for chapter 11.    

Now for the originality of the material in this book.  Much that is 
here was inspired by publications on conduction. I would like to 
especially credit Conduction Heat Transfer by my friend Vedat S 
Arpaci. His book contains a wealth of interesting problems and 
applications. My original notes on conduction contained many 
examples and problems taken from the literature. Not having been 
careful in my early years about recording references, I tried to 
eliminate those that I knew were not my own. Nevertheless, a few 
may have been inadvertently included. 
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BASIC CONCEPTS 

1.1 Examples of Conduction Problems 

Conduction heat transfer problems are encountered in many engineering 
applications.  The following examples illustrate the broad range of 
conduction problems.  

(1) Design. A small electronic package is to be cooled by free convection.  
A heat sink consisting of fins is recommended to maintain the electronic 
components below a specified temperature.  Determine the required 
number of fins, configuration, size and material.  

(2) Nuclear Reactor Core.  In the event of coolant pump failure, the 
temperature of a nuclear element begins to rise.  How long does it take 
before meltdown occurs?  

(3) Glaciology.  As a glacier advances slowly due to gravity, its front 
recedes due to melting. Estimate the location of the front in the year 2050. 

(4) Re-entry Shield.  A heat shield is used to protect a space vehicle during 
re-entry.  The shield ablates as it passes through the atmosphere. Specify 
the required shield thickness and material to protect a space vehicle during 
re-entry. 

(5) Cryosurgery.  Cryoprobes are used in the treatment of certain skin 
cancers by freezing malignant tissue. However, prolonged contact of a 
cryoprobe with the skin can damage healthy tissue. Determine tissue 
temperature history in the vicinity of a cold probe subsequent to contact 
with the skin. 
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(6) Rocket Nozzle. One method for protecting the throat of a supersonic 
rocket nozzle involves inserting a porous ring at the throat.  Injection of 
helium through the ring lowers the temperature and protects the nozzle. 
Determine the amount of helium needed to protect a rocket nozzle during a 
specified trajectory. 

(7) Casting. Heat conduction in casting is accompanied by phase change. 
Determine the transient temperature distribution and the interface motion of 
a solid-liquid front for use in thermal stress analysis.  

(8) Food Processing. In certain food processing operations conveyor belts 
are used to move food products through a refrigerated room. Use transient 
conduction analysis to determine the required conveyor speed.  

1.2 Focal Point in Conduction Heat Transfer

What do all these examples have in common? If you guessed temperature, 
you are on the right track.  However, what drives heat is temperature 
difference and not temperature.  Refining this observation further, we state 
that conduction heat transfer problems involve the determination of 
temperature distribution in a region. Once temperature distribution is 
known, one can easily determine heat transfer rates.  This poses two 
questions: (1) how is the rate of heat transfer related to temperature 
distribution? And (2) what governs temperature distribution in a region?  
Fourier’s law of conduction provides the answer to the first question while 
the principle of conservation of energy gives the answer to the second. 

1.3 Fourier's Law of Conduction

Our experience shows that if one end of a metal bar is heated, its 
temperature at the other end will eventually begin to rise.  This transfer of 
energy is due to molecular activity. Molecules at the hot end exchange their 
kinetic and vibrational energies with neighboring layers through random 
motion and collisions.  A temperature gradient, or slope, is established with 
energy continuously being transported in the direction of decreasing 
temperature. This mode of energy transfer is called conduction.
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We now turn our attention to 
formulating a law that will help us 
determine the rate of heat transfer by 
conduction. Consider the wall shown 
in . The temperature of one 
surface (x = 0) is and of the other 
surface (x = L) is   The wall 
thickness is L and its surface area is 
A.  The remaining four surfaces are 
well insulated and thus heat is 
transferred in the x-direction only.  
Assume steady state and let be the rate of heat transfer in the x-
direction. Experiments have shown that is directly proportional to A
and

1.1.Fig

siT
.soT

xq

xq
)( sosi TT and inversely proportional to L. That is 

xq

soTsiT

L

dx
x

1.1Fig.

A

0

q
A T T

Lx
si so ( )

.

Introducing a proportionality constant k, we obtain 

                         
L

TTA
kq sosi

x
)( 

,                                (1.1)

where k is a property of material called thermal conductivity. We must 
keep in mind that  is valid for: (i) steady state, (ii) constant k and 
(iii) one-dimensional conduction.  These limitations suggest that a re-
formulation is in order.  Applying  to the element dx shown in 

 and noting that becomes , becomes 

)1.1(.eq

)1.1(.eq
1.1.Fig siT )(xT soT )( dxxT , and 

L is replaced by dx, we obtain 

dx

xTdxxT
Ak

dx

dxxTxT
Akqx

)( )+(
     =  

)+( )(
   = .

Since T dTxTdxx )()( , the above gives
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dx

dT
Akqx    = .                                    (1.2) 

It is useful to introduce the term heat flux ,xq which is defined as the heat 
flow rate per unit surface area normal to x. Thus, 

A

q
q x

x .                                      (1.3)

Therefore, in terms of heat flux, becomes )2.1(.eq

dx

dT
kqx .                                      (1.4) 

Although is based on one-dimensional conduction, it can be 
generalized to three-dimensional and transient conditions by noting that 
heat flow is a vector quantity. Thus, the temperature derivative 
in is changed to a partial derivative and adjusted to reflect the 
direction of heat flow as follows: 

)4.1(.eq

)4.1(.eq

,
x
T

kqx ,
y
T

kqy ,
z
T

kqz              (1.5) 

where x, y, and z are the rectangular coordinates. Equation (1.5) is known 
as Fourier's law of conduction.  Three observations are worth making: (i) 
The negative sign indicates that when the gradient is negative, heat flow is 
in the positive direction, i.e., towards the direction of decreasing 
temperature, as dictated by the second law of thermodynamics.  (ii) The 
conductivity k need not be uniform since applies at a point in the 
material and not to a finite region. In reality the thermal conductivity varies 
with temperature. However, is limited to isotropic material, i.e., k
is invariant with direction. (iii) Returning to our previous observation that 
the focal point in conduction is the determination of temperature 
distribution, we now recognize that once is known, the heat 
flux in any direction can be easily determined by simply differentiating the 
function T and using 

)5.1(.eq

)5.1(.eq

),,,( tzyxT

).5.1(.eq
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1.4 Conservation of Energy: Differential Formulation of the 
Heat Conduction Equation in Rectangular Coordinates

What determines temperature distribution in a region? Is the process 
governed by a fundamental law and therefore predictable? The answer is 
that the temperature at each point is adjusted such that the principle of 
conservation of energy is satisfied everywhere. Thus the starting point in 
differential formulation must be based on an infinitesimal element. 
shows a region described by rectangular 
coordinates in which heat conduction is 
three-dimensional. To generalize the 
formulation, the material is assumed to 
be moving. In addition, energy is 
generated throughout the material at a 
rate  per unit volume.  Examples of 
volumetric energy generation include 
heat conduction in nuclear elements, 
metabolic heat production in tissue, and 
electrical energy loss in transmission 
lines,

2.1.Fig

q
x

y

z

Fig. 1.2

We select an infinitesimal element dxdydz  and apply the principle of 
conservation of energy (first law of thermodynamics)  

Rate of energy added + Rate of energy generated  Rate of energy removed 

= Rate of energy change within element

Denoting these terms by the symbols , , , and inE gE outE E , respectively, 

we obtain

inE + = gE outE E .                                  (1.6)        

This form of conservation of energy is not helpful in solving conduction 
problems.  Specifically, temperature, which is the focal point in 
conduction, does not appear explicitly in the equation. The next step is to 
express eq.(1.6) in terms of the dependent variable T.  To simplify the 
formulation, the following assumptions are made:  (1) uniform velocity, (2) 
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constant pressure, (3) constant density and (4) negligible changes in 
potential energy.   

dx

dy
dydzqx dydzdx

x

q
q x

x )(

dxdzqy

dxdzdy
y

q
q y

y )(

(a)

1.3Fig.

dx

dy

(b)

dydzhU ˆ dydzdx
x
h

hU )
ˆ

ˆ(

dxdzdy
y
h

hV )
ˆ

ˆ(

dxdzhV ˆ

Energy is exchanged with the element by conduction and mass motion. 

These two modes of energy transfer are shown in Fig. 1.3a and Fig. 1.3b, 
respectively. Not shown in these figures are the z-components, which can 
be formulated by analogy with the x and y-components. Energy enters the 

element by conduction at fluxes xq , yq  and zq , in the x, y and z
directions, respectively.  Since each flux represents energy per unit area per 
unit time, it must be multiplied by the area normal to it. Energy also enters 

the element through mass flow. The mass flow rate entering the element in 
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the x-direction is ,dzdyU where is density and U is the velocity 
component in the x-direction. The rate of energy carried by this mass 

is where is enthalpy per unit mass. The corresponding 
components in the y and z directions are and
where V and W are the velocity components in the y and z directions, 

respectively.  Thus, is given by 

,ˆ dzdyhU ĥ
dzdxhV ˆ ,ˆ dydxhW

inE

.ˆˆˆ

          

dydxhWdzdxhVdzdyhU

dydxqdzdxqdzdyqE zyxin
                  (a)      

Energy generation  isgE

.   dzdydxqEg                                         (b)  

Formulation of energy leaving the element is constructed using Taylor 
series expansion  

dydxdz
z

q
qdzdxdy

y

q
qdzdydx

x
q

qE z
z

y
y

x
xout )()()(

.)
ˆ

ˆ()
ˆ

ˆ()
ˆ

ˆ( dydxdz
z
h

hWdzdxdy
y
h

hVdzdydx
x
h

hU           

(c)

Note that U, V and W are constant since material motion is assumed 
uniform. Energy change within the element E  is expressed as 

dzdydx
t

u
E

ˆ
,                                       (d) 

where is internal energy per unit mass and is time. Substituting (a)-(d) 
into eq. (1.6) 

û t

t

u
q

z

h
W

y

h
V

x

h
U

z

q

y

q

x

q zyx ˆˆˆˆ
.  (e)

Enthalpy  is defined as ĥ
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P
uh ˆˆ ,                                               (f) 

here P is pressure, assumed constant. Substituting (f) into (e) and 
rearranging

q
z

q

y

q

x

q zyx )(
ˆˆˆˆ

z

h
W

y

h

x

h
U

t

h
V .    (g)

The next step is to express the heat flux and enthalpy in terms of 
temperature. Fourier’s law, eq.(1.5), relates heat flux to temperature 
gradient.  Enthalpy change for constant pressure is given by 

dTchd p
ˆ ,                                             (h) 

where is specific heat at constant pressure. Substituting eqs. (1.5) and 

(h) into (g)  
pc

)7.1(.)(

)()()(

z
T

W
y
T

V
x
T

U
t
T

c

q
z
T

k
zy

T
k

yx
T

k
x

p

Although eq. (1.7) is based on uniform velocity, it can be shown that it is 
also applicable to incompressible flow with variable velocity, as long as 
dissipation, which is work done due to viscous forces, is negligible [1]. For 
constant conductivity and stationary material, eq. (1.7) simplifies to  

t

T

c

q

z

T

y

T

x

T

p

)(
2

2

2

2

2

2

,                      (1.8)                                   

where  is a material property called thermal diffusivity, defined as

.
pc

k
                                   (1.9)
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1.5 The Heat Conduction Equation in Cylindrical and Spherical   
Coordinates

To analyze conduction problems in cylindrical and spherical geometries 
requires the formulation of the heat conduction equation in the cylindrical 
and spherical coordinates shown in For constant properties and no 
dissipation, the heat equation takes the following forms: 

.4.1.Fig

y

z

r

),,( zr ),,(r

x x

y

z

r

1.4 Fig.
lcylindrica (a) spherical (b)

Cylindrical Coordinates ( zr ,, ):

,
11

2

2

2

2

2
)(

z
T

V
T

r

VT
V

t
T

c
q

z

TT

rr
T

r
rr zr

p r

      (1.10)       

where  and are the velocity components in the r,VV ,r zV and z

directions, respectively. For a stationary material this equation simplifies to  

.
11

2

2

2

2

2
)(

t

T

c

q

z

TT

rr

T
r

rr p

            (1.11)  

Spherical Coordinates ( ,,r ):

pc
qT

r

T

rr
T

r
rr

)()( sin
sin

1

sin

11
22

2

22
2

2

                                                   

TVTV

r

T
V

t

T
r sinrr

,       (1.12)      
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where is the velocity component in theV direction. For stationary 

material this equation reduces to   

pc
qT

r

T

rr
T

r
rr

)()( sin
sin

1

sin

11
22

2

22
2

2

t

T
.      (1.13) 

1.6 Boundary Conditions

Although the heat conduction equation governs temperature behavior in a 
region, it does not give temperature distribution. To obtain temperature 
distribution it is necessary to solve the equation.  However, to construct a 
complete solution, boundary and initial conditions must be specified.  For 
example, eq.(1.8) requires six boundary conditions, two in each of the 
variables x, y and z, and one initial condition in time t. Boundary conditions 
are mathematical equations describing what takes place physically at a 
boundary. Similarly, an initial condition describes the temperature 
distribution at time t = 0.

Since boundary conditions involve thermal interaction with the 
surroundings, it is necessary to first describe two common modes of 
surface heat transfer: convection and radiation.     

1.6.1 Surface Convection: Newton's Law of Cooling 

In this mode of heat transfer, energy is exchanged between a surface and a 
fluid moving over it. Based on experimental observations, it is postulated 
that the flux in convection is directly proportional to the difference in 
temperature between the surface and the streaming fluid.  That is 

)(  TTq ss ,

where s is surface flux, is surface temperature and is the fluid 
temperature far away from the surface.  Introducing a proportionality 
constant to express this relationship as equality, we obtain 

q sT T

)(  TThq ss .                                   (1.14)  
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This result is known as Newton's law of cooling.  The constant of 
proportionality h is called heat transfer coefficient. This coefficient 
depends on geometry, fluid properties, motion, and in some cases 
temperature difference ( TTs ). Thus, unlike thermal conductivity, h is 
not a property of material. 

1.6.2 Surface Radiation: Stefan-Boltzmann Law

While conduction and convection require a medium to transport energy, 
radiation does not.  Furthermore, radiation energy is transmitted by 
electromagnetic waves, which travel best in a vacuum.  The maximum 
possible radiation is described by the Stefan-Boltzmann law, which gives 
surface radiation flux for an ideal body called blackbody as 

4
sb

Tq ,                                         (1.15)       

where is blackbody radiation flux, is surface temperature, measured 
in absolute degrees, and

bq sT
is the Stefan-Boltzmann constant given by 

= 5.67 x 10
8
 W/m2-                            (1.16)  .K 4

To determine the radiation flux rq emitted from a real surface, a radiation 
property called emissivity, , is defined as 

.
b

r

q

q
                                           (1.17) 

Combining (1.15) and (1.17) 

.  4
sr Tq                                       (1.18)   

From the definition of , it follows that its maximum value is unity 
(blackbody).

Radiation energy exchange between two surfaces depends on the geometry, 
shape, area, orientation and emissivity of the two surfaces. In addition, it 
depends on the absorptivity   of each surface.  Absorptivity is a surface 
property defined as the fraction of radiation energy incident on a surface 
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which is absorbed by the surface. Although the determination of the net 
heat exchange by radiation between two surfaces, , can be complex, the 
analysis is simplified for an ideal model for which   = .   Such an ideal 
surface is called a gray surface.  For the special case of a gray surface 
which is completely enclosed by a much larger surface,  is given by 

12q

12q

),( 4
2

4
11112 TTAq                                (1.19) 

where 1 is the emissivity of the small surface,  its area,  its absolute 
temperature and is the absolute temperature of the surrounding surface.  
Note that for this special case neither the area of the large surface nor 
its emissivity

1A 1T

2T

2A

2 affects the result.    

1.6.3 Examples of Boundary Conditions

There are several common physical conditions that can take place at 
boundaries. Fig. 1.5 shows four typical boundary conditions for two-
dimensional conduction in a rectangular plate. Fig. 1.6 shows an interface 
of two materials.  Two boundary conditions are associated with this case. 

insulation

W

L

Th,,convection

oq
oT

Fig. 1.5 Fig. 1.6

0
0

0

2
k

1
k

1
T

2
T

x

y

Before writing boundary conditions, an origin and coordinate axes must be 
selected. Boundary conditions for  and  are expressed 
mathematically as follows:

5.1.Fig 6.1.Fig
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(1) Specified temperature. Along boundary the temperature is 
This temperature can be uniform or can vary along as well as with time.  
Mathematically this condition is expressed as 

),0( y .oT
y

),0( oTyT .                                       (1.20) 

(2) Specified flux. The heat flux along boundary  is ),( yL .oq  According 
to Fourier’s law this condition is expressed as 

x

yLT
kqo

),(
  .                                  (1.21) 

(3) Convection. Neither the temperature nor the flux are known along 
boundary  Instead, heat is exchanged by convection with the ambient 
fluid.  The simplest way to formulate this condition mathematically is to 
pretend that heat flows in the positive coordinate direction.  In this example 
the fluid, which is at temperature  adds energy by convection to the 
boundary  Conservation of energy requires that the added energy be 
conducted to the interior in the positive y-direction.  Therefore, equating 
Newton's law of cooling with Fourier's law of conduction gives

).0,(x

,T
).0,(x

y

xT
kxTTh

)0,(
)]0,([ .                      (1.22) 

Note that surface temperature  is not equal to the ambient 

temperature

)0,(xT

.T

(4) Insulated boundary.  The boundary at is thermally insulated. 
Thus, according to Fourier’s law, this condition is expressed as 

),( Wx

0  
),(

y

WxT
.                                       (1.23)

Note that this is a special case of eq. (1.21) with oq = 0, or of eq. (1.22) 

with h = 0. 
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(5) Interface. Fig.1.6 shows a composite wall of two materials with 
thermal conductivities and  For a perfect interface contact, the two 

temperatures must be the same at the interface.  Thus 
1k .2k

),0(),0( 21 yTyT .                                 (1.24)  

Conservation of energy at the interface requires that the two fluxes be 
identical. Application of Fourier’s law gives 

x
yT

k
x

yT
k

),0(),0(
2

2
1

1 .                           (1.25)  

(6) Interface with a heat source.  One example of this case is an electrical 
heating element which is sandwiched between two non-electrically 
conducting materials as shown in Fig. 1.7. Another example is frictional 
heat, which is generated by relative motion between two surfaces. Energy 
dissipated at an interface can be conducted through both materials or 
through either one of the two. Boundary conditions at the interface are 
again based on the continuity of temperature 
and conservation of energy.  Assuming perfect 
contact, continuity results in eq  To 
apply conservation of energy at the interface, 
it is convenient to pretend that heat is 
conducted in the positive coordinate direction 
through both materials. Referring to Fig. 1.7, 
conservation of energy requires that heat flux 
added to the interface by conduction through 
material 1, plus heat flux generated at the 
interface, be equal to the flux removed by 
conduction through material 2. Thus                        

1.7 Fig.
iq

-

2T
2k

1T
1k

x

21

0

).24.1(.

,iq

x

yT
kq

x

yT
k i

),0(),0( 2
2

1
1 .                       (1.26)

(7) Radiation. To illustrate how a radiation boundary condition is 
formulated, consider Fig. 1.5.  Assume that the boundary (x,0) exchanges 
heat by radiation in addition to convection.  Again we pretend that net 
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radiation energy is added to the surface in the positive y-direction.  
Conservation of energy at this boundary requires that energy added at the 
surface by convection and radiation be equal to energy conducted in the 
positive y-direction. Thus 

condradconv qqq .

Using Fourier’s law of conduction for ,condq  Newton’s law of cooling for 
 and assuming that Stefan-Boltzmann radiation result for , eq. 

(1.19), is applicable, the above gives 
convq radq

y

xT
kxTTxTTh sur

)0,(
)0,()0,( ][][ 44 ,         (1.27) 

where is the surroundings temperature. To formulate the boundary 
condition for the case of energy exchange by radiation only, set h = 0 in eq. 
(1.27).

surT

1.7 Problem Solving Format

Conduction problems lend themselves to a systematic solution procedure. 
The following basic format which builds on the work of Ver Plank and 
Teare [2] is used throughout the book.  

(1) Observations. Read the problem statement very carefully and note 
essential facts and features such as geometry, temperature symmetry, heat 
flow direction, number of independent variables, etc. Identify 
characteristics that require special attention such as variable properties, 
composite domain, non-linearity, etc. Note conditions justifying simplified 
solutions. Show a schematic diagram. 

(2) Origin and Coordinates. Select an origin and a coordinate system 
appropriate to the geometry under consideration. 

(3) Formulation. In this stage the conduction problem is expressed in 
mathematical terms. Define all terms. Assign units to all symbols whenever 
numerical computations are required. Proceed according to the following 
steps:
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(i) Assumptions. Model the problem by making simplifications and 
approximations. List all assumptions. 

(ii) Governing Equations. Based on the coordinate system chosen 
and the assumptions made, select an appropriate form of the heat equation. 
Note that composite domains require a heat equation for each layer. 

(iii) Boundary Conditions.  Examine the governing equations and 
decide on the number of boundary conditions needed based on the number 
of independent variables and the order of the highest derivative.  Identify 
the physical nature of each boundary condition and express it 
mathematically. Use the examples of Section 1.6.3 as a guide in 
formulating boundary conditions. 

(4) Solution. Examine the equation to be solved and select an appropriate 
method of solution.  Apply boundary conditions to determine constants of 
integration.

(5) Checking. Check each step of the analysis as you proceed.  Apply 
dimensional checks and examine limiting cases.  

(6) Computations.  Execute the necessary computations and calculations 
to generate the desired numerical results. 

(7) Comments. Review your solution and comment on such things as the 
role of assumptions, the form of the solution, the number of governing 
parameters, etc.

1.8 Units

SI units are used throughout this textbook.  The basic units in this system 
are

     Length (L): meter (m) 
     Time (t): second (s) 
     Mass (m): kilogram (kg) 
     Temperature (T): kelvin (K) 

Temperature on the Celsius scale is related to the kelvin scale by 

T(oC) = T(K) - 273.15.                                 (1.28) 



1.8 Units       17 

Note that temperature difference on the two scales is identical.  Thus, a 
change of one kelvin is equal to a change of one Celsius.  This means that 
quantities that are expressed per unit kelvin, such as thermal conductivity, 
heat transfer coefficient and specific heat, are numerically the same as per 
degree Celsius.  That is, W/m2-K = W/ m2-oC.

The basic units are used to derive units for other quantities. Force is 
measured in newtons (N).  One newton is the force needed to accelerate a 
mass of one kilogram one meter per second per second: 

Force = mass  acceleration 

2kg.m/sN .

Energy is measured in joules (J).  One joule is the energy associated with a 
force of one newton moving a distance of one meter. 

22/skg.mN.mJ .

Power is measured in watts (W).  One watt is energy rate of one joule per 
second.

32/skg.mN.m/sJ/sW .

REFERENCES 

[1]  Bejan, A., Convection Heat Transfer, 2nd Edition, Wiley, New York, 
1995.  

[2] Ver Planck, D.W., and Teare Jr., B.R., Engineering Analysis: An 
Introduction to Professional Method, Wiley, New York, 1952 



18       1 Basic Concepts

PROBLEMS

1.1   Write the heat equation for each of the following cases: 

[a]   A wall, steady state, stationary, one-dimensional, incompressible 
and no energy  generation.  

[b]  A wall, transient, stationary, one-dimensional, incompressible, 
constant k with energy generation. 

  [c]  A cylinder, steady state, stationary, two-dimensional (radial and 
axial), constant k, incompressible, with  no energy generation. 

  [d]  A wire moving through a furnace with constant velocity, steady 
state, one-dimensional (axial), incompressible, constant k and no 
energy generation.  

  [e] A sphere, transient, stationary, one-dimensional (radial), 
incompressible, constant k with energy generation. 

1.2   A long electric wire of radius generates heat at a rate   The 
surface is maintained at uniform temperature  Write the heat 
equation and boundary conditions for steady state one-dimensional 
conduction. 

or .q
.oT

1.3   You are interested in analyzing the rate at which a spherical ice ball 
melts. What heat equation should you use for the ice?  List all 
assumptions. 

1.4    Consider axial flow of water in a cold tube. Write the heat conduction 
equation for the ice forming axisymmetrically on the inside surface 
of the tube. 

water

icer

x

)(fT

Th,

oq

ir
or

insulationconvection

1.5   Consider two-dimensional conduction 
in the semi-circular cylinder shown. 
The cylinder is heated with uniform 
flux along its outer surface and is 
maintained at a variable temperature 



Problems       19 

along its inner surface.  One of the plane surfaces is insulated while 
the other exchanges heat by convection with an ambient fluid at
The heat transfer coefficient is h. Write the heat equation and 
boundary conditions for steady state conduction. 

.T

1.6   A long hollow cylinder exchanges heat by radiation and convection 
along its outside surface with an ambient fluid at  The heat 
transfer coefficient is h. The surroundings is at and surface 
emissivity is

.T

surT
.  Heat is removed from the inside surface at a uniform 

flux  Use a simplified radiation model and write the heat equation 
and boundary conditions for one-dimensional steady state 
conduction. 

.iq

1.7 Write the heat equation and boundary 
conditions for steady state two-dimensional 
conduction in the rectangular plate shown.  

1.8   Heat is generated at a rate q in a spherical 
shell with  inner  radius and  outer radius 

 Heat is added at the outer surface at a uniform flux  The 
inside surface is maintained at uniform temperature  Write the 
heat equation and boundary conditions for steady state conduction. 

ir
.or .oq

.iT

insulation

T
h

W
L

oq

oT

y

x0

1.9   A long electric cable generates heat at a rate .q  Half the cable is 
buried underground while the other half exchanges heat by radiation 
and convection. The ambient and surroundings temperatures are 

and  respectively. The 
heat transfer coefficient is h.
Neglecting the thickness of the 
electrical insulation layer and heat 
loss to the ground, select a model to 
analyze the temperature distribution 
in the cable and write the heat 
equation and boundary conditions.

T ,surT

surT Th,

q

1.10   A shaft of radius rotates inside a sleeve of thicknessor .  Frictional 
heat is generated at the interface at a rate .iq  The outside surface of 
the sleeve is cooled by convection. The ambient temperature 
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is and the heat transfer coefficient is h. Consider steady state 
one-dimensional conduction in the radial direction. Write the heat 
equations and boundary conditions for the temperature distribution in 
the shaft and sleeve.

T

1.11  A rectangular plate of length L and 
height H slides down an inclined 
surface with a velocity U. Sliding 
friction results in surface heat flux 

 The front and top sides of the 
plate exchange heat by convection. 
The heat transfer coefficient is h and 
the ambient temperature is  Neglect heat loss from the back side 
and assume that no frictional heat is conducted through the inclined 
surface. Write the two-dimensional steady state heat equation and 
boundary conditions. 

.oq

.T

T
h

U
y

x

0 g

h
T

1.12  Consider a semi-circular section of a tube with inside radius and 
outside radius  Heat is exchanged by convection along the inside 
and outside cylindrical surfaces. The 
inside temperature and heat transfer 
coefficient are and  The outside 
temperature and heat transfer 
coefficient are and  The two 
plane surfaces are maintained at 
uniform temperature  Write the 
two-dimensional steady state heat 
equation and boundary conditions. 

iR
.oR

iT .ih

oT .oh

.bT

r

iR iTih

oR

oToh

0bT bT

 1.13 Two large plates of thicknesses and  are initially at 
temperatures and  Their respective conductivities are  and 

 The two plates are pressed 
together and insulated along their 
exposed surfaces. Write the heat 
equation and boundary conditions. 

1L 2L

1T .2T 1k
.2k

x
2L

1L

2k

1k
0
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1.14  Heat is generated at a 
volumetric rate q in
a rod of radius and
length L. Half the 
cylindrical surface is 
insulated while the 
other half is heated at 
a flux  One end is insulated and the other exchanges heat by 
convection. Write the heat equation and boundary conditions for 
steady state two-dimensional conduction.  

or

.oq

L

2/L

0

oq

h

T

oq

z

r

or

q

1.15 A cable of radius
conductivity k and specific 
heat moves through a 
furnace with velocity U and 
leaves at temperature T
Electric energy is dissipated 
in the cable resulting in a 
volumetric energy generation rate of

,or

.

pc

o

.q  Outside the furnace the 
cable is cooled by convection and radiation. The heat transfer 
coefficient is h, emissivity ,  ambient temperature T and
surroundings temperature is T  Use a simplified radiation model 
and assume that the cable is infinitely long. Write the steady state 
two-dimensional heat equation and boundary conditions.  

.sur

Th,

U

Th,oT

0

furnace

r

z
or

1.16  Radiation is suddenly directed at the surface of 
a semi-infinite plate of conductivity k and 
thermal diffusivity .  Due to the thermal 
absorption characteristics of the material the 
radiation results in a variable energy 
generation rate given by 

0

x

)(xq
oT

                                                 ,
xbeqxq o)(

         where and b are constants and x is distance along the plate. 
Surface temperature at

oq
0x .

.T
 is T  Initially the plate is at uniform 

temperature  Write the heat equation and boundary conditions. 
o

i
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1.17  A section of a long rotating shaft of radius is
buried in a material of very low thermal 
conductivity. The length of the buried section is 
L.  Frictional heat generated in the buried 
section can be modeled as surface heat flux. 
Along the buried surface the radial heat 
flux,

or

,rq  is assumed uniform. However, at the 
flat end the axial heat flux,

0

z

h
T

r
zq

rq

,zq  varies with 
radius according to

rqz ,                     

  where is constant. The exposed surface exchanges heat by 
convection with the ambient. The heat transfer coefficient is h and 
the ambient temperature is  Treat the shaft as semi-infinite and 
assume that all frictional heat is conducted through the shaft. Write 
the steady state heat equation and boundary conditions.  

.T

1.18  A plate of thickness 2L moves through a furnace with velocity U and 
leaves at temperature T  Outside the furnace it is cooled by 
convection and radiation. The heat transfer coefficient is h,
emissivity

.o

, ambient temperature 
and surroundings temperatures is
Write the two-dimensional steady 
state heat equation and boundary 
conditions. Use a simplified radiation 
model and assume that the plate is 
infinitely long. 

T
.surT

or

iT

Th,

U

L

L

Th,

y

oT

x0

furnace

1.19 A cable of radius  moves with 
velocity U through a furnace of length 
L where it is heated at uniform flux 

. Far away from the inlet of the 
furnace the cable is at temperature .
Assume that no heat is exchanged 
with the cable before it enters and 
after it leaves the furnace. Write the 

oq

oq

z

r

U0

oq
L
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two-dimensional steady state heat equation and boundary conditions. 

1.20  A hollow cylinder of inner radius and outer radius is heated 
with uniform flux 

iR R
q

o

i at its inner surface. The lower half of the 
cylinder is insulated and the upper half exchanges heat by convection 
and radiation. The heat transfer coefficient is h, ambient temperature 

 surroundings temperature and surface emissivity is ,T T .sur

Neglecting axial conduction and using a simplified radiation model, 
write the steady state heat equations and boundary conditions. 

Th,

oRiR

iq

iq

surT
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ONE-DIMENSIONAL STEADY STATE 
CONDUCTION

One-dimensional conduction, with its simple mathematical level, is used in 
this chapter to present the essential steps in the analysis of conduction heat 
transfer problems. The objective is to learn to model problems, set up the 
applicable governing equations and boundary conditions and construct 
solutions. The simplicity of the mathematical treatment of one-dimensional 
conduction enables us to explore a variety of practical applications.  

2.1 Examples of One-dimensional Conduction 

Example 2.1: Plate with Energy Generation and Variable Conductivity 

Consider a plate with internal energy generation q and a variable 
thermal conductivity k given by

)1( Tkk o ,

where  and ok  are constant and T is   
temperature.   Both   surfaces in Fig. 2.1 are 
maintained at  Determine the temperature 
distribution in the plate. 

.C0 o

(1) Observations.  (i) Thermal conductivity is 
variable. (ii) Temperature distribution is 
symmetrical about the center plane. (iii) The 
geometry can be described by a rectangular 
coordinate system. (iv) The temperature is 
specified at both surfaces. 

x

L

q

0

C0o C0o

Fig. 2.1
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(2) Origin and Coordinates.  A rectangular coordinate system is used with 
the origin at one of the two surfaces. The coordinate x is oriented as shown 
in Fig. 2.1. 

(3) Formulation. 

(i) Assumptions.  (1) One-dimensional, (2) steady state, (3) stationary 
and (4) uniform energy generation. 

(ii) Governing Equations.  Introducing the above assumptions into eq. 
(1.7) gives

0)( q
dx

dT
k

dx

d
,                                   (2.1)         

where

k = thermal conductivity 
q = rate of energy generation per unit volume 
T = temperature 
x = independent variable

The thermal conductivity k varies with temperature according to 

)1( Tkk o ,                                         (a) 

where  and ok are constant.  Substituting (a) into  gives)1.2(.eq

0)1( ][
ok

q

dx

dT
T

dx

d
.                              (b)   

(iii) Boundary Conditions. Since (b) is second order with a single 
independent variable x, two boundary conditions are needed. The 
temperature is specified at both boundaries, x = 0 and x = L.  Thus 

0)0(T ,                                              (c) 

and
0)(LT .                                             (d)    

(4) Solution.  Integrating (b) twice 

21
22

22
CxCx

k

q
TT

o

,                           (e)       
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where C1 and C2  are constants of integration.  Application of boundary 
conditions (c) and (d) gives C1 and C2

ok

Lq
C

21 , 02C .                                     (f)  

Substituting (f) into (e)

012 )(2

L

x

k

xLq
TT

o

.                            (g) 

Recognizing that (g) is a quadratic equation, its solution is  

)(111
2 L

x

k

xLq
T

o

.                            (h) 

To satisfy boundary conditions (c) and (d), the minus sign in (h) must be 
considered. The solution becomes 

)(111
2 L

x

k

xLq
T

o

.                           (i)

(5) Checking. Dimensional check: Assigning units to the quantities in (i) 
shows that each term has units of temperature. 

Boundary conditions check: Setting x = 0 or x = L in (i) gives T = 0.
Thus, boundary conditions (c) and (d) are satisfied.  

Limiting check: For the special case of ,0q  the temperature distribution 
should be uniform given by T = 0.  Setting 0q  in (i) gives 

011
2T .

Symmetry check: Symmetry requires that the temperature gradient be zero 
at the center, x = L/2. Differentiating (i) with respect to x

))(()( 1211
2
1 2

1

2 L

x

k

Lq

L

x

k

Lxq

dx

dT

oo

.               (j)            
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Setting
2
L

x in (j) gives .0
dx

dT

Quantitative check: Conservation of energy and symmetry require that half 
the total energy generated in the plate leaves in the negative x-direction at 

 and half in the positive x-direction at x = L. That is, for a wall of 
surface area A the heat transfer rate q is

0x

2
)0( ALq

q ,                                          (k) 

and

2
)( ALq

Lq .                                            (l) 

The heat transfer rate at 0x  and Lx  is determined by applying 
Fourier’s law

dx

dT
TkAq o

)0()]0(1[)0( ,                           (m)             

and

dx

LdT
LTkALq o

)()](1[)( .                           (n)    

Evaluating the gradient (j) at x = 0, noting that 0)0(T  and substituting 
into (m) gives the same result as (k). Similarly, results in (n) agree with (l). 

(6) Comments. The solution to the special case of constant thermal 
conductivity corresponds to .0   Since  can not be set equal to zero in 
(i), the solution to this case must be obtained from (g) by first multiplying 
through by  and then setting .0

Example 2.2: Radial Conduction in a Composite Cylinder with   
Interface Friction 

A shaft of radius rotates inside a sleeve of inner radius and outer 
radius   Frictional heat is generated at the interface at a flux  The 
outside surface of the sleeve is cooled by convection with an ambient fluid 
at   The heat transfer coefficient is h. Consider one-dimensional steady 
state conduction in the radial direction, determine the temperature 
distribution in the shaft and sleeve.  

sR sR
.oR .iq

.T
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shaft

sleeve
Fig. 2.2

oR rsR

iq

Th,

2T 1T
0

(1) Observations. (i) The shaft and sleeve 
form a composite cylindrical wall. (ii) The 
geometry can be described by a cylindrical 
coordinate system. (iii) Heat conduction is 
assumed to be in the radial direction only. 
(iv) Steady state requires that all energy 
generated at the interface be conducted 
through the sleeve.  Thus, no heat is 
conducted through the shaft. It follows that 
the shaft must be at a uniform temperature. 
(v) The heat flux is specified at the inner 
radius of the sleeve and convection takes 
place at the outer radius. 

(2) Origin and Coordinates.  A cylindrical coordinate system is used with 
the origin at the center of the shaft as shown in Fig. 2.2. 

(3) Formulation.

(i) Assumptions.  (1) One-dimensional radial conduction, (2) steady 
state, (3) constant thermal conductivities, (4) no energy generation, (5) 
uniform frictional energy flux at the interface and (6) stationary material 
(no motion in the radial direction). 

(ii) Governing Equations.  Physical consideration requires that the 
shaft temperature be uniform. Thus, although this is a composite domain 
problem, only one equation is needed to determine the temperature 
distribution.  Introducing the above assumptions into  gives  )11.1(.eq

0)( 1

dr

dT
r

dr

d
,                                      (2.2)

where
r = radial coordinate 

1T = temperature distribution in the sleeve 

(iii) Boundary Conditions.  is second order with a 
single independent variable. Thus two boundary conditions are needed.  
Since all frictional energy is conducted through the sleeve, it follows that 
the heat flux added to the sleeve is specified at the inside radius

)2.2(Equation

.sR
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Conservation of energy at the interface and Fourier’s law of conduction 
give

dr

RdT
kq s

i
)(1

1 ,                                       (a)     

where

1k = thermal conductivity of the sleeve 
iq = interface frictional heat flux

Convection at the outer surface gives the second boundary condition 

])([)(
1

1
1 TRTh

dr

RdT
k o

o .                            (b)      

(4) Solution. Equation (2.2) is solved by integrating it twice with respect 
to r  to obtain 

211 ln CrCT ,                                       (c) 

where 1 and 2 are constants of integration. Application of boundary 
conditions (a) and (b) gives and

C C

1C 2C

1
1 k

Rq
C si ,                                                                (d)

and

)( 1

1
2 ln

o
o hR

k
R

k

Rq
TC si .                           (e) 

Substituting (d) and (e) into (c) and rearranging gives the dimensionless 
temperature distribution in the sleeve 

o

o

hRrkRq si

1

1

1 ln
/

kRTrT )(
.                                (f)  

The dimensionless ratio,  appearing in the solution is called the 
Biot number.  It is associated with convection boundary conditions. 

,/ 1khRo

The temperature of the shaft,  is obtained from the interface boundary 
condition

,2T

)()()( 122 ss RTRTrT .                               (g) 
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Evaluating (f) at  and substituting into (g) gives the dimensionless 
shaft temperature 

sRr

os

o

si hR

k

R

R

kRq

TrT 1

1

2 ln
/

)(
.                           (h) 

(5) Checking. Dimensional check: Each term in solution (f) is 
dimensionless  

Boundary conditions check: Substituting (f) into boundary conditions (a) 
and (b) shows that they are satisfied. 

Limiting check: If frictional heat vanishes, both shaft and sleeve will be at 
the ambient temperature. Substituting 0iq into (f) and (h) gives 

.)()( 21 TrTrT

(6) Comments. (i) Shaft conductivity plays no role in the solution. (ii) The 
solution is characterized by two dimensionless parameters: the Biot 
number 1 and the geometric ratio  (iii) This problem can 
also be treated formally as a composite cylindrical wall. This requires 
writing two heat equations and four boundary conditions. The heat equation 
for the sleeve is given by eq. (2.2). A second similar equation applies to the 
shaft

/ khRo ./ sRRo

0)( 2

dr

dT
r

dr

d
.                                         (i)

Boundary condition (b) is still applicable.  The remaining three conditions 
are:  Symmetry of temperature at the center 

0
)0(2

dr

dT
.                                           (j)    

Conservation of energy and equality of temperature at the interface give 
two conditions  

dr

RdT
kq

dr

RdT
k ss

i
)()( 1

1
2

2 ,                          (k)

and
)()( 21 ss RTRT .                                        (l)  



2.1 Examples of One-dimensional Conduction       31

where 2  is the thermal conductivity of the shaft. This approach yields the 
solutions to the temperature distribution in the sleeve and shaft obtained 
above.

k

Example 2.3: Composite Wall with Energy Generation 

A plate of thickness  and conductivity  generates heat at a volumetric 
rate of The plate is sandwiched between two plates of conductivity 
and thickness  each. The exposed surfaces of the two plates are 
maintained at constant temperature  Determine the temperature 
distribution in the three plates. 

1L 1k
.q 2k

2L
.oT

(1) Observations. (i) The three 
plates form a composite wall. (ii) 
The geometry can be described by 
a rectangular coordinate system. 
(iii) Due to symmetry, no heat is 
conducted through the center 
plane of the heat generating plate. 
(iv) Heat conduction is assumed to 
be in the direction normal to the three plates. (v) Steady state and symmetry 
require that the total energy generated be conducted equally through each 
of the outer plates.

q

2L

2L

1L

2k

oT

oT

0

x

1k

2k

2.3 Fig.

(2) Origin and Coordinates.  To take advantage of symmetry, the origin 
is selected at the center of the heat generating plate. The composite wall is 
shown in Fig. 2.3. 

(3) Formulation.

(i) Assumptions. (1) One-dimensional, (2) steady state, (3) constant 
thermal conductivities and (4) perfect interface contact. 

(ii) Governing Equations.

Since temperature is symmetrical 
about the origin, only half the 
composite system is considered 
(see Fig. 2.4).  Thus two heat 
equations are required. Let 
subscripts 1 and 2 refer to the 
center plate and outer plate, 

q
2L

oT

0

x

1k
2k

2/1L

)(2 xT

)(1 xT

2.4 Fig.
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respectively.  Based on the above assumptions,  gives  )8.1(.eq

0
1

2
1

2

k

q

dx

Td
,                                      (a) 

and

02
2

2

dx

Td
.                                          (b)

where

1k = thermal conductivity of the heat generating plate
q = rate of energy generation per unit volume 
T = temperature 
x = coordinate

(iii) Boundary Conditions. Since equations (a) and (b) are second 
order with a single independent variable x, four boundary conditions are 
needed.  They are: 

Symmetry of temperature at the center 

0)0(1

dx

dT
 .                                          (c) 

Conservation of energy and equality of temperature at the interface  

dx

LdT
k

dx

LdT
k

)2/()2/( 12
2

11
1 ,                           (d)

and
)2/()2/( 1211 LTLT ,                                 (e) 

where

1L = thickness of the center plate 
2L = thickness of the outer plate 

Specified temperature at the outer surface  

oTLLT )2/( 212 .                                  (f) 

(4) Solution. Integrating (a) twice gives 

BxAx
k

q
xT 2

1
1 2

)( .                               (g)      

Integration of (b) gives 
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DxCxT )(2 ,                                       (h)     

where A, B, C and D are constants of integration. Application of the four 
boundary conditions gives the constants of integration. Solutions (g) and 
(h), expressed in dimensionless form, become 

2
1

2

12

21

1
2
1

1

2
1

2
1

8
1

/
)(

L

x

Lk

Lk

kLq

TxT o ,                           (i)   

and

12

1

1

2

2

1

2

1

1
2
1

2

2
1

2
1

4
1

/
)(

L

x

k

k

L

L

k

k

k

k

kLq

TxT o .                     (j) 

(5) Checking. Dimensional check: Each term in solutions (i) and (j) is 
dimensionless. 

Boundary conditions check: Substitution of solutions (i) and (j) into (c), (d), 
(e) and (f) shows that they satisfy the four boundary conditions. 

Quantitative check: Conservation of energy and symmetry require that half 
the energy generated in the center plate must leave at the interface 

2/1Lx

dx

LdT
kq

L )2/(
2

11
1

1  .                                 (k)   

Substituting (i) into (k) shows that this condition is satisfied. Similarly, half 
the heat generated in the center plate must be conducted through the outer 
plate

dx

LLdT
kq

L )2/(
2

212
2

1 .                               (l) 

Substituting (j) into (l) shows that this condition is also satisfied.

Limiting check: (i) If energy generation vanishes, the composite wall 
should be at a uniform temperature  Setting .oT 0q in (i) and (j) gives 

.)()( 21 oTxTxT

(ii) If the thickness of the center plate vanishes, no heat will be generated 
and consequently the outer plate will be at uniform temperature 
Setting  in eq. (j) gives 

.oT
01L .)(2 oTxT
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(6) Comments. (i) The solution is characterized by two dimensionless 
parameters: a geometric parameter and a conductivity parameter 

 (ii) An alternate approach to solving this problem is to consider 
the outer plate first and note that the heat flux at the interface is equal to 
half the energy generated in the center plate.  Thus the outer plate has two 
known boundary conditions: a specified flux at 

12 / LL
./ 21 kk

2/1Lx and a specified 
temperature at .)2/( 21 LLx  The solution gives the temperature 
distribution in the outer plate. Equality of temperatures at the interface 
gives the temperature of the center plate at .2/1Lx  Thus the center plate 
has two known boundary conditions: an insulated condition at  and a 
specified temperature at 

0x
.2/1Lx

2.2 Extended Surfaces:  Fins

2.2.1 The Function of Fins 

We begin with Newton's law of cooling for surface heat transfer by 
convection

)( TThAq sss .                              (2.3)        

Eq. (2.3) provides an insight as to the options available for increasing 
surface heat transfer rate .  One option is to increase the heat transfer 
coefficient h by changing the fluid and/or manipulating its motion.  A 
second option is to lower the ambient temperature   A third option is to 
increase surface area  This option is exercised in many engineering 
applications in which the heat transfer surface is "extended" by adding fins.  
Inspect the back side of your refrigerator where the condenser is usually 
placed and note the many thin rods attached to the condenser’s tube.  The 
rods are added to increase the rate of heat transfer from the tube to the 
surrounding air and thus avoid using a fan.  Other examples include the 
honeycomb surface of a car radiator, the corrugated surface of a motorcycle 
engine, and the disks attached to a baseboard radiator. 

sq

.T
.sA

2.2.2 Types of Fins

Various geometries and configurations are used to construct fins. Examples 
are shown in Fig. 2.5.  Each fin is shown attached to a wall or surface. The 
end of the fin which is in contact with the surface is called the base while 
the free end is called the tip.  The term straight is used to indicate that the 
base extends along the wall in a straight fashion as shown in (a) and (b).  If 
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the cross-sectional area of the fin changes as one moves from the base 
towards the tip, the fin is characterized as having a variable cross-sectional 
area. Examples are the fins shown in (b), (c) and (d).  A spine or a pin fin 
is distinguished by a circular cross section as in (c). A variation of the pin 
fin is a bar with a square or other cross-sectional geometry.  An annular or 
cylindrical fin is a disk which is mounted on a tube as shown in (d).  Such 
a disk can be either of uniform or variable thickness. 

                        
finannular  (d)fin pin  (c)

areaconstant  )a(
fin straight 

fin area   variable(b)
fin straight 

Fig. 2.5

2.2.3 Heat Transfer and Temperature Distribution in Fins  

In the pin fin shown in Fig. 2.6, 
heat is removed from the wall at 
the base and is carried through 
the fin by conduction in both the 
axial and radial directions. At 
the fin surface, heat is 
exchanged with the surrounding 
fluid by convection.  Thus the 
direction of heat flow is two-
dimensional. Examining the 

T

T

h

h

Fig. 2.6

x

r
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temperature profile at any axial location x we note that temperature 
variation in the lateral or radial direction is barely noticeable near the 
center of the fin. However, it becomes more pronounced near its surface.  
This profile changes as one proceeds towards the tip. Thus temperature 
distribution is also two-dimensional. 

2.2.4 The Fin Approximation

An important simplification made in the analysis of fins is based on the 
assumption that temperature variation in the lateral direction is negligible.  
That is, the temperature at any cross section is uniform.  This assumption 
vastly simplifies the mathematical treatment of fins since it not only 
transforms the governing equation for steady state from partial to ordinary, 
but also makes it possible to analytically treat fins having irregular cross-
sectional areas. The question is, under what conditions can this 
approximation be made?  Let us try to develop a criterion for justifying this 
assumption.  First, the higher the thermal conductivity is the more uniform 
the temperature will be at a given cross section.  Second, a low heat 
transfer coefficient tends to act as an insulation layer and thus forcing a 
more uniform temperature in the interior of the cross section.  Third, the 
smaller the half thickness  is the smaller the temperature drop will be 
through the cross section.  Assembling these three factors together gives a 
dimensionless ratio, kh / , which is called the Biot number.  Therefore, 
based on the above reasoning, the criterion for assuming uniform 
temperature at a given cross section is a Biot number which is small 
compared to unity.  That is 

Biot number = Bi = 
k

h
<< 1.                           (2.4)     

Comparisons between exact and approximate solutions have shown that 
this simplification is justified when the Biot number is less than 0.1. Note 
that k/ represents the internal conduction resistance and 1/h is the 
external convection resistance.  Rewriting the Biot number in  as 
Bi =

)4.2(.eq
)/1/()/( hk shows that it represents the ratio of the internal and 

external resistances. 
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2.2.5 The Fin Heat Equation: Convection at Surface

To determine the rate of heat transfer from fins it is first necessary to obtain 
the temperature distribution. As with other conduction problems, 
temperature distribution is determined by solving an appropriate heat 
equation based on the principle of conservation of energy.  Since 
conduction in fins is two-dimensional which is modeled mathematically as 
one-dimensional, it is necessary to formulate the principle of conservation 
of energy specifically for fins. 

We consider a general case of a variable area fin with volumetric energy 
generation under transient conditions. The fin exchanges heat with an 
ambient fluid by convection. The heat transfer coefficient is h and the 
ambient temperature is  We select an origin at the base and a 
coordinate axis x as shown in  We limit the analysis to stationary 
material and assume that the Biot number is small compared to unity and 
thus invoke the fin approximation that the temperature does not vary within 
a cross section. Since the temperature depends on a single spatial variable
x, our starting point should be the selection of an appropriate element.  We 
select a fin slice at location x of infinitesimal thickness dx which 
encompasses the entire cross section.  This element is enlarged in 

 Conservation of energy for the element requires that  

q

.T
.7.2.Fig

.b7.2.Fig

2.7 Fig.

)(a )(b )(c

0 x

y

dy

dxsy Th,
C

sdA

xq

cdq ds

dx

dx

q

q

dx
x

q
q x

x

EEEE outgin =- ,                                     (a) 
where

E  = rate of energy change within the element 

inE  = rate of energy added to the element 

gE = rate of energy generation per unit volume 
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outE = rate of energy removed from the element 

Energy enters the element by conduction at a rate  and leaves at a rate 
  Energy also leaves by convection at a rate  Note 

that this rate is infinitesimal because the surface area of the element is 
infinitesimal.  Neglecting radiation, we write 

xq
.)/( dxdxdqq

xx
.cdq

xin qE ,                                               (b)     

and

outE = c
x

x dqdx
x

q
q ,                                  (c) 

Substituting (b) and (c) into (a) 

gE Edqdx
x

q
c

x .                                  (d)      

We introduce Fourier's law and Newton’s law to eliminate  and 
respectively. Thus, 

xq ,cdq

x

T
kAq cx ,                                           (e) 

and

sc dATThdq )( ,                                     (f) 

where  is the cross-sectional area through which heat is 
conducted.  We should keep in mind that this area may change with x and
that it is normal to x.  The infinitesimal area  is the surface area of the 
element where heat is exchanged by convection with the ambient. The 
volumetric energy generation is given by 

)(xAA cc

sdA

dxxAqE cg )( .                                        (g) 

The rate of energy change within the element is given by (see Section 1.4) 

dx
t

T
xAcE cp )( .                                    (h)          

Substituting (e)-(h) into (d)
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,)()()()( )( dx
t

T
xAcdxxAqdATThdx

x

T
xkA cpcsc

x
(2.5a)

or, for constant k

t

T

k

q

dx

dA
TT

xkA

h

x

T

dx

dA

xAx

T s

c

c

c

1)(
)()(

1
2

2
,    (2.5b) 

where is thermal diffusivity. The quantities and 
are determined from the geometry of the fin. Equation (2.5b) is 

based on the following assumptions: (1) stationary material, (2) constant k,
(3) no surface radiation and (4) Bi << 1.  

),(xAc ,/ dxdAc
dxdAs /

2.2.6 Determination of 
dx

dAs

Given the geometry of a fin, the coefficient in eq. (2.5b) can be 
easily determined. Referring to Fig. 2.7b, the surface area of the element, 

 is given by 

dxdAs /

,sdA

dsxCdAs )( ,                                          (a) 

where  is the circumference of the element in contact with the 
ambient fluid and ds is the slanted length of the element, shown in Fig. 2.7b 
and (c). Equation (a) assumes that ds is constant along C(x). For a right 
angle triangle

)(xC

2/122 ][ sdydxds ,                                   (b)  

where is the coordinate normal to x which describes the fin profile. 
Substituting (b) into (a) and rearranging gives 

sy

2/1
2)(1)(

dx

dy
xC

dx

dA ss ,                       (2.6a)      

In most applications, the slope  is small compared to unity and 
may be neglected. Equation (2.6a) simplifies to  

dxdys /

)(xC
dx

dAs .                                        (2.6b)  
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2.2.7 Boundary Conditions

Fin equation (2.5) is second order and therefore it requires two boundary 
conditions which must be described mathematically at known values of the 
independent variable x. In the majority of cases, one condition is specified 
at the base and the other at the tip.  Typical conditions may be among those 
described in Section 1.6.3.  Note that convection along the fin surface is 
accounted for in the differential equation itself and is not a boundary 
condition.

2.2.8 Determination of Fin Heat Transfer Rate fq

Once a solution is obtained for the 
temperature distribution in a fin, the 
heat transfer rate can be easily 
determined.  For steady state, no 
energy generation and no radiation, 
conservation of energy requires that 
energy added by conduction at the 
base be equal to the energy removed 
at the surface. Referring to Fig. 2.8 

x0

sq

sq)0(q sq

Th,

Th,

Fig. 2.8

sqqq f )0( ,                                           (a) 
where

fq = fin heat transfer rate 
 = heat conducted at base  )0(q

= heat convected at surface sq

Therefore,  can be determined by one of the following two methods: fq

(1) Conduction at the fin base.  Applying Fourier's law at x = 0 gives q(0)

x

T
kAq cfq

)0()0()0( .                            (2.7)    

(2) Convection at the fin surface.  Newton's law is applied at the fin surface 
to determine the total heat transfer by convection to the ambient fluid.  
However, since surface temperature varies along the length of the fin, it is 
necessary to carry out an integration procedure.  Thus, 
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s
ssf

A
dATxThqq ])([ .                       (2.8)           

The use of  is recommended since it is easier to apply than 
 However, care should be exercised in using these equations in 

certain applications. (i) If a fin is attached at both ends,  must be 
modified accordingly. (ii) If a fin exchanges heat by convection at the tip, 
the integral in  must include this component of heat loss or gain.  
(iii) If a fin exchanges heat with the surroundings by convection and 
radiation,  is still applicable if the solution  takes into 
account radiation.  However,  must be modified to include heat 
exchange by radiation.  

)7.2(.eq
).8.2(.eq

)7.2(.eq

)8.2(.eq

)7.2(.eq )(xT
)8.2(.eq

2.2.9 Steady State Applications: Constant Area Fins with Surface 
Convection

Mathematically, the simplest fin 
problems are those with constant 
cross-sectional area Ac. Note that 
the area need not be circular.  It can 
be triangular, rectangular, square or 
any irregular shape as long as it 
does not vary along its length. An 
example of such a fin is shown in Fig. 2.9. 

Th,

Th, C

cA
oT

x0

Fig. 2.9

A. Governing Equation.  The heat equation for this class of fins for 
constant conductivity is given by Since the area is constant 
it follows that 

).b5.2(.eq cA

0/ dxdAc .                                             (a)

Furthermore, surface coordinate is constant, that is 
gives

sy ,0/dxdys

)a6.2(.eq
CdxdAs / ,                                           (b) 

where the circumference C is constant. Substituting (a) and (b) into 
and noting that for steady state )b5.2(.eq ,0/ tT  gives 

0)(2

2
TT

kA

hC

dx

Td

c

.                              (2.9) 
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Equation (2.9) is written in an alternate form by introducing the following 
definitions of and m

TT ,                                              (c) 
and

m2 = 
ckA

hC
.                                               (d)  

Assuming that  is constant, substituting (c) and (d) into (2.9), gives  T

02
2

2
m

dx

d
.                                    (2.10) 

Eq. (2.10) is valid under the following conditions: (1) steady state, (2) no 
energy generation, (3) constant k, (4) no radiation, (5) Bi << 1, (6) constant 
fin area, (7) stationary fin and (8) constant ambient temperature .T

B.  Solution.  The simplest solution to eq. (2.10) is obtained if we further 
assume that the heat transfer coefficient h is constant. This is a reasonable 
approximation which is usually made.  Thus m is constant and 
becomes a second order differential equation with constant coefficients 
whose solution is (Appendix A) 

)10.2(.eq

)exp()exp()( 21 mxAmxAx ,                    (2.11a)      
or

mxBmxBx coshsinh)( 21 .                       (2.11b)  

where and are constants of integration.  These constants 
depend on the location of the origin, direction of coordinate axis x and on 
the boundary conditions.  

,1A ,2A 1B 2B

C. Special Case (i): Finite length fin with specified temperature at the 
base and convection at the tip.  shows a constant area fin of 
length L.  At the tip the fin exchanges heat with the ambient fluid through a 
heat transfer coefficient which is different from that along the surface. 
The two boundary conditions for this 
case are 

)10.2(.Fig

th

L
Th,

Th, C

cA
th

oT

x0

Fig. 2.10

                      ,               (e) oTT )0(
and

])([)(
TLTh

dx

LdT
k t .   (f)
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Expressing these boundary conditions in terms of , we obtain 

o)0( ,                                               (g)
and

)()(
Lh

dx

Ld
k t .                                       (h)           

These two boundary conditions give the constants and  Equation 
(2.11b) becomes 

1B .2B

mLmkhmL

xLmmkhxLm

TT

TxTx

t

t

oo sinh )/(+ cosh
)-(sinh )/(+)-( cosh)()(

.     (2.12)     

Using this solution for the temperature distribution, gives the fin 
heat transfer rate 

)7.2(.eq

mLmkhmL
mLmkhmLTT

AhCk
t

to
cfq

sinh  )/(+ cosh
]cosh )/(+)[sinh(][ 2/1 .       (2.13)   

D. Special Case (ii): Finite length fin with specified temperature at the 
base and insulated tip.   This is the same as the previous case except that 
there is no convection at the tip (insulated). Therefore, boundary condition 
(h) is replaced by 

0)(
dx

Ld
.                                             (i) 

Note that this boundary condition is a special case of the more general 
condition where heat is exchanged by convection as described by (h). If we 
set  in (h), we obtain the condition for an insulated surface 
represented by (i).  

0th

To proceed formally we can apply  to boundary conditions (g) 
and (i) and solve for the constants and  However, a much simpler 
approach is to set  in  and obtain the solution to the 
insulated boundary.  The result is 

)b11.2(.eq
1B .2B

0th )12.2(.eq

mL

xLm

TT

TxTx

oo cosh
)-(cosh )()(

.                   (2.14)      

Similarly, setting in  gives 0th )13.2(.eq fq
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fq  = (2/1][ cAhCk mLTTo tanh) .                 (2.15)               

It is worth reviewing the conditions leading to this simple fin solution.  The 
assumptions are: (1) steady state, (2) constant k, (3) no energy generation, 
(4) no radiation, (5) Bi << 1, (6) constant fin area, (7) stationary fin, (8) 
constant ambient temperature  (9) constant h, (10) specified base 
temperature and (11) insulated tip. 

,T

2.2.10 Corrected Length Lc

Fins with insulated tips have simpler temperature and heat transfer 
solutions than fins with convection at the tip.  This is evident when we 
compare  with  and  with  It is 
therefore desirable to use the simpler solutions if the error is negligible. 
Because tip area is small compared with fin surface area, and because the 
temperature difference 

)12.2(.eq )14.2(.eq )13.2(.eq ).15.2(.eq

)( TT  is lowest at the tip, heat transfer by 
convection from the tip is small compared to heat transfer from the surface 
of the fin.  Therefore little error is introduced by assuming that the tip is 
insulated.  In practice this assumption is often made. Nevertheless, to 
compensate for ignoring heat loss from the tip by using the insulated 
model, the fin length is increased by a small increment .cL   Thus, the 
corrected length iscL

cc LLL .                                      (2.16)  

The correction increment cL depends on the geometry of the fin.  It is 
determined by requiring that the increase in surface area due to cL  is 
equal to the tip area.  Thus for a circular fin of radius or

coo Lrr 22 .
Therefore

2/oc rL .

Similarly, for a square bar of side t

4/tLc .

2.2.11 Fin Efficiency f

Fin efficiency f  is defined as the ratio of heat transfer from the fin to the 
maximum heat that can be transferred from the fin,  That is .maxq
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max
q
q f

f .                                        (2.17) 

The maximum heat, is an ideal state in which the entire surface of 
the fin is at a uniform temperature equal to the base temperature.  Thus 

,maxq

)(max TThAq os ,

where is the total surface area of the fin.  Introducing the above into sA

)17.2(.eq

)( TTAh

q

o

f
f

s
.                                 (2.18)        

2.2.12 Moving Fins

There are applications where a material exchanges heat with the 
surroundings while moving through a furnace or a channel.  Examples 
include the extrusion of plastics, drawing of wires and sheets and the flow 
of liquids. Such problems can be modeled as moving fins as long as the 
criterion for fin approximation is satisfied.  shows a sheet being 
drawn with velocity through rollers.  The sheet exchanges heat with the 
surroundings by radiation. It also exchanges heat with an ambient fluid by 
convection. Thus its temperature varies with distance from the rollers.    

a11.2.Fig
U

Fig. 2.11

U
dx

Th,

oT x

surT

dx

hm ˆ )( ˆˆ dx
dx

hd
hm

dx
dx
dq

q x
xxq

cdqrdq

(a) (b)

Formulation of the heat equation for moving fins must take into 
consideration energy transport due to material motion. Consider a constant 
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area fin moving with constant velocity U  For steady state, conservation of 
energy for the element of  gives 

.
dx 11.2.Fig b

rc
x

xqx dqdqdx
dx

hd
mhmdx

dx

dq
hmq

ˆˆˆ ,          (a)  

where is enthalpy per unit mass,  is mass flow rate and  and ĥ m ,xq cq

rq are heat transfer rates by conduction, convection and radiation, 
respectively. Mass flow rate is given by  

cUAm ,                                             (b) 

where is the cross-sectional area andcA is density. For constant pressure 
process the change in enthalpy is 

dTchd p
ˆ ,                                             (c) 

where is specific heat. Using Fourier’s and Newton’s laws, we obtain pc

dx

dT
kAq cx ,                                          (d)

and
sc dATThdq )( ,                                     (e)        

where  is the surface area of the element and is the ambient 
temperature. Surface area is expressed in terms of fin circumference C as 

sdA T

dxCdAs .                                              (f)  

Considering a simplified radiation model of a gray body, which is 
completely enclosed by a much larger surface, radiation heat transfer is 
given by 

sdATTdq surr )( 44 ,                                  (g) 

where  is emissivity,  is Stefan-Boltzmann constant and is
surroundings temperature.  Substituting (b)-(g) into (a) and assuming 
constant k

surT

0)()( 44
2

2

sur
cc

p
TT

Ak

C
TT

Ak

hC

dx

dT

k

Uc

dx

Td
.   (2.19)
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The assumptions leading to  are: (1) steady state, (2) no energy 
generation, (3) constant k, (4) constant velocity, (5) constant pressure, (6) 
gray body, (7) small surface completely enclosed by a much larger surface 
and (8) Bi << 1.  

)19.2(.eq

2.2.13 Application of Moving Fins  

Example 2.4: Moving Fin with Surface Convection   

A thin plastic sheet of thickness t and width W is heated in a furnace to 
temperature o . The sheet moves on a conveyor belt traveling with velocity 
U. It is cooled by convection 
outside the furnace by an 
ambient fluid at .  The heat 
transfer coefficient is h.
Assume steady state, Bi<0.1,
negligible radiation and no 
heat transfer from the sheet to 
the conveyor belt. Determine 
the temperature distribution 
in the sheet.

T

T
W

t

Th,

insulated bottomfurnace
oT

x U

Fig. 2.12

(1) Observations.   (i) This is a constant area moving fin problem. 
Temperature distribution can be assumed one-dimensional. (ii) Heat is 
exchanged with the surroundings by convection. (iii) The temperature is 
specified at the outlet of the furnace. (iv) The fin is semi-infinite.

(2) Origin and Coordinates.  A rectangular coordinate system is used with 
the origin at the exit of furnace, as shown in Fig. 2.12.   

(3) Formulation. 

(i) Assumptions.  (1) One-dimensional, (2) steady state, (3) constant 
pressure, (4) constant k, (5) constant conveyor speed, (6) constant h, (7) no 
radiation and (8) .1Bi

(ii) Governing Equation. Introducing assumption (7) into )19.2(.eq

0)(2

2
TT

kA

hC

dx

dT

k

Uc

dx

Td

c

p .                  (2.20) 

The cross-sectional area and circumference are given by
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WtAc ,                                                 (a)         
and

tWC 2 .                                              (b) 

Substituting (a) and (b) into )20.2(.eq

cTm
dx

dT
b

dx

Td 2
2

2
2 ,                                   (c)

where the constants b, c and are defined as 2m

k

Uc
b

p

2
, T

tWk

tWh
c

)2(
,

kWt

tWh
m

)2(2 . (d)

     (iii) Boundary Conditions.  Since equation (c) is second order with a 
single independent variable x, two boundary conditions are needed. The 
temperature is specified at x = 0.  Thus 

oTT )0( .                                        (e)      

Far away from the furnace the temperature is  Thus, the second 
boundary condition is 

.T

)(T = finite.                                           (f) 

(4) Solution. Equation (c) is a linear, second order differential equation 
with constant coefficients.   Its solution is presented in Appendix A.  
Noting that , the solution is given by equation (A-6c) 22 mb

2
22

2
22

1 )exp()exp(
m

c
xmbbxCxmbbxCT ,(2.21)                         

where 1  and  are constants of integration.  Since  equation (f) 
requires that 

C 2C ,02m

01C .                                                 (g)  
Equation (e) gives 2C

22
m

c
TC o .                                           (h) 

Substituting (d), (g) and (h) into (2.21) gives the temperature distribution in 
the sheet 
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x
tWk

tWh

k

Uc

k

Uc

TT

TxT pp

o

)2(
22

exp
)( 2)( .     (2.22) 

(5) Checking. Dimensional check: Each term of the exponent in 
must be dimensionless: 

)22.2(.eq

)CW/m(

)m()m/s()CJ/kg()kg/m(
o

o3

k

xUc p  = dimensionless 

and

)m(
)m()m()CW/m(

)m)(2)(CW/m(
2/1

o

o2
x

tWk

tWh
 = dimensionless 

Boundary conditions check: Substitution of  into (e) and (f) 
shows that the two boundary conditions are satisfied. 

)22.2(.eq

Limiting checks: (i) If h = 0, no energy can be removed from the sheet after 
leaving the furnace and therefore its temperature must remain constant. 
Setting h = 0 in  gives )22.2(.eq .)( oTxT  (ii) If the velocity is 
infinite, the time it takes the fin to reach a distance x vanishes and therefore 
the energy removed also vanishes. Thus at 

U

U the temperature remains 
constant. Setting in  givesU )22.2(.eq .)( oTxT

(6) Comments.  (i) The temperature decays exponentially with distance x.
(ii) Sheet motion has the effect of slowing down the decay. In the 
limit,  no decay takes place and the temperature remains constant.   ,U

2.2.14 Variable Area Fins  

An example of a variable area fin is the cylindrical or annular fin shown in 
Fig.2.5d and Fig. 2.13.  The conduction area in this fin increases as r is
increased. In applications where weight is a factor, tapering a fin reduces 
its weight.

Mathematically, fins with variable cross-sectional areas are usually 
governed by differential equations having variable coefficients. In this 
section we will present the derivation of the fin equation for two specific 
variable area fins. Solutions to certain ordinary differential equations with 
variable coefficients will be outlined in Sections 2.3 and 2.4.  
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Case (i): The annular fin.  We wish to formulate the governing equation 
for temperature distribution for the fin shown in Fig. 2.13. For a constant 
thermal conductivity fin the starting point is  Since we are 
dealing with a cylindrical geometry, the independent variable x in 

 is replaced by the radial coordinate r.  Assuming no energy 
generation,  becomes 

).b5.2(.eq

)b5.2(.eq
)b5.2(.eq

             0)(
)()(

1
2

2

dr

dA
TT

rkA

h

dr

dT

dr

dA

rAdr

Td s

c

c

c
.        (2.23) 

Heat is conducted in the radial direction and convected from the upper and 
lower surfaces of the fin. The heat 
transfer coefficient is h and the 
ambient temperature is T  To 
determine  we select a circular 
element (ring) of radius r, thickness 
dr and height t.  The area through 
which heat is conducted is normal to 
r, given by 

.

trrAc

)(rAc

Th ,

Th , dr

r
t2)( .               (a) 

Differentiating (a)

t
dr

dAc 2 2.13 Fig.
.                 (b) 

The term  is given bydrdAs / )a6.2(.eq

2/1
2)(1)(

dr

dy
rC

dr

dA ss ,                         (2.6a)      

where is the coordinate describing the surface.  For a disk of uniform 
thickness, is constant and

sy

sy .0/ drdys   The circumference of the 
element which is in contact with the fluid is given by 

)(rC

)2(2)( rrC .                                         (c) 

Thus

)2(2 r
dr

dAs .                                          (d) 
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The factor 2 in (c) is introduced to account for heat convected along the top 
and bottom surfaces.  If the disk is insulated along one surface, this factor 
will be unity.  Substituting (a), (b) and (d) into  and rearranging, 
we obtain 

)23.2(.eq

0))(/2(1
2

2
TTkth

dr

dT

rdr

Td
.                   (2.24) 

The coefficient of the second term, ,1 r  is what makes eq. (2.24) a 
differential equation with variable coefficients. 

Case (ii): The straight triangular fin.  This fin is shown in Fig. 2.14.  For 
convenience, the origin is placed at the tip.  The length of the fin is L and 
its thickness at the base is t. The fin extends a distance W in the direction 
normal to the paper.  The triangular end surfaces are assumed insulated.  
The heat transfer coefficient is h and the ambient temperature is   We 
select an element as shown. The conduction area is 

.T
dx

)(2 xyWA sc

)2/)(/( tLxys

xLtWAc )/(

                    
,      (e) 

y

where is half the 
element height given by 

)(xys
Th,

Th,

L

tsy
x

dx

2.14  Fig.

0. (f)

Therefore becomescA

,      (g) 

It follows that 

L

tW

dx

dAc .                                           (h)  

The geometric factor is given by eq. (2.6a)xddAs /

2/122/12 ])2/(1[2])/(1[2 LtWdxdyW
dx

dA
s

s .            (i)  

Substituting (g), (h) and (i) into eq. (2.5b), we obtain
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0)(1)2/(1()/2(1 2/12
2

2
][ TT

x
LtkthL

dx

dT

xdx

Td
.   (2.25) 

Note that the second and third terms in eq. (2.25) have variable 
coefficients.

2.3 Bessel Differential Equations and Bessel Functions 

2.3.1 General Form of Bessel Equations

A class of linear ordinary differential equations with variable coefficients is 
known as Bessel differential equations. Such equations are encountered in 
certain variable area fins and in multi-dimensional conduction problems. 
Equations (2.24) and (2.25) are typical examples. A general form of Bessel 
differential equations is given by [1] 

.0)21(

2)21(

22222222

2
2

2
2

ynCAxABxBxDC

dx

dy
xBxA

dx

yd
x

C

 (2.26)   

Examining this equation we note the following: 

(1) It is a linear, second order ordinary differential equation with variable 
coefficients. That is, the coefficients of the dependent variable y and 
its first and second derivatives are functions of the independent 
variable x.

(2) A, B, C, D, and n are constants.  Their values vary depending on the 
equation under consideration.  Thus, eq. (2.26) represents a class of 
many Bessel differential equations. 

(3) n is called the order of the differential equation.  

(4) D can be real or imaginary.  

2.3.2 Solutions: Bessel Functions

The general solution to eq. (2.26) can be constructed in the form of infinite 
power series. Since eq. (2.26) is second order, two linearly independent 
solutions are needed. The form of the solution depends on the constants n
and D. There are four possible combinations: 
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(1) n is zero or positive integer, D is real. The solution is 

][ )()()exp()( 21
C

n
C

n
A xDYCxDJCxBxxy ,       (2.27)    

where

 = constants of integration 21,CC

 = Bessel function of order n of the first kind )( C
n DxJ

 = Bessel function of order n of the second kind  )( C
n DxY

Note the following:

     (i)   The term is the argument of the Bessel function. )( CxD
     (ii) Values of Bessel functions are tabulated. See, for example, 

Reference [2]. 

(2) n is neither zero nor a positive integer, D is real. The solution is 

][ )()()exp()( 21
C

n
C

n
A xDJCxDJCxBxxy . (2.28)

(3) n is zero or positive integer, D is imaginary. The solution is 

][ )()()exp()( 21
C

n
C

n
A xpKCxpICxBxxy ,       (2.29)    

where
 where i is imaginary, i = ,/ iDp 1

= modified Bessel function of order n of the first kind )( C
n pxI

= modified Bessel function of order n of the second kind)( C
n pxK

(4) n is neither zero nor a positive integer, D is imaginary. The solution is 

][ )()()exp()( 21
C

n
C

n
A xpICxpICxBxxy .      (2.30)    

Example: To illustrate how the above can be applied to obtain solutions to 
Bessel differential equations, consider the annular fin of Section 2.2.14.  
The heat equation for this fin is 

0))(/2(1
2

2
TTkth

dr

dT

rdr

Td
.                  (2.24) 
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Although this is a second order linear differential equation with variable 
coefficients, it may not be a Bessel equation, unless it is a special case of 
eq. (2.26). Thus the first step in seeking a solution is to compare eq. (2.24) 
with eq. (2.26). Since the comparison is carried out term by term, eq. (2.24) 
is multiplied through by 2r  so that its first term is identical to that of eq. 
(2.26).  Next, eq. (2.24) is transformed into a homogeneous equation to 
match eq. (2.26).  This is done by introducing a new temperature variable 

,  defined as 
TT .                                             (a)     

Substituting (a) into eq. (2.24) and multiplying through by 2r

022
2

2
2 r

dr

d
r

dr

d
r ,                               (b)

where  Comparing the coefficients of (b) with their 
counterparts in eq. (2.26) gives  

)./2(2 kth

,0BA ,1C ,iD 0n .

Since n = 0 and D is imaginary, the solution is given by eq. (2.29) 

)()()()( 0201 rKCrICTrTr .                 (c)        

2.3.3 Forms of Bessel Functions 

The Bessel functions and are symbols 
representing different infinite power series. The series form depends on n.
For example,  represents the following infinite power series  

nnnnnn KIIJYJ ,,,,, nK

)( xmJ n

0

2

)1(!
)2/()1()(

k

nkk

n nkk

xm
xmJ  ,                    (2.31)         

where  is the Gamma function. More details on Bessel functions are 
found in the literature [2-4].  

2.3.4 Special Closed-form Bessel Functions: 
2

egerint odd
n

Bessel functions for n = 1/2 take the following forms: 
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x
x

xJ sin2)(2/1 ,                              (2.32) 

x
x

xJ cos2)(2/1 .                             (2.33) 

Bessel functions of order 3/2, 5/2, 7/2, …., are determined from eqs. (2.32) 
and (2.33), and the following recurrence formula 

)()(12)( 2/32/12/1 xJxJ
x

k
xJ kkk k = 1, 2, 3, … (2.34)

Similarly, modified Bessel functions for n = 1/2 take the following forms: 

x
x

xI sinh2)(2/1 ,                              (2.35) 

x
x

xI cosh2)(2/1 .                             (2.36) 

Modified Bessel functions of order 3/2, 5/2, 7/2…, are determined from 
equations (2.35) and (2.36) and the following recurrence formula 

)()(12)( 2/32/12/1 xIxI
x

k
xI kkk k = 1, 2, 3, … (2.37) 

2.3.5 Special Relations for n = 1, 2, 3, ….

)()1()( xJxJ n
n

n ,                             (2.38a)

)()1()( xYxY n
n

n ,                             (2.38b) 

)()( xIxI nn ,                                    (2.38c)

)()( xKxK nn .                                  (2.38d)
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2.3.6 Derivatives and Integrals of Bessel Functions [2,3]

In the following formulas for derivatives and integrals of Bessel functions 
the symbol represents certain Bessel functions of order n. Appendix B
lists additional integral formulas. 

nZ

)40.2()(

)39.2(,,)(
)(

1

1

KZmxZmx

IYJZmxZmx
mxZx

dx

d

n
n

n
n

n
n

)42.2()(

)41.2(,,)(
)(

1

1

IZmxZmx

KYJmxZmx
mxZx

dx

d

n
n

n
n

n
n

)44.2()()(

)43.2(,,)()(
)(

1

1

KZmxZ
x

n
mxmZ

IYJZmxZ
x

n
mxmZ

mxZ
dx

d

nn

nn

n

)46.2()()(

)45.2(,,)()(
)(

1

1

IZmxZ
x

n
mxmZ

KYJZmxZ
x

n
mxmZ

mxZ
dx

d

nn

nn

n

IYJZmxZxmdxmxZx n
n

n
n ,,)()/1()(1 (2.47)

KYJZmxZxmdxmxZx n
n

n
n ,,)()/1()(1 (2.48)      

2.3.7 Tabulation and Graphical Representation of Selected Bessel 
Functions

Tabulated values of Bessel functions are found in the literature [2]. 
Appendix C lists values of certain common Bessel functions. Subroutines 
are available in the IMSL for obtaining numerical values of various Bessel 
functions. Values for the limiting arguments of x = 0 and x =  are given in 
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Table 2.1. Graphical representation of selected Bessel functions are shown 
in Fig. 2.15. 

Table 2.1 
x J0(x)    Jn(x)    I0(x)    In(x)    Yn(x)   Kn(x)
0      1      0      1      0 -

     0      0      0     0 

                 Fig. 2.15 Graphs of selected Bessel functions 
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2.4 Equidimensional (Euler) Equation 

Consider the following second order differential equation with variable 
coefficients

0012

2
2 ya

dx

dy
xa

dx

yd
x ,                           (2.49)

where and are constant.  Note the distinct pattern of the coefficients: 

multiplies the second derivative, x multiplies the first derivative 
and multiplies the function y. This equation is a special case of a class 

of equations known as equidimensional or Euler equation. The more 
general form of the equidimensional equation has higher order derivatives 
with coefficients following the pattern of eq. (2.49). For example, the first 

term of eq. (2.47) takes the form 

0a 1a
2x

0x

.
n

n
n

dx

xd
x   The solution to eq. (2.49) 

depends on the roots of the following equation 

2
4)1()1( 0

2
11

2,1
aaa

r .                     (2.50)

There are three possibilities:

(1) If the roots are distinct, the solution takes the form 

21
21)( rr xx CCxy .                              (2.51)

,1i,2,1 biar      (2) If the roots are imaginary as  where  the 
solution is

)logsin()logcos()( 21 xbCxbCxxy a .             (2.52) 

(3) If there is only one root, the solution is 

)log()( 21 xCCxxy r .                          (2.53)   
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2.5 Graphically Presented Solutions to Fin Heat Transfer Rate [5]

Solutions to many variable area fins have been obtained and published in 
the literature.  Of particular interest is the heat transfer rate for such 
fins.  Mathematical solutions are usually expressed in terms of power series 
such as Bessel functions. The availability of subroutines in the IMSL 
makes it convenient to compute  Solutions to common fin geometries 
have been used to construct dimensionless graphs to determine 
However, instead of presenting  directly, fin efficiency

fq

.fq
.fq

fq f  is plotted.  
Once f  is known,  can be computed from the definition of fq f  in 
equation (2.18). Fig. 2.16 gives fin efficiency of three types of straight fins 
and Fig. 2.17 gives fin efficiency of annular fins of constant thickness.  
                 

Fig. 2.16 Fin Efficiency of three types of straight fins [5] 
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41 2 3 50

Fig. 2.17 Fin Efficiency of annular fins of constant thickness [5] 
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PROBLEMS

2.1 Radiation is used to heat a plate of 
thickness L and thermal conductivity k.
The radiation has the effect of  
volumetric energy generation at a 
variable rate given by 

L

radiation

0

)(xq

x

oT

         ,bx

where  and b are constant and x is the distance along the plate.  
The heated surface at x = 0 is maintained at uniform temperature 
while the opposite surface is insulated. Determine the temperature of 
the insulated surface. 

oq

oT

2.2  Repeat Example 2.3 with the outer plates generating energy at a 
rate and no energy is generated in the inner plate. q

2.3    A plate of thickness and conductivity moves with a velocity U
over a stationary plate of thickness  and conductivity  The 
pressure between the two plates is P and
the coefficient of friction is

1L 1k

2L .2k

.  The surface 
of the stationary plate is insulated while 
that of the moving plate is maintained at 
constant temperatureT  Determine the 
steady state temperature distribution in the 
two plates. 

2k

1k

2L

1L U

oT

.o
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2.4 A very thin electric element is wedged between two plates of 
conductivities and . The element dissipates uniform heat flux 

. The thickness of one plate is and 
that of the other is . One plate is 
insulated while the other exchanges heat 
by convection. The ambient temperature 
is and the heat transfer coefficient is 
h. Determine the temperature of the 
insulated surface for one-dimensional 
steady state conduction. 

1k 2k

oq 1L

-+

1k

2k

1L

2L

Th,
2L

T

2.5 A thin electric element is sandwiched 
between two plates of conductivity k and 
thickness L each. The element dissipates a 
flux  Each plate generates energy at a 
volumetric rate of q

.oq
and exchanges heat by 

convection with an ambient fluid at T .
The heat transfer coefficient is h. Determine the temperature of the 
electric element. 

+ _
0

xL

L

q

q

Th,

Th,

oq2.6 One side of a plate is heated with uniform flux while the other 
side exchanges heat by convection and radiation. The surface 
emissivity is , heat transfer coefficient h, ambient temperature 

 surroundings temperature T  plate thickness L and the 
conductivity is k. Assume one-dimensional steady state conduction 
and use a simplified radiation model. Determine: 

,T ,sur

[a] The temperature distribution in the plate. 
[b] The two surface temperatures for:   

h = 27 , k = 15 ,                
m, 

0

Th,
x

oq

surT

kL

CW/m o2 CW/m o

08.0L oq = 19,500 ,W/m2

T = 18 o ,T = 22 ,CoC .95.0sur
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2.7 A hollow shaft of outer radius and inner 
radius rotates inside a sleeve of inner 
radius  and outer radius  Frictional 
heat is generated at the interface at a 
flux   At the inner shaft surface heat is 
added at a flux   The sleeve is cooled by 
convection with a heat transfer coefficient h.
The ambient temperature is  Determine 
the steady state one-dimensional temperature 
distribution in the sleeve. 

sR

shaft

sleeve

oR sR

Th,

sq
iq

iR

iR

sR .oR

.sq
.iq

.T

2.8 A hollow cylinder of inner radius and outer radius is heated 
with a flux at its inner surface. The outside surface exchanges heat 
with the ambient and surroundings by convection and radiation. The 
heat transfer coefficient is h, ambient temperature surroundings 
temperature and surface emissivity is

ir or

iq

,T

surT .  Assume steady state 
one-dimensional conduction and use a simplified radiation model. 
Determine: 

[a]  The temperature distribution. 
Th,

iq

surT

or

ir

r

[b] Temperature at and , for:  ir or

= 35,500 , = 24 ,           

= 14 , k = 3.8 ,             
= 12 cm,     = 5.5 cm 

2W/m Co
iq T

Co CW/m o
surT

or ir

 = 0.92           h = 31.4 .CW/m o2

2.9 Radiation is used to heat a hollow sphere of 
inner radius i  outer radius r and
conductivity k. Due to the thermal 
absorption characteristics of the material 
the radiation results in a variable energy 
generation rate given by 

or

ir

r

)(rq

oT,r o

0

2

2

or

r)( oqrq ,
radiation
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where is constant and r is the radial coordinate. The inside 
surface is insulated and the outside surface is maintained at 
temperature  Determine the steady state temperature distribution 
for one-dimensional conduction.  

oq

.oT

2.10 An electric wire of radius 2 mm and conductivity 398 
generates energy at a rate of   The surroundings 
and ambient temperatures are  and , respectively. The 
heat transfer coefficient is 6.5  and surface emissivity is 
0.9.  Neglecting axial conduction and assuming steady state, 
determine surface and centerline temperatures.  

Cm/W o

51025.1 .m/W 3

C78 o C82 o

Cm/W o2

2.11 The cross-sectional area of a fin is and its circumference 
is  Along its upper half surface heat is exchanged by 
convection with an ambient fluid at  The heat transfer coefficient 
is  Along its lower half surface heat is exchanged by radiation with 
a surroundings at  Using a simplified radiation model formulate 
the steady state fin heat equation for this fin. 

)(xAc
).(xC

.T
.h

.surT

2.12   A constant area fin of length and cross-sectional area
generates heat at a volumetric rate

L2 cA
.q  Half the fin is insulated while 

the other half exchanges heat by convection.  The heat transfer 
coefficient is h and the ambient temperature is  The base and tip 
are insulated. Determine the steady state temperature at the mid-
section. At what location is the temperature highest? 

.T

Th,
0

L

x q

L

Th,

2.13 A constant area fin of length and cross-sectional area  is 
maintained at  at the base and is insulated at the tip. The fin is 
insulated along a distance b from the base end while heat is 
exchanged by convection along its remaining surface.  The ambient 

L cA

oT
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temperature is and the heat transfer coefficient is h. Determine 
the steady state heat transfer rate from the fin. 

T

Th,

L

0

Th,b

qx

2.14   Heat is removed by convection from an electronic package using a 
single fin of circular cross section. Of interest is increasing the heat 
transfer rate without increasing the weight or changing the material 
of the fin.  It is recommended to use two identical fins of circular 
cross-sections with a total weight equal to that of the single fin. 
Evaluate this recommendation using a semi-infinite fin model. 

2.15   A plate which generates heat at a 
volumetric rate q is placed inside a tube 
and cooled by convection. The width of 
the plate is w and its thickness is .  The 
heat transfer coefficient is h and coolant 
temperature is  The temperature at the 
interface between the tube and the plate 
is  Because of concern that the 
temperature at the center may exceed design limit, you are asked to 
estimate the steady state center temperature using a simplified fin 
model. The following data are given: 

wT
Th,

q

w

wT.T

.wT

 h = 62 ,Cm/W o2 3w cm, = 2.5 mm,   ,
,

C110 o
wT

C94 oT q = ,    k = 18 W .7105.2 3m/W Cm/ o

2.16 An electric heater with a capacity P is used 
to heat air in a spherical chamber. The 
inside radius is  outside radius and 
the conductivity is k.  At the inside 
surface heat is exchanged by convection. 
The inside heat transfer coefficient is .
Heat loss from the outside surface is by 

surT

or

ir

r

ih

+ _
P

k

,ir or

ih
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radiation. The surroundings temperature is and the surface 
emissivity is

surT
.  Assuming one-dimensional steady state conduction, 

use a simplified radiation model to determine: 

[a] The temperature distribution in the spherical wall.
[b] The inside air temperatures for the following conditions: 

h = 6.5 , P = 1, 500 W, CW/m o2  = 0.81, = 18 ,Co
surT

k = 2.4 , = 10 cm,     = 14 cm. CW/m o
ir or

2.17  A section of a long rotating shaft of radius is
buried in a material of very low thermal 
conductivity. The length of the buried section is 
L.  Frictional heat generated in the buried section 
can be modeled as surface heat flux. Along the 
buried surface the radial heat flux is 

or

rq and the 
axial heat flux is .xq  The exposed surface 
exchanges heat by convection with the ambient. 
The heat transfer coefficient is h and the ambient 
temperature is  Model the shaft as semi-
infinite fin and assume that all frictional heat is 
conducted through the shaft. Determine the 
temperature distribution.  

0

h
T

rq

x

L

xq
.T

2.18  A conical spine with a length L
and base radius exchanges 
heat by convection with the 
ambient.  The coefficient of heat 
transfer is h and the ambient 
temperature is  The base is maintained at T  Using a fin model, 
determine the steady state heat transfer rate. 

R

L

x

Th,

Th,

oT
R

.T .o

2.19 In many applications it is desirable to reduce the weight of a fin 
without significantly reducing its heat transfer capacity. Compare the 
heat transfer rate from two straight fins of identical material. The 
profile of one fin is rectangular while that of the other is triangular. 
Both fins have the same length L and base thickness .  Surface heat 
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transfer is by convection. Base temperature is and ambient 
temperature is  The following data are given:

oT
.T

h = 28 , k = 186 , L = 18 cm,  Cm/W o2 Cm/W o cm   1

2.20 The profile of a straight fin 
is given by  

                 ,2)/( Lxys

          where L is the fin length 
and  is half the base 
thickness. The fin exchanges heat with the ambient by convection. 
The ambient temperature is and the heat transfer coefficient is h.
The base temperature is  Assume that

sy

oT

Th,

Th,

x0

L

T
1)/( L.oT , determine the 

steady state fin heat transfer rate. 

2.21   A circular disk of radius  is mounted on a tube of radius  The 
profile of the disk is described by , where 

oR .iR
22 / rRy is  is half 

the thickness at the tube. The disk exchanges heat with the 
surroundings by convection. The heat transfer coefficient is h and the 
ambient temperature is  The base is maintained at and the tip 
is insulated. Assume that 

oT.T
,1/4 iR  use a fin model to 

determine the steady state heat transfer rate from the disk.  

Th,

oT

sy

oR

iR
Th,

r
0

2.22    A very large disk of thickness  is mounted on a shaft of radius
The shaft rotates with angular velocity

.iR
.  The pressure at the 

interface between the shaft and the disk is P and the coefficient of 
friction is .  The disk exchanges heat with the ambient by 
convection. The heat transfer coefficient is h and the ambient 
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temperature is  Neglecting heat transfer to the shaft at the 
interface, use a fin model to determine the interface temperature. 

.T

iR

r

Th,Th,

Th, Th,

2.23   A circular disk of thickness and outer radius is mounted on a 
shaft of radius  The shaft and disk rotate inside a stationary sleeve 
with angular velocity

oR
.iR

.  Because of friction between the disk and 
sleeve, heat is generated at a flux .oq  The disk exchanges heat with 
the surroundings by convection. The ambient temperature is  Due 
to radial variation in the tangential velocity, the heat transfer 
coefficient varies with radius according to    

.T

                                                      .2)/( ii Rrhh

          Assume that no heat is conducted to the sleeve and shaft; use a fin 
approximation to determine the steady state temperature distribution. 

2.24 A specially designed heat exchanger consists of a tube with fins 
mounted on its inside surface. The fins are circular disks of inner 
radius and variable thickness given by  iR

,2/3)/( oRrys

where is the tube radius. 
The disks exchange heat with 
the ambient fluid by convection. 
The heat transfer coefficient is h
and the fluid temperature is
The tube surface is maintained 
at  Modeling each disk as a 
fin, determine the steady state 
heat transfer rate. Neglect heat 
loss from the disk surface at 

and assume that 

oR

Th,
sy

oT
iR

oR

r

Th,.T

.oT

iR .1)/( oR
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2.25 A disk of radius and thickness oR  is mounted on a steam pipe of 
outer radius  The disk’s surface is insulated from 
to  The remaining surface exchanges heat with the 
surroundings by convection. The heat transfer coefficient is h and the 
ambient temperature is  The temperature of the pipe is and the 
surface at is insulated.  Formulate the governing equations 
and boundary conditions and obtain a solution for the temperature 
distribution in terms of constants of integration.  

.iR iRr
.bRr

oT.T

oRr

bR

oT

iR oR

Th,

Th,Th,

Th,
r0

2.26 Consider the moving plastic sheet of Example 2.4.  In addition to 
cooling by convection at the top surface, the sheet is cooled at the 
bottom at a constant flux .oq  Determine the temperature distribution 
in the sheet. 

2.27 A cable of radius  conductivity k, density,or and specific heat 
moves through a furnace with velocity U and leaves at 

temperature  Electric energy is dissipated in the cable resulting in 
a volumetric energy generation rate of 

pc
.oT

.q Outside the furnace 
the cable is cooled by convection. 
The heat transfer coefficient is h and
the ambient temperature is T
Model the cable as a fin and assume 
that it is infinitely long. Determine 
the steady state temperature 
distribution in the cable. 

Th,
U

furnace

0 x
oT

q
.

2.28 A cable of radius conductivity k,
density

,or
 and specific heat 

moves with velocity U through a 
furnace and leaves at temperature T
Outside the furnace the cable is 

U

furnace

0 x
oT

surT
pc

.o
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cooled by radiation. The surroundings temperature is  and 
surface emissivity is 

surT
.  In certain cases axial conduction can be 

neglected. Introduce this simplification and assume that the cable is 
infinitely long. Use a fin model to determine the steady state 
temperature distribution in the cable. 

2.29 A thin wire of diameter d, specific heat  conductivity k and
density

,pc
moves with velocity U through a furnace of length L.

Heat is added to the wire in the furnace at a uniform surface flux .
Far away from the inlet of the furnace the wire is at temperature .
Assume that no heat is exchanged with the wire before it enters and 
after it leaves the furnace. Determine the temperature of the wire 
leaving the furnace. 

oq

iT

L

oq
x0

U
d

iT

2.30 wire of diameter d is formed into a 
circular loop of radius  The loop 
rotates with constant angular velocity 

A
.R

.  One half of the loop passes through 
a furnace where it is heated at a uniform 
surface flux . In the remaining half 
the wire is cooled by convection. The
heat transfer coefficient is h and the 
ambient temperature is  The specific 
heat of the wire is c conductivity k
and density

oq

.T
,p

. Use fin approximation 
to determine the steady state temperature 
distribution in the wire. 

furnace

R

Th,

oq

d

2.31   A wire of radius  moves with a 
velocity through a furnace of length 
L. It enters the furnace at where it is 
heated by convection. The furnace 

furnace

Th, U

0
iT x

or
U

iT
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temperature is  and the heat transfer coefficient is h. Assume that 
no heat is removed from the wire after it leaves the furnace. Using 
fin approximation, determine the wire temperature leaving the 
furnace.

T

2.32   Hot water at flows downward from a faucet 
of radius  at a rate  The water is cooled 
by convection as it flows. The ambient 
temperature is and the heat transfer 
coefficient is h. Suggest a model for analyzing 
the temperature distribution in the water. 
Formulate the governing equations and 
boundary conditions. 

g

m

or

Th,

oT

0

x

oT
.mor

T
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TWO-DIMENSIONAL STEADY STATE  
CONDUCTION

Two-dimensional steady state conduction is governed by a second order 
partial differential equation. A solution must satisfy the differential 
equation and four boundary conditions. The method of separation of 
variables [1] will be used to construct solutions. The mathematical tools 
needed to apply this method will be outlined first. Examples will be 
presented to illustrate the application of this method to the solution of 
various problems. 

3.1 The Heat Conduction Equation 

We begin by examining the governing equation for two-dimensional 
conduction. Assuming steady state and constant properties, eq. (1.7) 
becomes  

0
2

2

2

2

k

q

x

T

k

Uc

y

T

x

T p
.                      (3.1) 

Equation (3.1) accounts for the effect of motion and energy generation. For 
the special case of stationary material and no energy generation, eq. (3.1) 
reduces to

0
2

2

2

2

y

T

x

T
.                                       (3.2) 

The corresponding equation in cylindrical coordinates is 

0
1

2

2

)(
z

T

r

T
r

rr
.                                 (3.3) 
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,0qEquation (3.1), with  eq. (3.2) and eq. (3.3) are special cases of a 

more general partial differential equation of the form 

.0)()()()()()( 012

2

2012

2

2 Tyg
y
T

yg
y

T
ygTxf

x
T

xf
x

T
xf                                                

(3.4)

This homogenous, second order partial differential equation with variable 
coefficients can be solved by the method of separation of variables.

3.2 Method of Solution and Limitations 

One approach to solving partial differential equations is the separation of 
variables method. The basic idea in this approach is to replace the partial 
differential equation with sets of ordinary differential equations. The
number of such sets is equal to the number of independent variables in the 
partial differential equation.  Thus for steady two-dimensional conduction 
the heat equation is replaced with two sets of ordinary differential 
equations. There are two important limitations on this method. (1) It applies 
to linear equations. An equation is linear if the dependent variable and/or 
its derivatives appear raised to power unity and if their products do not 
occur.  Thus eqs. (3.1)-(3.4) are linear. (2) The geometry of the region must 
be described by an orthogonal coordinate system.  Examples are: squares, 
rectangles, solid or hollow spheres and cylinders, and sections of spheres or 
cylinders. This rules out problems involving triangles, trapezoids, and all 
irregularly shaped objects.    

3.3 Homogeneous Differential Equations and Boundary Conditions 

Because homogeneity of linear equations plays a crucial role in the 
application of the method of separation of variables, it is important to 
understand its meaning. A linear equation is homogenous if it is not altered 
when the dependent variable in the equation is multiplied by a constant. 
The same definition holds for boundary conditions. Using this definition to 
check , we multiply the dependent variable T by a constant c, take 
c out of the differentiation signs and divide through by c to obtain 

)1.3(eq.

0
2

2

2

2

ck

q

x

T

k

Uc

y

T

x

T p
.                           (a) 
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Note that the resulting equation (a) is not identical to eq. (3.1).  Therefore, 
eq. (3.1) is non-homogeneous. On the other hand, replacing T by cT in eq. 
(3.2) does not alter the equation. It follows that eq. (3.2) is homogeneous. 
To apply this test to boundary conditions, consider the following 
convection boundary condition 

)( TTh
x

T
k .                                     (b) 

Replacing by and dividing through by c gives T cT

)(
c

T
Th

x

T
k .                                   (c)  

Since this is different from (b), it follows that boundary condition (b) is 
non-homogenous. For the special case of 0T , boundary condition (b) 
becomes homogeneous. 

The separation of variables method can be extended to solve non-
homogeneous differential equations and boundary conditions. However, the 
simplest two-dimensional application is when the equation and three of the 
four boundary conditions are homogeneous. 

3.4 Sturm-Liouville Boundary-Value Problem: Orthogonality [1] 

We return to the observation made in Section 3.2 that the basic idea in the 
separation of variables method is to replace the partial differential equation 
with sets of ordinary differential equations. One such set belongs to a class 
of second order ordinary differential equations known as the Sturm-
Liouville boundary-value problem. The general form of the Sturm-
Liouville equation is 

0)()()( 3
2

212

2

nn
nn xaxa

dx

d
xa

dx

d
.           (3.5a) 

This equation can be written as 

0)()()( 2
nn

n xwxq
dx

d
xp

dx

d
,                (3.5b) 

where
dxa

exp 1)( )()( 3 xpaxw)()( 2 xpaxq, , .       (3.6) 
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The following observations are made regarding eq. (3.5): 

(1) The function plays a special role and is known as the weighting
function.

)(xw

(2) Equation (3.5) represents a set of n equations corresponding to n values 
of .n .n  The corresponding solutions are represented by

n are known as the characteristic functions.                                          (3) The solutions

An important property of the Sturm-Liouville problem, which is invoked in 
the application of the method of separation of variables, is called 
orthogonality. Two functions, )(xn ),(xmand  are orthogonal in the 
range (a,b) with respect to a weighting function  if ),(xw

0)()()( dxxwxx m

b

a
n mn .                    (3.7) 

The characteristic functions of the Sturm-Liouville problem are orthogonal 
if the functions and are real, and if the boundary 
conditions at x = a and x = b are homogenous of the form 

)(),( xqxp )(xw

0n ,                                            (3.8a)  

0
dx

d n ,                                          (3.8b) 

0
dx

d n
n ,                                     (3.8c) 

where is constant. However, for the special case of p(x) = 0 at x = a or 
x = b, these conditions can be extended to include 

)()( ba nn ,                                       (3.9a) 

and

dx

bd

dx

ad nn )()(
.                                  (3.9b)  

These conditions are known as periodic boundary conditions. In heat 
transfer problems, boundary conditions (3.8a), (3.8b) and (3.8c) correspond 
to zero temperature, insulated boundary, and surface convection, 
respectively.  Eqs. (3.9a) and (3.9b) represent continuity of temperature and 
heat flux. They can occur in cylindrical and spherical problems. 
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3.5 Procedure for the Application of Separation of Variables Method

To illustrate the use of the separation of variables method, the following 
example outlines a systematic procedure for solving boundary-value 
problems in conduction. 

Example 3.1: Conduction in a Rectangular Plate

Consider two-dimensional steady state conduction in the plate shown. 
Three sides are maintained at zero temperature. Along the fourth side the 
temperature varies spatially.  Determine the temperature distribution 
T(x,y) in the plate.  

(1) Observations. (i) This is a steady state two-dimensional conduction 
problem. (ii) Four boundary conditions are needed. (iii) Three conditions 
are homogenous.  

(2) Origin and Coordinates.

Anticipating the need to write 
boundary conditions, an origin 
and coordinate axes are selected.  
Although many choices are 
possible, some are more suitable 
than others.  In general, it is 
convenient to select the origin at 
the intersection of the two 
simplest boundary conditions and to orient the coordinate axes such that 
they are parallel to the boundaries of the region under consideration. This 
choice results in the simplest solution form and avoids unnecessary 
algebraic manipulation. Therefore, the origin and coordinate axes are 
selected as shown in Fig. 3.1. 

x

y

2HBC

L

0
0

T = 0

T = f(x)

T = 0

T = 0

Fig. 3.1

W

(3) Formulation. 

     (i) Assumptions. (1) Two-dimensional, (2) steady, (3) no energy 
generation and (4) constant thermal conductivity.  

(ii) Governing Equations. The heat equation for this case is given by 
eq. (3.2) 

0
2

2

2

2

y

T

x

T
.                                      (3.2) 
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     (iii)  Independent Variable with Two Homogeneous Boundary 
Conditions.  The variable, or direction, having two homogeneous 
boundary conditions is identified by examining the four boundary 
conditions.  In this example, the boundaries at x = 0 and x = L have 
homogeneous conditions. Thus, the x-variable has two homogeneous 
boundary conditions.  Because this plays a special role in the solution, it is 
identified with a wavy arrow and marked “2HBC” in Fig. 3.1. 

     (iv) Boundary Conditions. The required four boundary conditions are 
listed in the following order: starting with the two boundaries in the 
variable having two homogeneous conditions and ending with the non-
homogeneous condition. Thus, the first three conditions in this order are 
homogeneous and the fourth is non-homogeneous.  Therefore, we write 

(1) T(0,y) = 0 ,     homogeneous 

(2) T(L,y) = 0 ,     homogeneous 

(3) T(x,0) = 0 ,     homogeneous 

(4) T(x,W) = f(x),  non-homogeneous 

(4) Solution.

(i) Assumed Product Solution. We seek a solution T(x,y) which 
satisfies eq. (3.2) and the four boundary conditions.  We assume that a 
solution can be constructed in the form of a product of two functions: one 
which depends on x only, X(x), and one which depends on only, Y(y).
Thus

y

T(x,y)  = X(x) Y(y).                                         (a) 

The problem becomes one of finding these two functions.  Since a solution 
must satisfy the differential equation, we substitute (a) into eq. (3.2) 

0
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yYxX
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or

0)()(
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2

dy

Yd
xX

dx

Xd
yY .

Separating variables and rearranging, we obtain 
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2

2

2

2

)(

1

)(

1

dy

Yd

yYdx

Xd

xX
.                                (c) 

The left side of (c) is a function of x only, F(x), and the right side is a 
function of y only, G(y).  That is 

)()( yGxF .

Since x and y are independent variables, that is one can be changed 
independently of the other, the two functions must be equal to a constant. 
Therefore (c) is rewritten as 

2

2

2

2

)(

1

)(

1

dy

Yd

yYdx

Xd

xX
= ,                            (d) 2

n

where  is known as the separation constant.  The following 
observations are made regarding equation (d):  

2
n

(1) The separation constant is squared.  This is for convenience only.  As 
we shall see later, the solution will be expressed in terms of the square 
root of the constant chosen in (d). Thus by starting with the square of a 
constant we avoid writing the square root sign later.  

(2) The constant has a plus and minus sign.  We do this because both 
possibilities satisfy the condition F(x) = G(y). Although only one sign 
is correct, at this stage we do not know which one.  This must be 
resolved before we can proceed with the solution.   

(3) The constant has a subscript n which is introduced to emphasize that 
many constants may exist that satisfy the condition .)()( yGxF  The 
constants ,,..., 21 n  are known as eigenvalues or characteristic
values. The possibility that one of the constants is zero must also be 
considered.

(4) Equation (d) represents two sets of equations 

02
2

2 nX
dx

Xd
n

n ,                                       (e) 

and

02
2

2

nn
n Y

dy

Yd
.                                          (f)                                            
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In writing equations (e) and (f), care must be exercised in using the correct 
sign of the  terms.  In (e) it is  and in (f) it is 2

n . n Since denotes
many constants, each of these equations represents a set of ordinary 
differential equations corresponding to all values of .n  This is why the 
subscript n is introduced in and  The functions and are 
known as eigenfunctions or characteristic functions.     

nX .nY nX nY

    (ii) Selecting the Sign of the Terms. To proceed we must first select 
one of the two signs in equations (e) and (f).  To do so, we return to the 
variable, or direction, having two homogeneous boundary conditions. The 
rule is to select the plus sign in the equation representing this variable. The 
second equation takes the minus sign.  In this example, as was noted 
previously and shown in Fig. 3.1, the x-variable has two homogeneous 
boundary conditions.  Therefore, (e) and (f) become 

n

02
2

2

nn
n X

xd

Xd
,                                       (g)

and

02
2

2

nn
n Y

yd

Yd
.                                        (h)

If the choice of the sign is reversed, a trivial solution will result.  For the 
important case of ,0n  equations (g) and (h) become 

0
2

0
2

xd

Xd
,                                              (i) 

and

0
2
0

2

yd

Yd
.                                              (j) 

     (iii) Solutions to the Ordinary Differential Equations.  What has been 
accomplished so far is that instead of solving a partial differential equation, 
eq. (3.2), we have to solve ordinary differential equations. Solutions to (g) 
and (h) are (see Appendix A) 

xBxAxX nnnnn cossin)( ,                          (k) 

and
yDyCyY nnnnn coshsinh)( .                         (l) 
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Solutions to (i) and (j) are 

000 )( BxAxX ,                                      (m) 

and

000 )( DyCyY .                                       (n) 

According to (a), each product  is a solution to eq. (3.2). That is nnYX

)()(),( yYxXyxT nnn ,                                   (o)   

and
)()(),( 000 yYxXyxT .                                   (p)   

are solutions. Since eq. (3.2) is linear, it follows that the sum of all 
solutions is also a solution. Thus, the complete solution is  

1

)()()()(),( 00

n

yYxXyYxXyxT nn .                   (q) 

     (iv) Application of Boundary Conditions.  To complete the solution, 
the constants ,  and the characteristic values nnn CBADCBA ,,,,,, 0000 nD

n must be determined. We proceed by applying the boundary conditions 
in the order listed in step (3) above. Note that temperature boundary 
conditions will be replaced by conditions on the product
Note further that each product solution, including  must 
satisfy the boundary conditions.  Therefore, boundary condition (1) gives 

).()( yYxX nn
),()( 00 yYxX

0)()0(),0( yYXyT nnn ,

and
0)()0(),0( 000 yYXyT .

Since the variables  and  cannot vanish, it follows that  )(yYn )(0 yY

0)0(nX ,                                               (r)  

and
0)0(0X .                                              (s) 

Applying (r) and (s) to solutions (k) and (m) gives 

00BBn .

Similarly, boundary condition (2) gives 
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0)()(),( yYLXyLT nnn ,

and
0)()(),( 000 yYLXyLT .

Since the variables  and  cannot be zero, it follows that  )(yYn )(0 yY

0)(LX n ,

and
0)(0 LX .

Applying (k)  
0sin)( LALX nnn .

Since cannot vanish, this result gives   nA

0sin Ln .                                             (t) 

nThe solution to (t) gives 

L

n
n , n = 1,2,3….                                 (u)   

Similarly, using (m) gives   
0)( 00 ALX .                                           

With  the solution corresponding to ,000 BA 0n  vanishes. 
Equation (u) is known as the characteristic equation. All solutions obtained 
by the method of separation of variables must include a characteristic 
equation for determining the characteristic values .n

Application of boundary condition (3) gives 

0)0()()0,( nnn YxXxT .

Since the variable  cannot vanish, it follows that  )(xX n

0)0(nY .

Using (l) gives 
0nD .

The fourth boundary condition is non-homogenous. According to its order, 
it should be applied last.  Before invoking this condition, it is helpful to 
examine the result obtained so far. With ,000 nn DBBA  the 
solutions to  and  become )(xX n )(yYn
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xAxX nnn sin)( ,

and
yCyY nnn sinh)( .

Thus, according to (q), the temperature solution becomes 

1

))(sinh(sin),(
n

yxayxT nnn ,                    (3.10) 

where  The only remaining unknown is the set of constants an.
At this point boundary condition (4) is applied to eq. (3.10) 

.nnn CAa

xWaxfWxT nnn

n

sin)sinh()(),(
1

.            (3.11) 

Eq. (3.11) cannot be solved directly for the constants an because of the 
variable x and the summation sign.  To proceed we invoke orthogonality,
eq. (3.7). 

(v) Orthogonality. Eq. (3.7) is used to determine  We note that the 
function

.na
xnsin  in eq. (3.11) is the solution to equation (g). Orthogonality 

can be applied to eq. (3.11) only if (g) is a Sturm-Liouville equation and if 
the boundary conditions at x = 0 and x = L are homogeneous of the type 
described by eq. (3.8). Comparing (g) with eq. (3.5a) we obtain 

1)(3 xa0)()( 21 xaxa .and

Eq. (3.6) gives 
1)()( xwxp 0)(xq and .

xxX nn sin)(Since the two boundary conditions on  are homogeneous 
of type (3.8a), we conclude that the characteristic functions 

xxXx nnn sin)()(  are orthogonal with respect to the weighting 
function  We are now in a position to apply orthogonality  to eq. 
(3.11) to determine   Multiplying both sides of equation (3.11) by 

.1)(xw
.na

dxxxw msin)(  and integrating from  x = 0  to x = L

.))(sin(sin)sinh(sin)()(
0 10

L

mnn

n

n

L

m dxxxwxWadxxxwxf
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Interchanging the integration and summation signs and noting that  
 the above is rewritten as ,1)(xw

L

mnnn dxxxWa
n 0

))(sin(sinsinh
1

L

m dxxxf
0

sin)(  = .  (3.12)               

According to orthogonality, eq. (3.7), the integral on the right side of eq. 
(3.12) vanishes when .nm   Thus, all integrals under the summation sign 
vanish except when  Equation (3.12) becomes .nm

L

n dxxxf
0

)(sin)(  = .
L

nnn dxxWa
0

2sinsinh

Solving for  and noting that the integral on the right side is equal to L/2,
we obtain 

na

dxxxf
WL

a
L

n
n

n

0

sin)(
sinh

2
.                     (3.13)   

(5) Checking. Dimensional check:  (i) The arguments of sin and sinh must 
be dimensionless.  According to (u), n  is measured in units of 1/m. Thus 

xn yn and  are dimensionless.  (ii) The coefficient  in eq. (3.10) 
must have units of temperature.  Since f(x) in boundary condition (4) 
represents temperature, it follows from eq. (3.13) that  is measured in 
units of temperature. 

na

na

Limiting check:  If f(x) = 0, the temperature should be zero throughout.  
Setting f(x) = 0 in eq. (3.13) gives .0na  When this is substituted into eq. 
(3.10) we obtain T(x,y) = 0.

(6) Comments. (i) Application of the non-homogeneous boundary 
condition gives an equation having an infinite series with unknown 
coefficients. Orthogonality is used to determine the coefficients.  (ii) In 
applying orthogonality, it is important to identify the characteristic and 
weighting functions of the Sturm-Liouville problem. 

3.6 Cartesian Coordinates: Examples 

To further illustrate the use of the separation of variables method, we will 
consider three examples using Cartesian coordinates.  The examples 
present other aspects that may be encountered in solving conduction 
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problems. The procedure outlined in Section 3.5 will be followed in an 
abridged form. 

Example 3.2: Semi-infinite Plate with Surface Convection     

Consider two-dimensional conduction 
in the semi-infinite plate shown in  
Fig. 3.2.  The plate exchanges heat by 
convection with an ambient fluid at 

 The heat transfer coefficient is h
and the plate width is L. Determine 
the temperature distribution and the 
total heat transfer rate from the upper 
and lower surfaces.

L

Th,y

0 x

Fig. 3.2

Th,

)( yfT

2 HBC

.T

,x(1) Observations. (i) At  the plate reaches ambient temperature. (ii) 
All four boundary conditions are non-homogenous. However, by defining a 
temperature variable ,TT  three of the four boundary conditions 
become homogeneous. (iii) For steady state, the rate of heat convected 
from the two surfaces must equal to the heat conducted at x = 0. Thus 
applying Fourier’s law at  x = 0  gives the heat transfer rate. 

(2) Origin and Coordinates. Fig. 3.2 shows the origin and coordinate 
axes.

(3) Formulation. 

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) uniform heat 
transfer coefficient and ambient temperature, (4) constant conductivity and 
(5) no energy generation.  

     (ii) Governing Equations.  Introducing the above assumptions into eq. 
(1.8) gives 

0
2

2

2

2

yx
,                                         (a) 

where  is defined as 
TyxTyx ),(),( .

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions.   In terms of ,  the y-variable has two homogeneous 
conditions. Thus the y-direction in Fig. 3.2 is marked “2 HBC”. 
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     (iv) Boundary Conditions. The order of the four boundary conditions 
is

),,(
),(

Lxh
y

Lx
k),0,(

)0,(
xh

y

x
k     (2) (1)

(3) = 0,                      (4) Tyfy )(),0(  . ),( y

(4) Solution.   

(i) Assumed Product Solution. Let 

)()(),( yYxXyx .

Substituting into (a), separating variables and setting the resulting equation 
equal to constant  

2
2

2

2

2 11
n

yd

Yd

Yxd

Xd

X
.

nAssuming that  is multi-valued, the above gives     

02
2

2

nn
n X

xd

Xd
,                                       (b)     

and

02
2

2

nn
n Y

yd

Yd
.                                          (c)

     (ii) Selecting the Sign of the Terms.  Since the y-variable has two 
homogeneous conditions, the  term in (c) takes the positive sign. 
Thus

n

nn Y2

02
2

2

nn
n X

xd

Xd
,                                      (d)

and

02
2

2

nn
n Y

yd

Yd
.                                       (e) 

,0n  equations (d) and (e) become For the special case of 

0
2

0
2

xd

Xd
,                                             (f) 
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and

0
2
0

2

yd

Yd
.                                             (g) 

     (iii) Solutions to the Ordinary Differential Equations. The solutions 
to eqs. (d)-(g) are 

)exp()exp()( xBxAxX nnnnn ,                     (h) 

yDyCyY nnnnn cossin)( ,                           (i) 

000 )( BxAxX ,                                        (j) 

000 )( DyCyY .                                      (k) 

nCorresponding to each value of  there is a temperature solution 

).,( yxn  Thus

)()(),( yYxXyx nnn ,                                   (l) 

and
)()(),( 000 yYxXyx .                                 (m) 

The complete solution becomes 

1

00 )()()()(),(
n

nn yYxXyYxXyx .                    (n) 

     (iv) Application of Boundary Conditions.  Boundary condition (1) 
gives

nnn DkhC )/( .                                       (o) 

Applying boundary condition (2) 

].cossin)/[(

]sincos)/[(

LDLDkhh

LDLDkhk

nnnnn

nnnnnn

This result simplifies to 

L
L

Bi

Bi

L
n

n

n cot2 ,                              (3.14)       
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where is the Biot number. Eq. (3.14) is the characteristic 
equation whose solution gives the characteristic values 

khLBi /
.n  Boundary 

condition (3) gives 

0)exp()exp( nn BA .

Thus
0nB .

.000 BABoundary condition (3) also requires that  Thus, the solution 
corresponding to 0n  vanishes.  The temperature solution (n) becomes 

1

cossin)/()exp(),(
n

nnnnn yyLBixayx .   (3.15) 

Finally, we apply boundary condition (4) to determine na

1

cossin)/()(
n

nnnn yyLBiaTyf .             (p)   

(v) Orthogonality.  To determine  in equation (p) we apply 
orthogonality.  Note that the characteristic functions  

na

,cossin)/()( yyLBiy nnnn

are solutions to equation (e). Comparing (e) with equation (3.5a) shows that 
it is a Sturm-Liouville equation with 

13a021 aa ,and

Thus eq. (3.6) gives 
1wp 0qand .                                      (q)

Since the boundary conditions at y = 0 and y = L are homogeneous, it 
follows that the characteristic functions are orthogonal with respect to 

 Multiplying both sides of (p) by  .1w

,cossin)/( dyyyLBi mmmm

integrating from y = 0 to y = L and invoking orthogonality, eq. (3.7), we 
obtain
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dyyyLBiTyf
L

nnn

0

cossin)/()(

= .

L

nnnn dyyyLBia
0

2cossin)/(

Evaluating the integral on the right side, using and solving for 

gives

)14.3(.eq

na

22

0

)/(2)/(1)2/(

cossin)/()(

LBiLBiL

dyyyLBiTyf

a

nn

L

nnn

n .             (r)           

To determine the heat transfer rate q, we apply Fourier’s law at x = 0. Since 
temperature gradient is two-dimensional, it is necessary to integrate along 
y. Using the temperature solution, eq. (3.15), and Fourier’s law, we obtain 

dyyyLBiakq
n

L

nnnnn
1 0

cossin)/( .

Evaluating the integral gives 

1

sin)cos1)(/(
n

nnnn LLLBiakq  .            (3.16)   

(5) Checking.  Dimensional check: Units of q in eq. (3.16) should be 
W/m. Since Bi and Ln  are dimensionless and  is measured in , it 
follows that units of  are W/m.   

Co
na

nak

Tyf )(Limiting check: if , no heat transfer takes place within the plate 
and consequently the entire plate will be at  Setting .T Tyf )(  in (r) 
gives .0na   When this result is substituted into eq. (3.15) we obtain 

.),( TyxT

(6) Comments. By introducing the definition ,TT  it was possible 
to transform three of the four boundary conditions from non-homogeneous 
to homogeneous. 
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Example 3.3: Moving Plate with Surface Convection

A semi-infinite plate of thickness 2L
moves through a furnace with velocity U 
and leaves at temperature  The plate 
is cooled outside the furnace by 
convection. The heat transfer coefficient 
is h and the ambient temperature is 

 Determine the two-dimensional 
temperature distribution in the plate.

y

Fig. 3.3

Th,
2 HBC

oT

x
U

L

L

0

Th,

.oT

.T

(1) Observations. (i) Temperature 
distribution is symmetrical about the x-axis. (ii) At x  the plate 
reaches ambient temperature. (iii) All four boundary conditions are non-
homogenous. However, by defining a new variable, ,TT  three of 
the four boundary conditions become homogeneous.  

(2) Origin and Coordinates. Fig. 3.3 shows the origin and coordinate 
axes.

(3) Formulation. 

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) constant 
properties, (4) uniform velocity, (5) 0q  and (6) uniform h and .T

,),(),( TyxTyx     (ii) Governing Equations.  Defining  eq. (1.7) 
gives

02
2

2

2

2

xyx
,                                 (a)                    

is defined as where

k

Uc p

2
.                                             (b)       

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions.   Only the y-direction can have two homogeneous conditions. 
Thus it is marked “2 HBC” in Fig. 3.3. 

     (iv) Boundary Conditions.  Noting symmetry, the four boundary 
conditions are 
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),(
),(

Lxh
y

Lx
k0

)0,(
y

x
     (1) ,     (2) ,

     (3) ),( y = 0,       (4)  TTy o),0( .

(4) Solution.  

     (i) Assumed Product Solution.

Assume a product solution .)()( yYxX  Substituting into (a), 
separating variables and setting the resulting equation equal to constant 
gives

02 2
2

2

nn
nn X

xd

Xd

xd

Xd
,                             (c)

and

02
2

2

nn
n Y

yd

Yd
.                                         (d)

     (ii) Selecting the Sign of the Terms. Since the y-variable has two 
homogeneous conditions, the correct signs in (c) and (d) are 

2
n

02 2
2

2

nn
nn X

xd

Xd

xd

Xd
,                             (e)

and

02
2

2

nn
n Y

yd

Yd
.                                         (f) 

,0n  equations (e) and (f) become For

02 0
2

0
2

dx

dX

xd

Xd
,                                     (g) 

and

0
2
0

2

yd

Yd
.                                                 (h)    

     (iii) Solutions to the Ordinary Differential Equations.  The solutions 
to equations (e)-(h) are 
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][ )exp()exp()( 2222 xxBxxAxX nnnnn ,  (i)

yDyCyY nnnnn cossin)( ,                          (j) 

000 )2exp()( BxAxX ,                               (k) 

and
yDCyY 000 )( .                                         (l) 

The complete solution becomes 

1

)()()()(),( 00

n

yYxXyYxXyx nn .                   (m) 

     (iv) Application of Boundary Conditions.  The four boundary 
conditions will be used to determine the constants of integration and the 
characteristic values .n  Condition (1) gives 

00DCn .

Boundary condition (2) gives 

BiLL nn tan .                                        (n)    

Biwhere is the Biot number.  This is the characteristic equation whose 
roots give .n  Boundary condition (2) gives 

00C .

Condition (3) gives  
0nA .

With  it follows that ,000 DC .000YX  Thus equation (m) becomes 

1

22 cos)exp(),(
n

nnn yxayx .          (3.17) 

Finally, we apply boundary condition (4) to determine na

1

cos
n

nno yaTT .                                 (o)   
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ynn cos     (v) Orthogonality.  Note that the characteristic functions
are solutions to equation (f). Comparing (f) with equation (3.5a) shows that 
it is a Sturm-Liouville equation with 

13a021 aa .and

Thus eq. (3.6) gives 
and . (p)1wp 0q

Since the boundary conditions at y = 0 and y = L are homogeneous, it 
follows that the characteristic functions ynn cos  are orthogonal with 
respect to w = 1. Multiplying both sides of (o) by ,cos ydym  integrating 
from y = 0 to y = L and invoking orthogonality, eq. (3.7), we obtain na

dyy

dyyTT

a
L

n

L

no

n

0

2

0

cos

cos)(

.

Evaluating the integrals gives

LLL

LTT
a

nnn

no
n cossin

sin)(2
 .                               (q)  

(5) Checking. Dimensional check:  Eq. (3.17) requires that units of  be 
the same as that of n.n  According to (d), is measured in (1/m). From 
the definition of in (b) we have 

)m/1(
)C(W/m-

)m/s()CJ/kg()m/kg(
o

o3

k

Uc p
.

Limiting check: If  no heat transfer takes place in the plate and 
consequently the temperature remains uniform. Setting 

,oTT
oTT  in (q) 

gives .0na  When this result is substituted into eq. (3.17) we obtain 
.),( oTTyxT

0U(6) Comments.  For a stationary plate ( ), the solution to this 
special case should be identical to that of Example 3.2 with
However, before comparing the two solutions, coordinate transformation 
must be made since the origin of the coordinate y is not the same for both 
problems. Also, the definitions of both L and Bi differ by a factor of two. 

.)( oTyf
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Example 3.4: Plate with Two insulated Surfaces 

Consider two-dimensional conduction 
in the rectangular plate shown in Fig. 
3.4. Two opposite sides are insulated 
and the remaining two sides are at 
specified temperatures. Determine the 
temperature distribution in the plate.

Hy

x

L

0

)( yfT0T

Fig. 3.4

HBC2

(1) Observations. (i) Only one of the 
four boundary conditions is non-
homogeneous. (ii) The y-variable has 
two homogeneous conditions. 

(2) Origin and Coordinates. Fig. 3.4 shows the origin and coordinate 
axes.

(3) Formulation. 

(i) Assumptions.  (1) Two-dimensional, (2) steady, (3) constant thermal 
conductivity and (4) no energy generation. 

     (ii) Governing Equations.  Equation (1.8) gives 

02

2

2

2

y

T

x

T
.                                         (a) 

     (iii) Independent  Variable  with  Two  Homogeneous  Boundary 
Conditions.   The y-direction has two homogeneous conditions as indicated 
in Fig. 3.4.    

     (iv) Boundary Conditions. The order of the four boundary conditions 
is

0
),(

y

HxT
0

)0,(
y

xT
0),0( yT(1) ,  (2) ,  (3) ,  (4) .)(),( yfyLT

(4) Solution.

 (i) Assumed Product Solution.  Let 

)()(),( yYxXyxT .
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Substituting into (a), separating variables and setting the resulting equation 
equal to constant  

2
2

2

2

2 11
n

yd

Yd

Yxd

Xd

X
.

nAssuming that is multi-valued, the above gives 

02
2

2

nn
n X

xd

Xd
,                                       (b)     

and

02
2

2

nn
n Y

yd

Yd
.                                        (c)

     (ii) Selecting the Sign of the  Terms.  Since the y-variable has two 
homogeneous conditions, the  term in (c) takes the positive sign. 
Thus

2
n

nn Y2

02
2

2

nn
n X

xd

Xd
,                                       (d)

and

02
2

2

nn
n Y

yd

Yd
.                                        (e) 

,0nFor the special case of  equations (d) and (e) become 

0
2

0
2

xd

Xd
,                                              (f) 

and

0
2
0

2

yd

Yd
.                                              (g) 

     (iii) Solutions to the Ordinary Differential Equations.  The solutions 
to eqs. (d)-(g) are 

xBxAxX nnnnn coshsinh)( ,                       (h) 

yDyCyY nnnnn cossin)( ,                           (i) 
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000 )( BxAxX ,                                        (j) 

and

000 )( DyCyY .                                       (k) 

nCorresponding to each value of  there is a temperature solution 
 Thus).,( yxTn

)()(),( yYxXyxT nnn ,                                   (l) 

and
)()(),( 000 yYxXyxT .                                 (m) 

The complete solution becomes 

1

)()()()(),( 00
n

yYxXyYxXyxT nn .                    (n) 

     (iv) Application of Boundary Conditions.  Boundary condition (1) 
gives

00CCn .

Boundary condition (2) gives the characteristic equation 

0sin Hn .                                             (o) 

Thus
,....2,1,/ nHnn                               (p)  

Boundary condition (3) gives 

00BBn .                                             (q)  

The temperature solution (n) becomes 

1
0 cossinh),(

n

nnn yxaxayxT .                 (3.18)        

where and000 DAa .nnn DAa  Boundary condition (4) gives 

1
0 cossinh)(

n

nnn yLaLayf .                        (r) 

     (v) Orthogonality.  To determine and using equation (r), we 
apply orthogonality. Note that the characteristic functions 

0a na
yncos  are 
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solutions to (e). Comparing (e) with equation (3.5a) shows that it is a 
Sturm-Liouville equation with

13a021 aa .and

Thus eq. (3.6) gives 
1wp 0qand .

Since the boundary conditions at y = 0 and y = H are homogeneous, it 
follows that the characteristic functions are orthogonal with respect to 

 Multiplying both sides of (r) by .1)(yw ,cos)( ydyyw m  integrating 
from y = 0 to y = H and invoking orthogonality, eq. (3.7), we obtain 

.cossinhcoscos)(
0

2

0
0

0

dyyLaydyLaydyyf
H

nnnn

HH

n   (s)

However
H

n ydy
0

0cos .                                          (t) 

It is important to understand why the integral in (t) vanishes. The integrand 
in (t) represents the product of two characteristic functions: ,cos yn  and 1 
which corresponds to .0n  Thus, by orthogonality, the integral must 
vanish.  This can also be verified by direct integration and application of 
(p). Evaluating the last integral in (s) and using (t), equation (s) gives na

LH

dyyyf

a
n

H

n

n sinh

cos)(2
0 .                                 (u)    

The same procedure is followed in determining  Multiplying both sides 
of (r) by unity, integrating from y = 0 to y = H and applying orthogonality 
gives

.0a

0a
H

dyyf
LH

a
0

0 )(
1

.                                      (v)  

(5) Checking.  Dimensional check:  Units of  in (u) are in  and units 
of in (v) are in  Thus each term in eq. (3.18) is expressed in 
units of temperature.  

Co
na

C/m.o
0a
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,constant )( oTyfLimiting check: if  the problem becomes one-
dimensional and the temperature distribution linear. The integral in (u) for 
this case becomes 

0sin)/(coscos)(
00

HTydyTydyyf nno

H

no

H

n .

.0naSubstituting this result into (u) gives  Evaluating the integral in (v) 
gives  Thus eq. (3.18) reduces to ./0 LTa o

xLTxT o )/()( .                                      (w)  

This is the one-dimensional temperature distribution in the plate.  

(6) Comments.  This example shows that the solution corresponding to 
0n  does not always vanish. Here it represents the steady state one-

dimensional solution.  

3.7 Cylindrical Coordinates: Examples 

Steady state conduction in cylindrical coordinates depends on the 
variables .,, zr  In two-dimensional problems the temperature is a 
function of two of the three variables. We will consider an example in 
which temperature varies with r and z.

Example 3.5:  Radial and Axial Conduction in a Cylinder [2]     

Two identical solid cylinders of radius  and length L are pressed co-
axially with a force F and rotated in opposite directions. The angular 
velocity is 

or

. and the interface coefficient of friction is  The cylindrical 
surfaces exchange heat by convection. Determine the interface 
temperature. 

or

r

z

Th,

Th,

L

0

Th, Th,

Th,

L

2 HBC

Fig. 3.5
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(1) Observations.  (i) Temperature distribution is symmetrical with respect 
to the interface plane. (ii) Interface frictional heat depends on the tangential 
velocity and tangential force.  Since the tangential velocity varies with 
radius, it follows that the interface heat flux is non-uniform. Thus the 
interface boundary condition represents a specified heat flux which is a 
function of radius. (iii) Convection boundary conditions can be made 
homogeneous by defining a new temperature variable, .TT

(2) Origin and Coordinates.  Because of axial symmetry, the origin is 
selected at the interface as shown in Fig. 3.5. Thus, only one cylinder is 
analyzed.   

(3) Formulation. 

     (i) Assumptions. (1) Two-dimensional, (2) steady, (3) constant 
conductivity, (4) uniform interface pressure, (5) uniform ambient 
temperature, (6) uniform heat transfer coefficient, (7) no energy generation 
and (8) the radius of rod holding each cylinder is small compared to 
cylinder radius.  

     (ii)  Governing Equations. Defining ,TT  eq. (1.11) gives 

0
1

2

2

)(
zr

r
rr

.                              (3.19)   

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions.  Only the r-variable can have two homogeneous conditions. 
Fig. 3.5 is marked accordingly. 

     (iv) Boundary Conditions.   

),(
),(

zrh
r

zr
k o

o     (1) ),0( z  = finite,                    (2) ,

),(
),(

Lrh
z

Lr
k r

r

F
z
r

k
o
2

)0,(
f(r).      (4)     (3) 

Note that the interface boundary condition is obtained by considering an 
element dr, determining the tangential friction force acting on it, 
multiplying it by the tangential velocity 2  and applying Fourier’s law.  r

(4) Solution.      

     (i) Assumed Product Solution. Let 

   



 3.7 Cylindrical Coordinates: Examples       99

)()(),( zZrRzr .                                      (a) 

Substitute (a) into eq. (3.19), separate variables and set the resulting 
equation equal to  gives 2

k

0
1 2)( kk

k R
dr

dR
r

dr

d

r
,                                 (b) 

and

02
2

2

kk
k Z

zd

Zd
.                                      (c) 

     (ii) Selecting the Sign of the  Terms. Since the r-variable has two 
homogenous boundary conditions,  is selected in (b). Thus equations 
(b) and (c) become 

2
k

2
k

022
2

2
2

kk
kk Rr

dr

dR
r

rd

Rd
r ,                          (d) 

and

02
2

2

kk
k Z

zd

Zd
.                                        (e) 

,0k  the above equations take the form For the special case of 

00
2
0

2

dr

dR

rd

Rd
r ,                                       (f) 

and

0
2
0

2

zd

Zd
.                                             (g) 

     (iii) Solutions to the Ordinary Differential Equations. Equation (d) is 
a second order ordinary differential equation with variable coefficients. 
Comparing (d) with Bessel equation (2.26), gives 

0,,1,0 nDCBA k .                          

Since n = 0 and D is real, the solution to (d) is 

)()()( 00 rYBrJArR kkkkk .                          (h)   

The solutions to (e), (f) and (g) are  
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zDzCzZ kkkkk coshsinh)( ,                         (i) 

000 ln)( BrArR ,                                       (j) 

and

000 )( DzCzZ .                                       (k) 

The complete solution is 

1

00 )()()()(),(
k

kk zZrRzZrRzr .                      (l) 

)0(0Y(iv) Application of Boundary Conditions.  Since  and 

, boundary condition (1) gives  0ln

00ABk .

Boundary condition (2) gives    

)()( 0,0 okk rJhrJ
dr

d
k zro

,

or

Bi
rJ

rJ
r

ok

ok
ok )(

)(
)(

0

1 ,                                  (m) 

where the Bi is the Biot number, defined as  

krhBi o / .                                           (n) 

.kEquation (m) is the characteristic equation whose roots give  Boundary 

condition (2) also gives 
00B .

Since  the solution corresponding to ,000 BA 0k  vanishes. 
Application of boundary condition (3) gives 

LLBiL

LLBiL

kkk

kkk

cosh)/(sinh

sinh)/(cosh
kk CD .

Substituting into (l)  
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).(cosh
cosh)/(sinh
sinh)/(cosh

sinh),( 0

1

rJz
LLBiL

LLBiL
zazr k

k

k
kkk

kkk
kk

    (3.20) 
Finally, boundary condition (4) gives 

)()( 0

1

rJakrf k

k

kk .                              (o) 

)(0 rJ k     (v) Orthogonality.  Note that  is a solution to equation (d) 
which has two homogeneous boundary conditions in the r-variable.
Comparing (d) with eq. (3.5a) shows that it is a Sturm-Liouville equation 
with

1,0,/1 321 aara .

Thus eq. (3.6) gives 
0, qrwp .                                       (p) 

)(0 rJ k )(0 rJ iandIt follows that are orthogonal with respect to the 
weighting function .)( rrw  Multiplying both sides of (o) by 

,)(0 drrJr i  integrating from r = 0 to orr and applying orthogonality, 
eq. (3.7), gives ka

)(])/()[(

)()(2

)(

)()(

2
0

22
0

0

0

2
0

0
0

okook

kk

kk

k

k
rJkhrrk

drrJrrf

drrJrk

drrJrrf
a

o

o

o r

r

r

.   (q) 

The integral in the denominator of equation (q) is obtained from Table 3.1 
of Section 3.8. Interface temperature is obtained by setting z = 0 in eq. 
(3.20)

).(
cosh)/(sinh
sinh)/(cosh

)0,()0,( 0

1

rJ
LLBiL
LLBiL

aTrTr k

k kkk

kkk
k

            (r)  

(5) Checking. Dimensional check: Units of  in (q) must be in  From 
the definition of  in boundary condition (4) we conclude that
has units of  A dimensional check of (q) confirms that  has units 
of

C.o
ka

)(rf )(rf
.W/m2

ka
C.o
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Limiting check: If the coefficient of friction is zero, no heat will be 
generated at the interface and the cylinder will be at the ambient 
temperature  Setting .T 0  in boundary condition (4) gives 
Substituting  into (q) gives 

.0)(rf
0)(rf .0ka  Thus eq. (3.20) gives 0

or  The same check holds for .),( TzrT .0

(6) Comments. (i) It is important to determine the weighing function by 
comparison with the Sturm-Liouville problem and not assume that it is 
equal to unity. (ii) The subscript k in the characteristic values and 
summation index is used instead of n to avoid confusion with the order of 
Bessel functions which often occurs in cylindrical solutions. 

3.8 Integrals of Bessel Functions  

The application of orthogonality leads to integrals involving the 
characteristic functions of the problem. A common integral which occurs 
when the characteristic functions are Bessel functions takes the form 

or

knn drrJrN
0

2 )( .                            (3.21)  

where  is called the normalization integral. The value of this integral 
depends on the form of the homogeneous boundary condition that leads to 
the characteristic equation. Table 3.1 gives for solid cylinders, 
corresponding to the three boundary conditions at 

nN

nN

orr  given in eq. (3.8).  
The Biot number in Table 3.1 is defined as ./ khrBi o

Table 3.1 Normalizing integrals for solid cylinders [3] 

or
drrrJ kn

0

2 )(Boundary condition at or nN =

2

2

2 )(

2 dr

rdJr okn

k

o0)( okn rJ

)()(
2

1 222
2 oknok
k

rJnr0
)(

dr

rdJ okn

)(
)(

okn
okn rhJ

dr

rdJ
k   )()()(

2

1 2222
2 oknok
k

rJnrBi
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3.9 Non-homogeneous Differential Equations    

The method of separation of variables can not be directly applied to solve 
non-homogeneous differential equations. However, a simple modification 
in the solution procedure makes it possible to extend the separation of 
variables method to non-homogeneous equations.  The following example 
illustrates the modified approach. 

Example 3.6:  Cylinder with Energy Generation.  

A solid cylinder of radius o
and length L generates heat at a 
volumetric rate of 

r

.q  One 
plane surface is maintained at 

o  while the other is insulated.  
The cylindrical surface is at 
temperature  Determine the 
temperature distribution at 
steady state. 

LaT

oT

r

or q

z
0

Fig. 3.5

T

.aT

(1) Observations. (i) The energy generation term makes the differential 
equation non-homogeneous. (ii) Defining a new temperature variable, 

,aTT  makes the boundary condition at the cylindrical surface 
homogeneous. (iii) A cylindrical coordinate system should be used. 

(2) Origin and Coordinates.

Fig. 3.5 shows the origin and coordinate axes. 

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) uniform energy 
generation and (4) constant conductivity.  

     (ii)  Governing Equations.  Defining aTT  and applying the 

above assumptions to eq. (1.11) gives 

0
1

2

2

)(
k

q

zr
r

rr
.                       (3.22)   

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. The r-variable has two homogeneous conditions. However, 
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this must be re-examined depending on the method used to deal with the 
non-homogeneous nature of ).22.3(eq.

     (iv) Boundary Conditions.   

     (1) ),0( z = finite,      (2) ,0),( zro

,0
),(

z

Lr
       (4) aTTr o)0,( .     (3) 

(4) Solution. Equation (3.22) is non-homogeneous due to the heat 
generation term. Thus we can not proceed directly with the application of 
the method of separation of variables. Instead, we assume a solution of the 
form 

)(),(),( zzrzr .                                    (a) 

Note that ),( zr  depends on two variables while )(z  depends on a 
single variable. Substituting (a) into eq. (3.22) 

0
1

2

2

2

2

)(
k

q

zd

d

zr
r

rr
.                        (b)       

The next step is to split (b) into two equations, one for ),( zr and the 
other for ).(z  We select

0
1

2

2

)(
zr

r
rr

.                                  (c) 

Thus, the second part must be 

0
2

2

k

q

zd

d
.                                          (d)  

Note the following regarding this procedure: 

(1) Equation (c) is a homogeneous partial differential equation.  
(2) Equation (d) is a non-homogeneous ordinary differential equation. 

kq /(3) The guideline in splitting (b) is to exclude the term  from the 
part governed by the partial differential equation, as is done in (c).  

Boundary conditions on ),( zr )(zand are obtained by substituting (a) 
into the four boundary conditions on .  Thus (a) and condition (1) give  
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),( zr = finite.                                         (c-1)   

Boundary condition (2) gives 
)(),( zzro .                                      (c-2)      

Boundary condition (3) yields 

0
)(),(

zd

Ld

z

Lr
.

Let

0
),(

z

Lr
.                                         (c-3) 

Thus

0
)(

zd

Ld
.                                           (d-1)                     

Finally, boundary condition (4) gives 

aTTr o)0()0,( .

Let
0)0,(r .                                           (c-4) 

Thus
.  (d-2) aTTo)0(

Note that splitting the boundary conditions is guided by the rule that, 
whenever possible, conditions on the partial differential equation are 
selected such that they are homogeneous. 

Thus the non-homogeneous equation (3.22) is replaced by two equations: 
(c), which is a homogeneous partial differential equation and (d), which is a 
non-homogeneous ordinary differential equation.  Equation (c) has three 
homogeneous conditions, (c-1), (c-3) and (c-4) and one non-homogeneous 
condition, (c-2). The solution to (d) is 

FzEz
k

q
z 2

2
)( ,                                 (e) 

where E and F are constants of integration. 

     (i) Assumed Product Solution.  To solve partial differential equation 
(c) we assume a product solution. Let    
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)()(),( zZrRzr .                                      (f) 

Substituting (f) into (c), separating variables and setting the resulting two 
equations equal to a constant,  we obtain ,2

k

02
2

2

kk
k Z

zd

Zd
,                                       (g)  

and

022
2

2
2

kk
kk Rr

dr

dR
r

rd

Rd
r .                             (h) 

     (ii) Selecting the Sign of the  Terms.  Since the z-variable has two 
homogeneous boundary conditions, the plus sign is selected in (g). Thus (g) 
and (h) become 

2
k

02
2

2

kk
k Z

zd

Zd
,                                        (i)  

and

022
2

2
2

kk
kk Rr

dr

dR
r

rd

Rd
r .                              (j) 

0kFor the special case of  the above equations take the form 

0
2
0

2

zd

Zd
,                                             (k) 

and

00
2
0

2

dr

dR

rd

Rd
r .                                       (l) 

     (iii) Solutions to the Ordinary Differential Equations.  The solution 
to (i) is 

zBzAzZ kkkkk cossin)( .                          (m)    

, C = 1, 0nBAEquation (j) is a Bessel differential equation with 
.iD n  Thus

)()( 00 rKDrICR kkkkk .                            (n) 

The solutions to (k) and (l) are 
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000 )( BzAzZ ,                                      (o) 

and

000 ln)( DrCrR .                                   (p) 

),( zr becomes The complete solution to

1
00 )()()()()(),(

k
kk zZrRzZrRzzr .              (q) 

     (iv) Application of Boundary Conditions.  Applying boundary 
condition (c-1) to equation (n) and (p) gives 

00CDk .

Condition (c-4) applied to (m) and (o) gives 

00BBk .

Condition (c-3) applied to (m) and (o) gives 

00A ,

k is given by and the characteristic equation for 

0cos Lk ,

or

,....2,1,
2

)12(
k

k
Lk                             (r)  

With the solution  vanishes. The solution to ,000 BA 00ZR
),( zr becomes 

zrIazr k
k

kk sin)(),(
1

0 .                           (s)

Returning now to the function ),(z  conditions (d-1) and (d-2) give the 
constants E and F

kLqE / ,
and

aTTF o .

Substituting into (e) gives 
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)()/()/(2
2

)( 2
2

aTTLzLz
k

Lq
z o .                (t)

Application of condition (c-2) gives 

)()/()/(2
2

2
2

aTTLzLz
k

Lq
o . (u)    zrIa k

k

okk sin)(
1

0

,sin zk     (v) Orthogonality.  Note that the characteristic functions, in
(u) are solutions to equation (i). Comparing (i) with shows that 
it is a Sturm-Liouville equation with 

 (3.5a) eq.

021 aa 13a .and

Thus eq. (3.6) gives 
1wp 0qand .

Since the boundary conditions at z = 0 and z = L are homogeneous, it 
follows that the characteristic functions zksin  are orthogonal with 
respect to w = 1. Multiplying both sides of (u) by ,sin dzzi   integrating 
from z = 0 to z = L and invoking orthogonality, eq. (3.7), we obtain    

.sin)(

sin)()/()/(2
2

0

2
0

0

2
2

L

kokk

k

L

o

dzzrIa

dzzTTLzLz
k
Lq

a

Evaluating the integrals and solving for ka

)/)(
)()(

2 2

0
ko

okk
k kqTT

rIL
a a  .                 (v)

Thus the temperature solution ),( zr  becomes 

)(.sin)()/()/(2
2

)(

),(),(

1

0
2

2

wzrIaLzLz
k
Lq

TT

TzrTzr

k

k

kko a

a

(5) Checking. Dimensional checks: Each term in (w) has units of 
temperature.  
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Limiting check: If  and 0q ,oTTa  physical consideration requires 
that the cylinder be at uniform temperature.  Under this condition equation 
(v) gives  Substituting into (w) gives .0ka .),( aTzrT

(6) Comments. An alternate solution is to replace (a) with the following: 

)(),(),( rzrzr .

This leads to two homogeneous boundary conditions in the r-variable
instead of the z-variable.

3.10 Non-homogeneous Boundary Conditions:  
        The Method of Superposition  

The separation of variables method can be applied to solve problems with 
non-homogeneous boundary conditions using the principle of 
superposition. In this approach, a problem is decomposed into as many 
simpler problems as the number of non-homogeneous boundary conditions. 
Each simple problem is assigned a single non-
homogeneous boundary condition such that when 
the simpler problems are added they satisfy the 
conditions on the original problem. To illustrate 
this method, consider steady state two-
dimensional conduction in the plate shown in Fig. 
3.7.  Since all four boundary conditions are non-
homogeneous, the solutions to four simpler 
problems, each having a single non-homogeneous 
condition, are superimposed. The heat equation 
for constant conductivity is  

W

L

)( yg

)(xf

oq

Th,y

x0

Fig. 3.7

0
2

2

2

2

y

T

x

T
.                                         (a) 

The boundary conditions are 

oq
x

yT
k

),0(
),(),( ygyLT     (1) ,     (2) 

TWxTh
y

WxT
k ),(

),(
     (3) ,          (4) )()0,( xfxT .
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We assume that the solution T(x,y)  is the sum of the solutions to four 
problems, given by 

),(),(),(),(),( 4321 yxTyxTyxTyxTyxT .            (b)         

The four solutions, n = 1,2,3,4, must satisfy equation (a) and the 
four boundary conditions. Substituting (b) into (a) gives four identical 
equations

),,( yxTn

0
2

2

2

2

y

T

x

T nn n = 1,2,3,4                            (c) 

Substituting (b) into condition (1) 

oq
x

yT
k

x

yT
k

x

yT
k

x

yT
k

),0(),0(),0(,0( 4321 .

We assign the non-homogeneous part of this equation to  leaving 
homogeneous conditions for the remaining three problems. Thus 

),,(1 yxT

0
),0(3

x

yT
oq

x

yT
k

),0(1 0
),0(2

x

yT
.0

),(4

x

yoT
, , ,   (d-1) 

Similarly, the remaining three conditions are subdivided to give 

0),(3 yLT0),(1 yLT )(),(2 ygyLT 0),(4 yLT, , , ,    (d-2)       

)()0,(3 xfxT0)0,(1 xT 0)0,(2 xT 0)0,(4 xT, , , ,    (d-3) 

),(
),(

1
1 WxhT

y

WxT
k ),(

),(
2

2 WxhT
y

WxT
k, ,

),(
),(

3
3 WxhT

y

WxT
k TWxTh

y

WxT
k ),(

),(
4

4, .(d-4)

Note that each of the four problems has one non-homogeneous condition, 
as shown in Fig. 3.8. In solving the simpler problems it may be more 
convenient to change the location of the origin and/or the direction of 
coordinates. However, all solutions must be transformed to a common 
origin and coordinates before they are added together.  
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W

L

y

0

= +

y

0

y

0

0

+

oq
)( yg

)(xf

2T1TT oq

Th,

)( yg

x
x x

0,h 0,h

3.8 Fig.

+

y

0

03T

)(xf

0,h

x

y

0

4T

Th,

x

0

0

00
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PROBLEMS 

3.1 A rectangular plate of length 
and width W  is insulated on 
sides  and 

L

Lx .Wy  The 
plate is heated with variable flux 
along  The fourth side is 
at temperatureT  Determine the 
steady state two-dimensional 
temperature distribution.     

)(yqo W

L

x

y

0

1T

.0x
.1
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.

3.2 Heat is generated in a rectangular 
plate  at a uniform 
volumetric rate of 

HL3
q  The 

surface at (0,y) is maintained 
at  Along surface (3L,y) the 
plate exchanges heat by 
convection. The heat transfer 
coefficient is h and the ambient temperature isT  Surface (x,H) is 
divided into three equal segments which are maintained at uniform 
temperatures  and T  respectively. Surface (x,0) is 
insulated. Determine the two-dimensional steady state temperature 
distribution. 

H

y

x

oT
L3

L L L
h
T

3T2T1T

0

q

.oT

.

,3,1T ,2T

L H3.3 A rectangular plate  is 
maintained at uniform temperature 

 along three sides. Half the fourth 
side is insulated while the other half 
is heated at uniform flux 

oT

.oq
Determine the steady state heat 
transfer rate through surface (0,y).

H

y

x
L

2/L

oT

oT
oT

0

oq

3.4 A semi-infinite plate of width 2L is
maintained at uniform temperature 

 along its two semi-infinite sides. 
Half the surface (0,y) is insulated 
while the remaining half is heated at 
a flux  Determine the two-
dimensional steady state temperature distribution. 

L

L

oq
oTy

x
oT0

oT

oq .

3.5 Consider two-dimensional steady state conduction in a rectangular 
plate .HL  The sides (0,y) and (x,H) exchange heat by convection. 
The heat transfer coefficient is h
and ambient temperature is T
Side (x,0) is insulated. Half the 
surface at x = L is cooled at a flux 

 while the other half is heated 

y

x
L

h
T

0

1q

2q

Th,

2/H

2/H

.

1q
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at a flux  Determine the heat transfer rate along (0,y)..2q

3.6 Radiation strikes one side of a 
rectangular element HL and is 
partially absorbed.  The absorbed 
energy results in a non-uniform 
volumetric energy generation 
given by   

H

y

x
L

2T

1T

0

oqy
oeAq

radiation
            ,y

o eAq

         where andoA are constant. The surface which is exposed to 
radiation, (x,0), is maintained at  while the opposite surface (x,H)
is at T   The element is insulated along surface (0,y) and cooled 
along (L,y) at a uniform flux 

2T
.1

.oq  Determine the steady state 
temperature of the insulated surface. 

3.7   An electric strip heater of width 2b
dissipates energy at a flux oq .
The heater is symmetrically 
mounted on one side of a plate of 
height H and width 2L. Heat is 
exchanged by convection along 
surfaces (0,y) and (2L,y). The ambient temperature is T  and the 
heat transfer coefficient is h. Surfaces (x,0) and (x,H) are insulated.  
Determine the temperature of the plate-heater interface for two-
dimensional steady state conduction. 

3.8    The cross section of a long prism is a right 
angle isosceles triangle of side L.  One side 
is heated with uniform flux oq  while the 
second side is maintained at zero 
temperature. The hypotenuse is insulated.  
Determine the temperature T  at the mid-
point of the hypotenuse. 

c

3.9   The cross section of a long prism is a right 
angle isosceles triangle of side L.  One side 
exchanges heat by convection with the 

oq L

0T

cT

L

L

0T

h

T cT

H

y

x
L

h
T

0

h
T

L

b b
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surroundings while the second side is maintained at zero temperature. 
The heat transfer coefficient is h and ambient temperature is . The 
hypotenuse is insulated.  Determine the temperature  at the mid-
point of the hypotenuse. 

T

cT

3.10 By neglecting lateral temperature 
variation in the analysis of fins, 
two-dimensional conduction is 
modeled as a one-dimensional 
problem. To examine this 
approximation, consider a semi-
infinite plate of thickness 2H.  The base is maintained at uniform 
temperature  The plate exchanges heat by convection at its semi-
infinite surfaces. The heat transfer coefficient is h and the ambient 
temperature is .  Determine the heat transfer rate at the base.  

y

x

o

.oT

T

3.11 A very long plate of thickness 2H
leaves a furnace at temperature 

 The plate is cooled as it 
moves with velocity U through a 
liquid tank. Because of the high 
heat transfer coefficient, the 
surface of the plate is maintained 
at temperature  Determine the 
steady state two-dimensional temperature distribution in the plate.  

.fT

.oT

3.12 Liquid metal flows through a cylindrical 
channel of width H and inner radius .R
It enters at T  and is cooled by 
convection along the outer surface to 

 The ambient temperature is and
heat transfer coefficient is h. The inner 
surface is insulated.  Assume that the 
liquid metal flows with a uniform 
velocity U and neglect curvature effect 
(H/R << 1), determine the steady state 
temperature of the insulated surface. 

i

.oT T

T

0
H

H

Th,

Th,

y

x

oT

0
H

H

oT

U

fT

R

Th,

H

U

y

x
0
iToT
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or

T

o

rqq o

3.13 A solid cylinder of radius  and 
length L is maintained at 1  at one 
end.  The other end is maintained at 

 and the cylindrical surface at 

3  Determine the steady state two-
dimensional temperature distribution 
in the cylinder. 

3T

2T1T L

or
r

z0

T

2T
.

3.14 A solid cylinder of radius and
length L is maintained at T  at one 
end and is cooled with uniform flux 

 at the other end.  The cylindrical 
surface is maintained at a uniform 
temperature  Determine the 
steady state two-dimensional 
temperature distribution in the cylinder. 

r

2T

1T L

or
r

z0
oq

1

oq

.2T

3.15 The volumetric heat generation rate 
in a solid cylinder of radius and
length L varies along the radius 
according to  L

or
r

z0
oq

oT

q
or

,

         where  is constant.  One end is insulated while the other end is 
cooled with uniform flux 

oq
.oq   The cylindrical surface is maintained 

at uniform temperature  Determine the steady state temperature of 
the insulated surface. 

.oT

3.16 Heat is added at a 
uniform flux  over a 
circular area of radius b
at one end of a solid 
cylinder of radius 
and length L. The 
remaining surface of the heated end and the opposite surface are 
insulated. The cylindrical surface is maintained at uniform 
temperatureT  Determine the steady state two-dimensional 
temperature distribution. 

L

or
r

z0 oq

oT

b

oq

or

.o
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23.17 A disk of radius is
pressed co-axially with a 
force F against one end of a 
solid cylinder of radius 

and length L.  The disk 
rotates with angular velocity 

/or

L or

r

z0
F

Th,Th,

or
.  The coefficient of friction between 

the disk and cylinder is .  The two ends and the exposed surface of 
the disk are insulated. Heat is exchanged by convection along the 
cylindrical surface. The heat transfer coefficient is h and the ambient 
temperature is  Determine the temperature of cylinder-disk 
interface.

.T

3.18 A shaft  of  radius and
length L is maintained 
at at one end and at
the other end. The shaft 
rotates inside a sleeve of 
length b. Heat is generated at 
the interface between the 
sleeve and the shaft at uniform flux

or

L

or

r

z
0

b

1T 2T

1T 2T

.oq  The cylindrical surface of the 
shaft is well insulated. Determine the steady state interface 
temperature.  

3.19 A glass rod of radius 
rotates co-axially with 

angular velocity 
ir

 inside 
a hollow cylinder of inner 
radius outer radius
and length L. Interface 
pressure is P and the coefficient of friction is

q

L

ir
or

z

r

oT

cT

0

,ir or

.  The cylinder 
generates heat at a volumetric rate of .q  One end of the cylinder is 
insulated while the other end is maintained at  The cylindrical 
surface is at  Neglecting heat conduction through the rod, 
determine the interface temperature. 

.oT
.cT

3.20 Consider steady state two-dimensional conduction in a hollow half 
disk.  The inner radius is  outer radius  and the thickness is,ir or .
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0

2222222The disk exchanges heat by 
convection along its two plane 
surfaces. The heat transfer 
coefficient is h and the ambient 
temperature is  The cylindrical 
surface at  is maintained at 
and that at  at   The two end 
surfaces at 

or

ir

oT

Th,

Th,

Th,

Th,

r

iT
.T

ir iT

or .oT
and are 

insulated. Determine the steady state 
temperature distribution in the disk. 

3.21 A hollow cylinder has an 
inner radius  outer 
radius and length L.
One end is maintained 
at while the other end 
is insulated. The cylinder 
exchanges heat by 
convection at its inside 
and outside surfaces. The inside ambient temperature is T  and the 
inside heat transfer coefficient is  The outside ambient 
temperature is T  and the outside heat transfer coefficient is 
Determine the two–dimensional steady state temperature distribution 
in the cylinder. 

L

ir or
z

r

0

oo Th ,

ii Th ,

iT

ir ,

or

iT

i

.ih
.oho

3.22 In the annular fin model, 
lateral temperature variation 
is neglected. Thus, two-
dimensional temperature 
distribution is modeled as  
one-dimensional conduction. 
To examine the accuracy of this approximation, consider a large plate 
of thickness 2H which is mounted on a tube of radius  The tube is 
maintained at a uniform temperatureT  Heat transfer at the two 
surfaces is by convection. The ambient temperature is and the 

r

Th,

Th,

Th,

Th,

H2

z

0 or

.or
.o

T
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o

heat transfer coefficient is h. Determine the two-dimensional steady 
state temperature distribution and the heat transfer rate from the plate.  

3.20 A rod of radius r
moves through a furnace 
with velocity U and 
leaves at temperature 

 The rod is cooled 
outside the furnace by convection. The ambient temperature is T
and the heat transfer coefficient is h. Assume steady state conduction, 
determine the temperature distribution.  

U
or

r

z
0

Th,

Th,
oT

furnace

.oT

3.21 Heat us generated in an electric wire of radius r  at a volumetric rate 
 The wire moves with velocity U through a large chamber where 

it exchanges heat by convection. 
The heat transfer coefficient is h
and chamber temperature is T .
The wire enters the chamber at 
temperature  Determine the 
steady state two-dimensional 
temperature distribution. 

o

.oq

U Th,

oqiT

0
z or

.iT
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TRANSIENT CONDUCTION 

In transient conduction the temperature at any location in a region changes 
with time.  This is a common condition which is encountered in many 
engineering applications.  In this chapter we will first present a simplified 
model for solving certain transient problems in which spatial variation of 
temperature is neglected, and then treat transient conduction in one spatial 
coordinate.  The use of the method of separation of variables to solve 
transient problems will be presented. Time dependent boundary conditions 
will be treated using Duhamel’s superposition integral. The similarity 
transformation method will be introduced and applied to the solution of 
transient conduction in semi-infinite regions.  

4.1 Simplified Model: Lumped-Capacity Method

In the simplest approach to solving transient problems, spatial temperature 
variation is neglected and thus the temperature is assumed to vary with 
time only.  That is 

)(tTT .                                           (4.1)   

This idealization is not always justified but can be made under certain 
conditions discussed in the following section. 

4.1.1 Criterion for Neglecting Spatial Temperature Variation 

Consider a thin copper wire which is heated in an oven and then removed 
and allowed to cool by convection. Heat is conducted through the interior 
and removed from the surface. Thus, there is a temperature drop T across 
the radius of the wire. It is this temperature drop that is neglected in the 
lumped-capacity model.  Factors influencing this drop are: (1) the radius of 
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the wire , (2) thermal conductivity k, and (3) the heat transfer coefficient 
h. We expect 

or
T  to be small for a small radius and for a large 

conductivity. The role of h is not as obvious.  A small heat transfer 
coefficient can be thought of as an insulation layer restricting heat from 
leaving the wire and therefore forcing a more uniform temperature within.  
How these three factors combine to form a parameter that gives a measure 
of the temperature drop can be established by dimensional analysis of the 
governing equation and boundary conditions.  This parameter is found to 
be the Biot number Bi which is defined as 

Bi
h

k
,                                           (4.2) 

where is a length scale equal to the distance across which the 
temperature drop T is to be neglected.  In this example or . Based on 
our observation, we conclude that the smaller the Biot number, the 
smaller T is.  The next question is: how small must the Biot number be 
for the temperature drop to be negligible?  The answer is obtained by 
comparing approximate transient solutions in which spatial temperature 
variation is neglected with exact solutions. Results indicate that for 

 the temperature drop 1.0Bi T is less than 5% of the temperature 
difference between the center and the ambient fluid. Thus the criterion for 
neglecting spatial temperature variation and the justification for using the 
lumped-capacity method is 

Bi
h

k
 < 0.1.                                      (4.3) 

Care must be exercised in identifying the length scale in  For 
a long cylinder,

.)3.4(eq.
.or  For a large plate of thickness L which is heated or 

cooled along both its surfaces, symmetry suggests that .2/L  However, 
for a plate which is insulated on one side, .L  For an irregularly shaped 
body, or one in which heat is transferred from more than one surface, a 
reasonable definition of the length scale in the Biot number is determined 
by dividing the volume of the object, V, by its surface area,   That is.sA

sA
V= .                                           (4.4) 

The physical significance of the Biot number is revealed if is 
rearranged as 

)2.4(eq.



4.1 Simplified Model: Lumped-Capacity Method       121 

Bi
k
h

.

This indicates that the Biot number is the ratio of the conduction resistance 
(internal) to the convection resistance (external). Thus, a small Biot number 
implies a small internal resistance compared to the external resistance. 

4.1.2 Lumped-Capacity Analysis 

Consider a region of surface area and volume V which is initially at 
temperature . Energy is suddenly generated volumetrically at a rate 

while the region is allowed to exchange heat with the surroundings by 
convection. The heat transfer coefficient is h and the ambient temperature 
is . Of interest is the determination of the transient temperature.  The 
first step is the formulation of an appropriate governing equation for 
temperature behavior.  Assuming that Bi < 0.1, the lumped-capacity model 
can be used. That is 

sA
iT

q

T

)(tTT .                                               (a) 

Temperature variation is governed by conservation of energy  

EEEE outgin ,                                   (1.6) 
where

E  = rate of energy change within the region 
= rate of energy added inE
= rate of energy generated gE

= rate of energy removed outE

We can proceed by pretending that the region either loses or gains heat.  
Both options yield the same result.  Assuming that heat is removed 

 eq. (1.6) becomes ),0( inE

EEE outg .                                          (b) 

Neglecting radiation and assuming that heat is removed by convection, 
Newton's law of cooling gives 

)( TThAE sout .                                            (c)



122       4 Transient Conduction  

To formulate g  we assume that energy is generated uniformly throughout 
at a rate  per unit volume. Thus 

E
q

qVEg .                                            (d) 

For incompressible material is given by    E

dt
dTVcE p ,                                         (e) 

where   is density and cp is specific heat.  Substituting (c), (d) and (e) into 
(b) gives 

dt
dTVcTThAqV ps )( .

Separating variables and rearranging 

dt
c

q
TTVqhA

dT

ps 1))(/(
.                   (4.5) 

Equation (4.5) is the lumped-capacity governing equation for all bodies that 
exchange heat by convection and generate energy volumetrically. It is 
based on the following assumptions: (1) Energy is generated uniformly, (2) 
negligible radiation, (3) incompressible material and (4) Bi < 0.1.  The 
initial condition for this first order ordinary differential equation is 

iTT )0( .                                          (4.6)

The solution to  is obtained by direct integration. Assuming 
constant h,  and  and using,  the result is 

)5.4(eq.
T ,q ),6.4(eq.

)(
exp

)(
1 ][][

TThA
Vqt

Vc
hA

TThA
Vq

TT
TT

is

s

isi p
.   (4.7) 

Units for the quantities in (4.7) are 

sA  = surface area, m2

pc  = specific heat, J/kg-oC
h   = heat transfer coefficient, W/m2-oC
q = volumetric energy generation, 3m/W
t   = time, s 
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T  = temperature, oC
V  = volume, m3

 = density, kg/m3

The following observations are made regarding  (1) 
Temperature decay is exponential for all lumped-capacity solutions when 
heat is exchanged by surface convection. (2) The thermal conductivity does 
not enter into this solution since neglecting spatial temperature variation 
implies infinite conductivity. (3) Steady state temperature is determined by 
setting in eq. (4.7) to obtain 

:)7.4(eq.

t

shA
VqTT )( .                                   (4.8) 

Note that this result represents a balance between energy generated 
and energy convected Vq ].)([ TThAs  Equation (4.7) can be 

applied to the following special cases: 

Case (i): No energy generation. Set 0q  in eq. (4.7)     

][exp t
Vc

hA
TT
TT

pi

s .                             (4.9) 

The steady state temperature for this case is TT )( .

Case (ii): No convection. Set h = 0 in eq. (4.7). Expanding the exponential 
term in eq. (4.7) for small h and then setting h = 0, gives 

t
c

qTT
p

i .                                   (4.10) 

This represents a balance between energy generated and energy stored.  
Since in this case no energy leaves, it follows that a steady state does not 
exist.  This is confirmed by eq. (4.10).  

Case (iii) Initial and ambient temperatures are the same. Set  
in eq. (4.7) 

TTi

)(exp1 t
Vc

hA
hA

VqTT
p

s

s
.                (4.11)  
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The steady state for this case is obtained by setting .t The result is 
given by eq. (4.8). 

4.2 Transient Conduction in Plates 

For problems in which Bi > 0.1, spatial temperature variation becomes 
important and thus must be taken into consideration. Conduction in this 
case is governed by a partial differential equation. The method of 
separation of variables can be applied to the solution of such transient 
problems. As with steady state two-dimensional conduction, the application 
of this method is simplest when the differential equation is homogeneous 
and the spatial variable has two homogeneous boundary conditions.  
However, separation of variables is also applicable to non-homogeneous 
equations and/or boundary conditions using the procedure presented in 
Section 3.10.  

In addition to boundary conditions, an initial condition must be specified 
for all transient problems. This condition describes the temperature 
distribution at .0t

Example 4.1: Plate with Surface Convection 

h
T

0 x
L L h

T

Fig. 4.1

HBC2Consider one-dimensional transient conduction 
in a plate of width 2L which is initially at a 
specified temperature distribution given by 

. The plate is suddenly 
allowed to exchange heat by convection with an 
ambient fluid at .  The convection coefficient 
is h and the thermal diffusivity is 

)()0,( xfxTTi

T
.  Assume 

that f(x) is symmetrical about the center plane; 
determine the transient temperature of the plate. 

(1) Observations.  (1) Temperature distribution is symmetrical about the 
center plane.  (2) A convection boundary condition can be made 
homogeneous by defining a new temperature variable .TT
(2) Origin and Coordinates. Due to symmetry, the origin is taken at the 
center plane as shown in Fig. 4.1.  

(3) Formulation 
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     (i) Assumptions.  (1) One-dimensional conduction, (2) constant 
conductivity, (3) constant diffusivity and (4) constant heat transfer 
coefficient and ambient temperature.

     (ii) Governing Equations.  To make the convection boundary condition 
homogeneous, we introduce the following temperature variable 

TtxTtx ),(),( .                                    (a) 

Based on the above assumptions, eq. (1.8) gives 

tx
1

2

2
.                                      (4.12) 

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. Only the x-variable can have two homogenous conditions. 
Thus Fig. 4.1 is identified accordingly. 

     (iv) Boundary and Initial Conditions. The boundary conditions at 
 and are0x Lx

     (1) 0),0(
x

t

     (2) ),(),( tLh
x

tLk                

The initial condition is

     (3) Txfx )()0,(

(4) Solution.  

     (i) Assumed Product Solution. The method of separation of variables 
is applied to solve this problem. Assume a product solution of the form 

( , ) ( ) ( )x t X x t .                                     (b) 

Substituting (b) into eq. (4.12), separating variables and setting the 
resulting equation equal to the separation constant  gives ,2

n

02
2

2

nn
n X

dX
Xd

,                                       (c) 

and
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0 2
nn

n

dt
d

.                                       (d) 

     (ii) Selecting the Sign of the  Terms.  Since the x-variable has two 
homogeneous conditions, the plus sign must be selected in (c). Thus (c) and 
(d) become

2
n

02
2

2

nn
n X

dx
Xd

,                                       (e) 

and

0 2
nn

n

dt
d

.                                        (f) 

It can be shown that the corresponding equations for yield a trivial 
solution for 

02
n

00X and will not be detailed here.  

     (iii) Solutions to the Ordinary Differential Equations. The solutions 
to (e) and (f) are 

xBxAxX nnnnn cossin)( ,                          (g)
and

nn Ct)( )exp( 2 tn .                                  (h) 

     (iv) Application of Boundary and Initial Conditions.  Condition (1) 
gives thus ,0nA

xBxX nnn cos)( .                                     (i)

Condition (2) gives the characteristic equation for n

BiLL nn tan ,                                 (4.13) 

where is the Biot number defined as Bi
khLBi / .                                           (j) 

Substituting into (b) and summing all solutions  

0

2  cos  )exp( ),(),(
n

nnn xtaTtxTtx .      (4.14) 

Application of the non-homogeneous initial condition (3) yields 
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0

cos)(
n

nn xaTxf .                                (k) 

     (v) Orthogonality.  The characteristic functions xncos  in equation 
(k) are solutions to (e). Comparing (e) with eq. (3.5b) shows that it is a 
Sturm-Liouville equation with  

021 aa  and 13a .
Thus eq. (3.6) gives 

p = w = 1 and q = 0. 

Since the conditions at x = 0 and x = L are homogeneous, it follows 
that xncos are orthogonal with respect to w(x) = 1. Multiplying both 
sides of (k) by ,cos dxxm  integrating from x = 0 to x = L and applying 
orthogonality,  gives ),7.3(.eq na

))(cos(sin

 cos ])([2
0

LLL

dxxTxf
a

nnn

L

nn

n .                 (4.15) 

For the special case of uniform initial temperature  we 
set in and evaluate the integral to obtain 

,iT
iTxf )( )15.4(.eq

))(cos(sin
sin  )(2

LLL
LTT

a
nnn

n
n

i .                    (4.16) 

(5) Checking. Dimensional check: The exponent of the exponential 
in must be dimensionless. Since)14.4(.eq n has units of 1/m, units of 
the exponent are   

= unity )s()m/1()s/m( 222 tn

Limiting check: If the plate is initially at the ambient temperature  no 
heat transfer takes place and consequently the temperature remains constant 
throughout.  Setting

,T

Txf )(  in gives)15.4(.eq .0na  Substituting 
this result into gives)14.4(.eq .),( TtxT
(6) Comments. (i) Unlike steady state two-dimensional conduction, the 
sign of term is positive in the two separated ordinary differential 
equations. (ii) The assumption that the initial temperature distribution is 
symmetrical about  is made for convenience only.   

2
n

0x



128       4 Transient Conduction  

4.3 Non-homogeneous Equations and Boundary Conditions 

The approach used in solving two-dimensional steady state non-
homogeneous problems is followed in solving transient problems.   

Example 4.2: Plate with Energy Generation and Specified Surface 
Temperatures   

A plate of thickness L is initially at a 
uniform temperature   Electricity is 
suddenly passed through the plate 
resulting in a volumetric heat 
generation rate of  Simultaneously 
one surface is maintained at uniform 
temperature and the other at T
Determine the transient temperature 
distribution. 

.iT

.q

1T
Fig. 4.2

2T1T

L

q

x0

.2

(1) Observations. (i) Temperature distribution is asymmetric. (ii) The x-
variable has two non-homogeneous conditions. (iii) The heat equation is 
non-homogeneous due to the heat generation term .q
(2) Origin and Coordinates. Fig. 4.2 shows the origin and coordinate x.

(3) Formulation 

     (i) Assumptions.  (1) One-dimensional conduction, (2) constant 
conductivity and (3) constant diffusivity.

     (ii) Governing Equations.  Based on the above assumptions, eq. (1.8) 
gives

t
T

k
q

x
T 1
2

2
.                                 (4.17) 

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. Only the x-variable can have two homogeneous conditions.    

     (iv) Boundary and Initial Conditions. The boundary conditions at 
 and x = L are 0x

     (1) T 1),0( Tt
     (2) T 2),( TtL

The initial condition is 
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     (3) iTxT )0,(

(4) Solution. Since the differential equation and boundary conditions are 
non-homogeneous, the method of separation of variables can not be applied 
directly. We assume a solution of the form 

)(),(),( xtxtxT .                                  (a) 

The function )(x  is introduced to account for the energy generation term 
and to satisfy the non-homogeneous boundary conditions. Substituting (a) 
into eq. (4.17) 

tk
q

dx
d

x
1

2

2

2

2
.                              (b) 

Equation (b) will be split in two parts, one for ),( tx and the other 
for ).(x  Let 

tx
1

2

2
.                                          (c) 

Thus,

02

2

k
q

dx
d

.                                         (d) 

To solve equations (c) and (d) requires two boundary conditions for each 
and an initial condition for (c). These conditions are obtained by requiring 
(a) to satisfy boundary conditions (1) and (2) and initial condition (3). 
Substituting (a) into condition (1) 

1)0(),0( Tt .
Let

0),0( t .                                          (c-1) 
Therefore,

1)0( T .                                           (d-1) 
Similarly, condition (2) gives 

0),( tL ,                                         (c-2) 
and

2)( TL .                                         (d-2) 

The initial condition gives 
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)()0,( xTx i .                                  (c-3)  

The solution to equation (d) is obtained by direct integration 

21
2

2
)( CxCx

k
qx .                              (e) 

     (i) Assumed Product Solution. Partial differential equation (c) has two 
homogeneous conditions in the x-variable and can be solved by the method 
of separation of variables. Assume a product solution of the form      

)()(),( txXtx .                                    (f) 

Substituting (f) into (c), separating variables and setting the resulting 
equation equal to a constant  gives 2

n

02
2

2

nn
n X

dx
Xd

,                                   (g) 

and

0 2
nn

n

dt
d

.                                   (h) 

     (ii) Selecting the Sign of the Two  Terms.  The plus sign must be 
selected in (g) because the x-variable has two homogeneous conditions. 
Thus (g) and (h) become

2
n

0)(2
2

2

xX
dx

Xd
nn

n ,                                   (i) 

and

0 2
nn

n

dt
d

.                                       (j) 

It can be shown that the corresponding equations for yield a trivial 
solution for

02
n

00X  and will not be detailed here.  

     (iii) Solutions to the Ordinary Differential Equations.  The solutions 
to (i) and (j) are 

xBxAxX nnnnn cossin)( ,      .                    (k)
and

nn Ct)( exp( )n t .                                 (l) 
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(iv) Application of Boundary and Initial Conditions.  Boundary 
condition (c-1) gives

Bn = 0. 

Condition (c-2) gives the characteristic equation 

...3,2,1,,0sin nnLL nn                    (m) 

Substituting into (f) and summing all solutions gives 

1

2  sin  )][exp(),(
n

nnn xtatx .                   (n) 

Returning to the function ),(x  boundary conditions (d-1) and (d-2) give 
the constants of integration and  The solution to 1C .2C )(x  becomes 

xxL
k

q
L
xTTTx )(

2
)()( 121 .                      (o) 

Application of the non-homogeneous initial condition (c-3) yields 

1

sin)(
n

nn xaxTi .                                (p)        

(v) Orthogonality. The characteristic functions xnsin appearing in (p) 
are solutions to equation (i). Comparing (i) with eq. (3.5a) shows that it is a 
Sturm-Liouville equation with w(x) = 1.  Multiplying both sides of (p) 
by ,sin dxxm  integrating from x = 0 to x = L and applying orthogonality, 
eq. (3.7), gives na

L

n

L

n

n

dxx

dxxxT
a

i

0

2

0

sin

sin)]([
.                             (q) 

Substituting (o) into (q), evaluating the integrals and using (m) gives 

.
)(

2)1)(2(

)2/()()1(2)()1(12

2

3

22

2
121

k
Lq

n
n

kLqTT
n

TT
n

a

n

n

i

n

n
     (r)
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The complete solution to the transient temperature is 

)./sin(/exp(
)(

)/()/(1
)(2

),(

1

222

12

2

12

2

12

1

LxnLtn
TT

a

LxLx
TTk

Lq
L
x

TT
TtxT

n

n
       (s) 

(5) Checking. Dimensional check: Each term in (s) is dimensionless. 
According to (q),  has units of temperature. Thus the term 
is dimensionless. Checking the units of shows that this is 
a dimensionless group. 

na )/( 12 TTan
)(/ 12

2 TTkLq

Limiting Check: At steady state, ,t the temperature distribution should 
be that of a plate with energy generation and specified temperature at x = 0 
and x = L. Setting in (s) gives the expected solution.t

(6) Comments. (i) If the initial temperature is not uniform, in equation 
(q) is replaced by  (ii) The approach used to solve this problem can 
also be used to deal with other non-homogeneous boundary conditions. (iii) 
The solution is governed by two dimensionless parameters: 

and

iT
).(xTi

)/()( 121 TTTTi ).(/ 12
2 TTkLq

4.4 Transient Conduction in Cylinders 

As with steady state two-dimensional conduction, the method of separation 
of variables can be used to solve transient conduction in cylindrical 
coordinates.  The following example illustrates the application of this 
method to the solution of non-homogeneous heat equations.  

Example 4.3: Cylinder with Energy Generation 

A long solid cylinder of radius  is initially at a uniform temperature 
Electricity is suddenly passed through the cylinder resulting in volumetric 
heat generation rate of 

or .iT

.q  The 
cylinder is cooled at its surface by 
convection. The heat transfer 
coefficient is h and the ambient 
temperature is T  Determine the 
transient temperature of the cylinder.   

q

or

0

Th, Th,

Th,

Fig. 4.3

2 HBCr

.
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(1) Observations. (i) The heat generation term makes the governing 
equation non-homogeneous. (ii) A convection boundary condition can be 
made homogeneous by defining a new temperature variable, .TT
With this transformation the r-variable will have two homogeneous 
conditions.

(2) Origin and Coordinates. Fig. 4.3 shows the origin and coordinate r.

(3) Formulation 

     (i) Assumptions.  (1) One-dimensional conduction, (2) uniform h and 
, (3) constant conductivity, (4) constant diffusivity and (5) negligible 

end effect.
T

     (ii) Governing Equations. To make the convection boundary condition 
homogeneous, we introduce the following temperature variable 

TtrTtr ),(),( .

Based on the above assumptions, eq. (1.11) gives 

tk
q

rrr
11

2

2
 .                         (4.18) 

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. Only the r-variable can have two homogeneous conditions. 
Thus Fig. 4.3 is marked accordingly. 

     (iv) Boundary Conditions. The boundary conditions at r = 0 and r =  
are

or

     (1)
r

t),0(
= 0   or ),0( t = finite  

     (2) ),(),( trh
r

trk o
o

The initial condition is

     (3) TTr i)0,(

(4) Solution. Since the differential equation is non-homogeneous, we 
assume a solution of the form 
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)(),(),( rtrtr .                                   (a) 

Note that ),( tr depends on two variables while )(r depends on one 
variable. Substituting (a) into eq. (4.18) 

tk
q

rd
d

rdr
d

rrr
111

2

2

2

2
.                 (b)                                          

The next step is to split (b) into two equations, one for ),( tr and the other 
for ).(r  We let 

trrr
11

2

2
.                                    (c) 

Thus

01
2

2

k
q

rd
d

rdr
d

.                                    (d) 

To solve equations (c) and (d) we need two boundary conditions for each 
and an initial condition for (c). Substituting (a) into boundary condition (1) 

0)0(),0(
dr

d
r

t
.

Let

0),0(
r

t
   or ),0( t  = finite.                         (c-1)                  

Thus

0)0(
dr

d
.                                          (d-1) 

Similarly, condition (2) gives 

),(),( trh
r

trk o
o ,                               (c-2) 

and

)()(
o

o rh
rd
rdk .                                 (d-2) 

The initial condition gives 

)()()0,( rTTr i .                           (c-3)  
Integrating (d) gives 
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21
2 ln

4
)( CrCr

k
qr .                               (e)

     (i) Assumed Product Solution. Equation (c) is solved by the method of 
separation of variables.  Assume a product solution of the form

)()(),( trRtr .                                        (f) 

Substituting (f) into (c), separating variables and setting the resulting 
equation equal to a constant,  gives ,2

k

01 2
2

2

kk
kk R

dr
dR

rdr
Rd

,                                (g)

and

02
kk

k

dt
d

.                                       (h) 

     (ii) Selecting the Sign of the  Terms. Since the r-variable has two 
homogeneous conditions, the plus sign must be selected in (g). Equations 
(g) and (h) become 

2
k

01 2
2

2

kk
kk R

dr
dR

rdr
Rd

,                                (i) 

and

02
kk

k

dt
d

.                                        (j) 

It can be shown that the corresponding equations for  yield a trivial 
solution for

02
k

00R  and will not be detailed here.  

    (iii) Solutions to the Ordinary Differential Equations.  Solutions to (i) 
and (j) are 

)()()( 00 rYBrJArR kkkkk ,                          (k) 
and

)exp()( 2 tCt kkk .                                   (l) 

     (iv) Application of Boundary and Initial Conditions. Conditions (c-1) 
and (c-2) give

0kB ,
and

)()()( 10 okokok rJrrJBi .                          (m)
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where Bi is the Biot number defined as ./ khrBi o  The roots of (m) give 
the constants .k  Substituting (k) and (l) into (f) and summing all solutions  

)()exp(),(
1

0
2 rJtatr k

k
kk .                      (n)

Returning to solution (e) for ),(r  boundary conditions (d-1) and (d-2) 
give the constants and  Thus (e) becomes 1C .2C

h
rqrr

k
qr o

o 2
)(

4
)( 22 .                             (o) 

Application of the non-homogeneous initial condition (c-3) yields 

0
0 )()()(

k
kki rJarTT .                        (p) 

     (v) Orthogonality.

The characteristic functions )(0 rJ k in equation (p) are solutions to (i). 
Comparing (i) with  eq. (3.5a) shows that it is a Sturm-Liouville equation 
with

0,/1 21 ara  and 13a .

Thus eq. (3.6) gives 
p = w = r  and q = 0. 

Since the boundary conditions at 0r  and orr  are homogeneous, it 
follows that )(0 rJ k  are orthogonal with respect to .
Multiplying both sides of (p) by

rrw )(
,)(0 drrrJ i  integrating from  to 

and invoking orthogonality, eq. (3.7), gives 
0r

orr ka

o

o

r

r

rdrrJ

rdrrJrTT
a

k

kik

k

0

2
0

0
0

)(

)()()(2
.                 (q) 

Substituting (o) into (q), using Appendix B to evaluate the integral in the 
numerator and Table 3.1 to evaluate the integral in the denominator, gives    
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)(.
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)(1
2
1

)(
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)()(

))((2

0
2
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2222
)(

0

r
r

rJ
TTk

rq

rJ
rBiTTk

rq

rJrBi

TTra

ok

ok

i

o

ok
oki

o

okok

iok
k

The complete solution, expressed in dimensionless form, is 

            
Bir

r
TTk

rq
TT

TtrT

oi

o

i

21
)(4

),(
2

22

                         )()exp(
)(

1

1
0

2 rJta
TT k

k
kk

i
.         (4.19)

(5) Checking. Dimensional check: (i) The exponent of the exponential in 
eq. (4.19) must be dimensionless.  Since n  has units of 1/m, units of the 
exponent are 

)s()m/1()s/m( 222 tn = unity 

(ii) Each term in eq. (4.19) is dimensionless  

)m/m)(/(1
C))()(CW/m(

)m()m/W( 2222
oo

223

o
i

o rr
TTk

rq
 unity 

Limiting check: (i) If the cylinder is initially at the ambient 
temperature and there is no heat generation, no heat transfer takes place 
and consequently the temperature remains uniform throughout. For this 
case Setting

T

.0ka 0qak  in eq. (4.19) gives .),( TtrT
(ii) At steady state, , the temperature should be that of a cylinder with 
energy generation and convection at the surface.  Setting 

t
t  eq. (4.19) 

gives the correct result. 

(6) Comments. (i) The more general problem of a non-uniform initial 
temperature,  can be treated in the same manner without 
additional complication. (ii) The solution to this problem is expressed in 
terms of two parameters: the Biot number Bi and a heat generation 

),()0,( rfrT
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parameter  (iii) The solution for a cylinder with no 
energy generation is obtained by setting 

).(/)( 2 TTkrq io
0q  in equations (r) and (4.19). 

4.5 Transient Conduction in Spheres

The following example illustrates the application of the method of 
separation of variables to the solution of one-dimensional transient 
conduction in spheres.  

Example 4.4: Sphere  with Surface Convection 

A solid sphere of radius  is initially at a uniform 
temperature . At time  it is allowed to 
exchange heat with the surroundings by 
convection. The heat transfer coefficient is h and 
the ambient temperature is T . Determine the 
transient temperature of the sphere. 

or
iT 0t

.

(1) Observations. (i) If h  and T  are uniform, 
the temperature distribution in the sphere will depend on the radial distance 
only. (ii) A convection boundary condition can be made homogeneous by 
defining a new temperature variable,

or

0

Th,

Fig. 4.4

2 HBC

r

TT  With this transformation 
the r-variable has two homogeneous conditions.   

(2) Origin and Coordinates. Fig. 4.4 shows the origin and coordinate r.

(3) Formulation 

     (i) Assumptions. (1) One-dimensional conduction, (2) constant 
diffusivity, (3) constant conductivity and (4) uniform heat transfer 
coefficient and ambient temperature. 

     (ii) Governing Equations. To make the convection boundary condition 
homogeneous, we introduce the following temperature variable 

TtrTtr ),(),( .                                    (a)

Based on the above assumptions, eq. (1.13) gives 

tr
r

rr
11 2

2 .                            (4.20) 
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     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. Only the r-variable can have two homogeneous conditions. 
Thus Fig. 4.4 is marked accordingly. 

     (iv) Boundary and Initial Conditions. The boundary conditions at 
and r = are0r or

     (1)
r

t),0(
= 0   or ),0( t = finite  

     (2) ),(
),(

trh
r

tr
k o

o

The initial condition is

     (3) TTr i)0,(

(4) Solution. 

     (i) Assumed Product Solution. Equation (4.20) is solved by the method 
of separation of variables.  Assume a product solution of the form

)()(),( trRtr .                                      (b) 

Substituting (b) into eq. (4.20), separating variables and setting the 
resulting equation equal to a constant,  gives,2

k

02 22
2

2
2

kk
kk Rr

dr
dRr

dr
Rdr ,                            (c)

and

02
kk

k

dt
d

.                                         (d) 

     (ii) Selecting the Sign of the  Terms. Since the r-variable has two 
homogeneous conditions, the plus sign must be selected in (c). Equations 
(c) and (d) become    

2
k

02 22
2

2
2

kk
kk Rr

dr
dRr

dr
Rdr ,                          (e)         

02
kk

k

dt
d

.                                       (f) 
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It can be shown that the corresponding equations for give a trivial 
solution for

02
k

.ooR

     (iii) Solutions to the Ordinary Differential Equations. Eq.(e) is a 
Bessel equation whose solution is  

)()()( 2/12/1
2/1 rJBrJArrR kkkkk .

Using equations (2.32) and (2.33), the above becomes 

)cossin(1)( rBrA
r

rR kkkkk .                       (g) 

The solution to (f) is
)exp()( 2 tCt kkk .                                (h) 

     (iv) Application of Boundary and Initial Conditions.  Condition (1) 
gives

0kB .             
Condition (2) gives 

okok rrBi tan)1( , k = 1, 2, …                        (i) 

where is the Biot number, defined asBi ./ khrBi o  The roots of 
equation (i) give the constants .k  Substituting (g) and (h) into (b) and 
summing all solutions 

1

2 sin)exp(),(),(
k

k
kk r

rtaTtrTtr .        (4.21)            

Application of initial condition (3) gives 

1

sin

k

k
ki r

raTT .                                   (j) 

     (v) Orthogonality. The characteristic functions )/1( r rksin  in 
equation (j) are solutions to (e). Comparing (e) with eq. (3.5a) shows that it 
is a Sturm-Liouville equation with  

,/21 ra ,02a 13a ,

,2rp ,0q   . 2rw
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Since the boundary conditions at 0r  and orr  are homogeneous, it 
follows that the functions )/1( r rksin  are orthogonal with respect 
to   Multiplying both sides of (j) by 
integrating from  to 

.)( 2rrw ,))(sin/1( 2drrrr i
0r orr  and invoking orthogonality, eq. (3.7), 

gives ka

okokokk

okokok
i

k

ki

k rrr
rrr

TT
drr

drrrTT
a

o

o

r

r

cossin
cossin

)(2
sin

sin)(

0

2

0 .               

(k)

(5) Checking. Dimensional check: The exponent of the exponential in eq. 
(4.21) must be dimensionless.  Since n  has units of 1/m, units of the 
exponent are    

)s()m/1()s/m( 222 tk = unity 

Limiting check: (i) If the sphere is initially at the ambient temperature 
no heat transfer takes place and consequently the temperature remains 
constant throughout.  Setting 

,T

TTi  in (k) gives .0ka  When this result 
is substituted into eq. (4.21) gives .),( TtrT  (ii) At steady state, 
the sphere should be at equilibrium with the ambient temperature. Setting 

 in (4.21) gives 

,t

t .),( TrT

(6) Comments.  (i) The solution is expressed in terms of a single parameter 
which is the Biot number Bi. (ii) The more general problem of a non-
uniform initial temperature, ),()0,( rfrT  can be treated in the same 
manner without additional complication. 

4.6 Time Dependent Boundary Conditions: Duhamel’s Superposition 
Integral

There are many practical applications where boundary conditions vary with 
time. Examples include solar heating, re-entry aerodynamic heating, 
reciprocating surface friction and periodic oscillation of temperature or 
flux. One of the methods used to solve such problems is based on 
Duhamel’s superposition integral. In this method the solution of an 
auxiliary problem with a constant boundary condition is used to construct 
the solution to the same problem with a time dependent condition. Since 
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Duhamel’s method is based on superposition of solutions, it follows that it 
is limited to linear equations.  

4.6.1 Formulation of Duhamel’s Integral [1]

To illustrate how solutions can be superimposed to construct a solution for 
a time dependent boundary condition, consider transient conduction in a 
plate which is initially at a uniform temperature equal to zero. At time 

 one boundary is maintained at temperature . At time 0t 01T 1t , the 
temperature is changed to , as shown in Fig. 4.5. We wish to determine 
the transient temperature 
for this time dependent boundary 
condition. Assuming that the heat 
equation is linear, the problem 
can be decomposed into two 
problems: one which starts 

02T
),( txT

0t
and a second which starts at 

1t .  Note that each problem 
has a constant temperature 
boundary condition. Thus   

Fig. 4.5
1

0102 TT

01T

02T
T

t

),(),(),( 121 txTtxTtxT .                            (a) 

Let ),( txT  be the solution to an auxiliary problem corresponding to 
constant surface temperature of magnitude unity.  Thus the solution for 
is

1T

),(),( 011 txTTtxT .                                      (b) 

At 1t  the temperature is increased by ).( 0102 TT  The solution to this 
problem is  

),()(),( 101022 txTTTtxT .                         (c) 

Adding (b) and (c) gives the solution to the problem with the time 
dependent boundary condition  

),()(),(),( 1010201 txTTTtxTTtxT .              (d)

If at time 2  another step change in temperature takes place at the 
boundary, say  a third term, ),( 0203 TT ),()( 20203 txTTT  must be 
added to solution (d). 



4.6 Time Dependent Boundary Conditions: Duhamel’s Superposition Integral       143   

We now generalize this superposition scheme to obtain solutions to 
problems with boundary conditions which change arbitrarily with time 
according to  as shown in Fig. 4.6. Note that represents any 
time dependent boundary condition and that it is not limited to a specified 
temperature. It could, for example, represent time dependent heat flux, 
ambient temperature or surface temperature. This problem is solved by 
superimposing the solutions to many 
problems, each having a small step 
change in the boundary condition. 
Thus the function  is 
approximated by n consecutive steps 
of

),(tF )(tF

)(tF

F corresponding to time steps 
,t  as shown in Fig. 4.6. The first 

problem starts at time 0t  and has 
a finite step function of magnitude 
F(0). The contribution of this 
problem to the solution is  

F

t

)(tF

t
Fig. 4.6

)0(F

),()0(),(0 txTFtxT .                                    (e) 

The contribution of the ith problem, with input ),( iF  to the solution is   

),()(),( iii txTFtxT .

Adding all solutions gives 
n

i
ii txTFtxTFtxT

1

),()(),()0(),( .              (f) 

This result can be written as 

i

n

i
i

i

i txTFtxTFtxT .
1

),()(),()0(),(

In the limit as ,n di ,
d

dFF

i

i )()(
 and the 

summation is replaced by integration, the above becomes    
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dtxT
d

dFtxTFtxT
t

),()(),()0(),(
0

.        (4.28) 

Using integration by parts and recalling that 0)0,(xT , eq. (4.28) can be 
written as

d
t
txTFtxT

t

0

),()(),( .                    (4.29)  

The following should be noted regarding Duhamel’s method: (1) It applies 
to linear equations. (2) The initial temperature  is assumed to be zero. If 
it is not, a new variable must be defined as ( i

iT
TT ). (3) The auxiliary 

solution ),( txT  is based on a constant boundary condition of magnitude 
unity. (4) Equations (4.28) and (4.29) apply to any coordinate system. (5) 
The integrals in equations (4.28) and (4.29) are with respect to the dummy 
variable . The variable t is treated as constant in these integrals. (6) The 
method applies to problems with time dependent heat generation. It can 
also be applied to lumped-capacity models in which either the heat transfer 
coefficient or the ambient temperature varies with time. 

4.6.2 Extension to Discontinuous Boundary Conditions 

If the time dependent boundary condition F(t) is discontinuous, Duhamel’s 
integral must be modified accordingly.  Consider a time dependent 
boundary condition which is described by two functions  and 
having a discontinuity at time 
as shown in Fig. 4.7.  Thus 

)(1 tF )(2 tF
at

atttFtF 0)()( 1

ttFtF )()( 2

.

,
and

at .

Equations (4.28) and (4.29) can be 
used with  to obtain 
a solution for a   However, 
for a  equations (4.28) and (4.29) must be modified. Modification of 
eq. (4.28) requires the addition of another solution, Ta  which 
accounts for the step change in F at

)()( 1 tFtF
tt

tt
),,( tx

.att   This solution is given by 

)(tF

t

)(1 tF

)(2 tF

at
Fig. 4.7

),()]()([),( 12 aaaa ttxTtFtFtxT .
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Thus the modified form of equations (4.28) for becomesatt

.),()(),()(

),()]()([),()0(),(

2

0

1

121

dtxT
d

dFdtxT
d

dF

ttxTtFtFtxTFtxT
t

t

t

a

a

aaa

(4.30)                

Evaluating the integrals in eq. (4.30) by parts and recalling that 
,0)0,(xT  gives 

.),()(),()(

),()]()([),(

2
0

1

12

d
t
txTFd

t
txTF

ttxTtFtFtxT
t

t

t

a

a
aaa

(4.31)

Equations (4.30) and (4.31) can be extended to boundary conditions having 
more than one discontinuity.  

4.6.3 Applications 

Example 4.5: Plate with Time Dependent Surface Temperature 

A plate of thickness L is initially at 
zero temperature. One side is 
maintained at zero while the 
temperature of the other side is 
allowed to vary with time according to 

, where A is constant.  
Determine the transient temperature 
of the plate. 

AttLT ),(

Fig. 4.8

L

x0

0)0,(xT0T tAT

(1) Observations. (i) One of the boundary conditions is time dependent. 
(ii) Since the initial temperature is zero, Duhamel’s method can be used 
directly without defining a new temperature variable.   

(2) Origin and Coordinates.  Fig. 4.8 shows the origin and coordinate x.

(3) Formulation. 

     (i) Assumptions.  (1) One-dimensional transient conduction, and (2) 
constant diffusivity.  
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(ii)  Governing equations. Based on the above assumptions, eq. (1.8) 
gives

t
T

x
T 1
2

2

.                                           (a) 

     (iii) Boundary conditions.  The boundary conditions at x = 0 and x = L
are

(1) 0),0( tT
(2) tAtLT ),(

The initial condition is 

     (3) 0)0,(xT

(4) Solution.  Since eq. (a) is linear, Duhamel’s integral, eq. (4.28) or eq. 
(4.29), can be applied to obtain a solution to the problem. Applying eq. 
(4.28)

dtxT
d

dFtxTFtxT
t

),()(),()0(),(
0

,        (4.28) 

where ),( txT is the solution to the same problem with boundary condition 
(2) replaced by  This solution can be obtained from the results 
of Example 4.2 by setting 

.1),( tLT
1and0,0 21 TTTq i  to give 

)/sin(])/(exp[),(
1

2 LxntLna
L
xtxT

n
n ,          (b)

where
n

n n
a )1(2

.                                          (c)      

)0(F  and ddF /)( appearing in eq. (4.28) are obtained from the time 
dependent boundary condition. Thus    

,)( AF A
d
dF

.                                    (d)        

Substituting (b) and (d) into eq. (4.28) and noting that F(0) = 0
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,)]()/(exp[)/sin(),(
1 0

2

0
dtLnLxnaAd

L
xAtxT

n

t

n

t

                (e) 
Evaluating the integrals in (e) and using (c) gives 

].)/exp(1[)/sin()1(2),( 222

1
33

2
tLnLxn

n
LAt

L
xAtxT

n

n

            (f)  
(5) Checking. Dimensional check: Each term in (f) must have units of 
temperature ( ). The constant A has units of andCo C/so is measured 
in m2/s. Thus units of the first and second terms are in   The exponent 
of the exponential term is dimensionless. 

C.o

Limiting checks:  (i)  if A = 0,  the entire plate should remain at T = 0 at all 
times.  Setting   in (f) gives 0A .0),( txT  (ii) At ,t  plate 
temperature should be infinite. Setting t  in (f) gives .),(xT

(6) Comments. The same procedure can be used for the more general case 
of a surface temperature at an arbitrary function of time, ).(),( tFtLT

Example 4.6: Lumped-Capacity Method with Time Dependent   
Ambient Temperature 

A metal foil at  is placed in an oven which is also at  When the oven 
is turned on its temperature rises with time.  The variation of oven 
temperature is approximated by  

iT .iT

iTtTtT o )]exp(1[)( ,

where  and oT  are constant.   Determine the transient temperature of 
the foil using a lumped-capacity model and Duhamel’s integral.  

(1) Observations. (i) Oven temperature is time dependent. (ii) Oven 
temperature in the lumped-capacity method appears in the heat 
equation and is not a boundary condition. (iii) If the heat equation for 
the lumped-capacity model is linear, Duhamel’s method can be used 
to determine the transient temperature.  

(2) Origin and Coordinates. Since spatial temperature variation is 
neglected in the lumped-capacity model, no spatial coordinates are needed. 
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(3) Formulation.

     (i) Assumptions. (1) Bi < 0.1, (2) constant density, (3) constant specific 
heat and (4) constant heat transfer coefficient.   

(ii) Governing Equations. Setting 0q  in eq. (4.5) gives the governing 
equation for the transient temperature 

dt
Vc

hA
tTT

dT

p

s
)(

.                                   (a)

Since this equation is linear, Duhamel’s method can be applied to obtain a 
solution. However, application of Duhamel’s integral requires that the 
initial temperature be zero. We therefore define the following temperature 
variable

iTtTt )()( .                                         (b)          

The oven temperature expressed in terms of this variable becomes 

iTtTt )()( .                                      (c)      
Substituting into (a) 

dt
Vc

hA
tt

d

p

s
)()(

.                                (d)

The initial condition becomes 

0)0( .                                                (e)        

(4) Solution. Apply Duhamel’s integral, eq. (4.28) 

dt
d

dFtFt
t

)()()()0()(
0

.               4.28) 

where  is the solution to the auxiliary problem of constant oven 
temperature equal to unity and zero initial temperature.  is the time 
dependent oven temperature, given by  

)(tF

)]exp(1[)()()( tTTtTttF oi .                (f)      

Constant oven temperature equal to unity is given by 
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1iTT .                                         (g) 

Applying (d) to the auxiliary problem gives 

dt
Vc

hAd

p

s
1

.                                     (h) 

Initial condition (e) becomes 

0)0( .                                                (i) 

Integrating (h) and using initial condition (i) gives 

)(exp1)( t
Vc

hA
t

p

s .                                (j) 

To determine ,/)( ddF  replace t in (f) with and differentiate to obtain  

)exp(oT
d
dF

.                                   (k) 

Substituting (j) and (k) into eq. (4.28) and noting that F(0) = 0, gives    

d
Vc

thA
TTtTt

t
s

i
p

o
0

][ )(
exp1)exp()()( .     (l) 

Performing the integration and rearranging the result yields 

)m().exp(

)/exp()exp(
)/(

)(

tT

VcthAt
VchA

T
TTtT

o

ps
ps

o
oi

(5) Checking. Dimensional check: and )/( VchA ps  have units of 
(1/s). Thus the exponents of the exponentials are dimensionless and each 
term in (j) has units of temperature.   

Limiting checks: (i) Solution (m) should satisfy the initial condition T(0)
= Setting t = 0 in (m) gives T(0) = iT . (ii) At .iT t  the foil should be 
at the steady state temperature of the oven. Setting t  in (d) gives the 
steady state oven temperature as .)( io TTT  Setting  in 
solution (m) gives 

t
.)( io TTT
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Governing equation check: Direct substitution of solution (m) into (a) 
shows that (a) is satisfied. 

(6) Comments. (i) The definition of  in equation (b) meets the 
requirement of an initial temperature equal to zero. (ii) Direct integration of 
(a) gives the same solution (m) obtained using Duhamel’s method. 

4.7 Conduction in Semi-infinite Regions: The Similarity Method  

The application of the method of separation of variables to the solution of 
partial differential equations requires two homogeneous boundary 
conditions in one spatial variable. A further limitation is that the two 
boundaries with homogeneous conditions must be separated by a finite 
distance. Examples include boundary conditions at the center and surface 
of a cylinder of radius R or on two sides of a plate of thickness L. However, 
the use of separation of variables in solving conduction problems in semi-
infinite regions fails even if there are two homogeneous boundary 
conditions in one variable.  Thus, alternate methods must be used to solve 
such problems. One such approach is based on the similarity
transformation method.  The basic idea in this method is to combine two 
independent variables into one.  Thus a partial differential equation with 
two independent variables is transformed into an ordinary differential 
equation. One of the limitations of this method is that the region must not 
be finite. In addition, there are limitations on boundary and initial 
conditions.

To illustrate the use of this method, consider a semi-infinite plate which is 
initially at a uniform temperature . The plate surface is suddenly 
maintained at temperature  as shown in . For constant 
conductivity, the heat equation for transient one-dimensional conduction is 

iT
oT 9.4.Fig

                       
t

T
x
T 1
2

2
.                (a) 

0 x
iT

Fig. 4.9

oT
The boundary conditions are 

(1) oTtT ),0(
(2) iTtT ),(

The initial condition is 

      (3)  iTxT )0,(
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Introducing the definition of a dimensionless temperature variable 

i

i
TT
TT

o
.                                            (b) 

Substituting into (a) 

tx
1

2

2
.                                           (c) 

The boundary and initial conditions become

     (1) 1),0( t

     (2) 0),( t

     (3) 0)0,(x

To proceed with the similarity method we assume that the two independent 
variables x and t can be combined into a single variable ),( tx  called 
the similarity variable. Thus we write 

)(),( tx .                                         (d) 

The key to this method is the determination of the form of the similarity 
variable. The combination of x and t forming  must be such that the 
governing equation and boundary and initial conditions be transformed in 
terms of  only. Formal methods for selecting  for a given problem are 
available [2].  The applicable similarity variable for this problem is  

t
x

4
.                                      (4.32)  

Using eq. (4.32) to construct the derivatives in (c), we obtain 

td
d

xd
d

x 4
1

,

2

2

2

2

4
1

4
1

d
d

txtd
d

d
d

x
,

d
d

td
d

tt
xtx

d
d

td
d

t 2
1

4242
2/3 .
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Substituting these results into (c) yields 

022

2

d
d

d
d

.                                  (4.33) 

The following should be noted regarding this result: 

(1) The variables x and t have been successfully eliminated and replaced by 
a single independent variable .  This confirms that eq. (4.32) is the correct 
choice for the similarity variable .

(2) While three conditions must be satisfied by the solution to (c), eq. 
(4.33) can satisfy two conditions only.  

The three conditions will now be transformed in terms of .  From eq. 
(4.32) we obtain 

  transforms to ttx ,0 0
ttx ,  transforms to 

 transforms to 0, txx

Thus the two boundary conditions and the initial condition transform to  

(1) 1)0(),0( t ,     (2)  0)( ,     (3) 0)(

Note that two of the three conditions coalesce into one. Thus the 
transformed problem has the required number of conditions that must be 
satisfied by a solution to eq. (4.33). Separating variables in eq. (4.33) 

d
dd
ddd 2

/
)/(

.

Integrating gives 

A
d
d lnln 2 ,

or

dAd e
2

,

where A is constant.  Integrating from 0 to

0

2

0
dAd e ,

or
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0

2
)0( dA e .                                  (e)     

Using boundary condition (1) and rewriting (e) 

0

22
2

1 dA e .                              (f) 

The integral in the bracket of (f) is known as the error function, defined as    

0

22erf de .                                     (g)  

Values of the error function are given in Table 4.1. Note that erf 0 = 0 and 
erf  = 1.0. Using (g), equation (f) becomes 

erf
2

1 A
.                                        (h)       

Boundary condition (2) gives .2A  Solution (h) becomes 

erf1)( ,       (4.33a)    
or

t
xtx

4
erf1),( .   (4.33b) 

Note that the derivative of erf
is

22)erf( e
d
d

,   (4.34)

                        Table 4.1    

 erf  erf 

0.0 0.00000 1.6 0.97635 
0.1 0.11246 1.7 0.98379 
0.2 0.22270 1.8 0.98909 
0.3 0.32863 1.9 0.99279 
0.4 0.42839 2.0 0.99432 
0.5 0.52050 2.1 0.99702 
0.6 0.60386 2.2 0.99814 
0.7 0.67780 2.3 0.99886 
0.8 0.74210 2.4 0.99931 
0.9 0.79691 2.5 0.99959 
1.0 0.84270 2.6 0.99976  
1.1 0.88021  2.7 0.99987 

and

1.2 0.91031 2.8 0.99992 
1.3 0.93401 2.9 0.99996 
1.4 0.95229 3.0 0.99998 
1.5 0.96611 

erf)(erf .         (4.35)   
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PROBLEMS 

4.1    A thin foil of surface area is initially at a uniform temperature
The foil is cooled by radiation and convection. The ambient and 
surroundings temperatures are at = 0 kelvin. The heat transfer 
coefficient is and surface emissivity is

sA .iT

T
h .  Use lumped-capacity 

analysis to determine the transient temperature of the foil.    

4.2   Consider a wire of radius which is initially at temperature
Current is suddenly passed through the wire causing energy 
generation at a volumetric rate

or .T

.q  The wire exchanges heat with the 
surroundings by convection. The ambient temperature is  and the 
heat transfer coefficient is h. Assume that the Biot number is small 
compared to unity determine the transient temperature of the wire. 
What is the steady state temperature? 

T

4.3 A coin of radius and thicknessor rests on an inclined plane.  
Initially it is at the ambient temperature  The coin is released and 
begins to slide down the plane. The frictional force is assumed 
constant and the velocity changes with time according 
to where c is constant. Due to changes in velocity, the heat 
transfer coefficient h varies with time according to 

.T
fF

,tcV

                                                              th ,       

         where is constant. Assume that the Biot number is small compared 
to unity and neglect heat loss to the plane, determine the transient 
temperature of the coin. 
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4.4    Consider a penny and a wire of the same material. The diameter of 
the wire is the same as the thickness of the penny.  The two are 
heated in an oven by convection.  Initially both are at the same 
temperature.  Assume that the heat transfer coefficient is the same for 
both and that the Biot number is small compared to unity. Which 
object will be heated faster?

4.5   A copper wire of diameter 0.01 mm is initially at .  The wire 
is suddenly cooled by an air jet at  The heat transfer 
coefficient is 138 . What will the wire temperature be 
after 0.5 seconds? Properties of copper are: 

C220 o

C.18 o

Cm/W o2

pc 385
and

,CJ/kg o

4.398k CW/m o .kg/m8933 3

4.6     Small glass balls of radius 1.1 mm are cooled in an oil bath at
The balls enter the bath at and are moved through on a 
conveyor belt. The heat transfer coefficient is 75  The 
bath is  long.  What should the conveyor speed be for the balls 
to leave at ?  Properties of glass are: 

C.22 o

C180 o

.Cm/W o2

m5.2
C40 o

pc 810
 and 

,CJ/kg o

83.3k CW/m o .kg/m2600 3

4.7  Consider  one-dimensional  transient 
conduction in a plate of thickness L
which is initially at uniform 
temperature  At time  one side 
exchanges heat by convection with an 
ambient fluid at while the other side 
is maintained at T  The conductivity is k, heat transfer coefficient is 
h and the thermal diffusivity is

.iT 0t

T
.i

.  Determine the transient 
temperature.   

0 x

L

Th,
iT

4.8  A plate of thickness 2L is initially at 
temperature   Electricity is suddenly 
passed through the plate resulting in a 
volumetric heat generation rate of

.iT

.q
Simultaneously, the two sides begin to 
exchange heat by convection with an 
ambient fluid at  The thermal 
conductivity is k, heat transfer coefficient h and the thermal 

x

L L
q

0
T
h

T
h

.T
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diffusivity is .  Determine the one-dimensional transient 
temperature. 

4.9 The temperature of a plate of thickness  is initially linearly  
distributed according to

L

x

L

0

T )/)(( 121 LxTTT)0,(xTi ,

        where  and T  are constant.  At t
the plate is insulated along its surfaces. 
Determine the one-dimensional transient 
temperature distribution. What is the 
steady state temperature? 

1T 2 0

4.10 A bar of rectangular cross section HL is initially at uniform 
temperature . At time t = 0 the bar starts to slide down an inclined 
surface with a constant velocity V. The pressure and coefficient of 
friction at the interface are P and 

iT

,  respectively.  On the opposite 
side the bar exchanges heat by convection with the surroundings. The 
heat transfer coefficient is h and the 
ambient temperature is  The 
two other surfaces are insulated. 
Assume that the Biot number is 
large compared to unity and neglect 
heat transfer in the direction normal 
to the plane, determine the 
transient temperature distribution. 

L
H

P

V

.

L

T

HL

4.11  A plate of thickness  is initially at 
uniform temperature T . A second 
plate of the same material of 
thickness  is initially at uniform 
temperature .  At t  the two 
plates are fastened together with a 
perfect contact at the interface. Simultaneously, the surface of one 
plate is heated with uniform flux

1

1

2L
2T 0

oq and the opposite surface begins 
to exchange heat by convection with the surroundings. The heat 

Th,

x

oq
2L 1L

0
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transfer coefficient is h and the ambient temperature is
Determine the one-dimensional transient temperature distribution in 
the two plates. 

.T

4.12  Consider a constant area fin of length L, cross section area and
circumference C.  Initially the fin is at uniform temperature .  At 
time  one end is insulated while heat is added at the other end at 
a constant flux

cA
iT

0t
.oq  The fin exchanges heat by convection with the 

surroundings. The heat transfer 
coefficient is h and the ambient 
temperature is  Determine the 
heat transfer rate from the fin to the 
surroundings. 

.T oq
Th,

Th,
x

0

4.13  A tube of inner radius  outer radius  and length L is initially at 
uniform temperature  At  one end is maintained at while 
the other end is insulated. Simultaneously, the tube begins to 
exchange heat by convection along its inner and outer surfaces. The 
inside and outside heat transfer coefficients are and
respectively. The inside and outside ambient temperature is 
Neglecting temperature variation in the r-direction, determine the 
one-dimensional transient temperature distribution in the tube. 

,ir or
.iT 0t oT

ih ,oh
.T

x0

oT

Thi ,

Tho ,
or

ir

4.14   A wire of radius  and length L is initially at uniform temperature 
 At  current is passed through the wire resulting in a uniform 

volumetric heat generation 

or
.iT 0t

.q  The two wire ends are maintained at 
the initial temperature  The 
wire exchanges heat by convection 
with the surroundings. The heat 
transfer coefficient is h and the 

.iT Th,

Th,

x q

iT iT

0
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ambient temperature is  Neglecting temperature variation in the 
r-direction, determine the one-dimensional transient temperature 
distribution in the wire. What is the steady state temperature of the 
mid-section?

.T

4.15  Consider a long solid cylinder 
of radius which is initially 
at uniform temperature
Electricity is suddenly passed 
through the cylinder resulting 
in a volumetric heat generation rate

or
.iT

.q  The cylindrical surface is 
maintained at the initial temperature   Determine the one-
dimensional transient temperature. 

.iT

iT iT

orq
r

0

4.16  A hollow cylinder of outer radius and inner radius is initially at 
uniform temperature  A second cylinder of the same material 
which is solid of radius is initially at uniform temperature   At 

 the solid cylinder is forced inside the hollow cylinder resulting 
in a perfect interface contact. The 
outer surface of the hollow 
cylinder is maintained at 
Determine the one-dimensional 
transient temperature distribution 
in the two cylinders. 

or ir
.1T

ir .2T
0t

.1T
or

r

ir0

1T

4.17  The initial temperature distribution in a solid cylinder of radius is
given by 

or

T ,2
121 )/)(()0,( orrTTTr

         where  T  and T  are constant. At time  the cylinder is insulated 
along its surface. Neglecting axial conduction, determine the 
transient temperature distribution.  

1 2 0t

4.18  A sphere of radius is initially at temperatureor ).(rfTi  At time 
 the surface is maintained at uniform temperature

Determine the one-dimensional transient temperature distribution.  
0t .oT
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4.19  A roast at temperature is placed in an oven at temperature
The roast is cooked by convection and radiation. The heat transfer 
coefficient is h. Model the roast as a sphere of radius and assume 
that the radiation flux is constant equal to

iT .T

or
.oq  How long will it take 

for the center temperature to reach a specified level ?oT

4.20  A plate of thickness L is initially at zero 
temperature. One side is insulated while 
the other side suddenly exchanges heat by 
convection. The heat transfer coefficient is 
h.  The ambient temperature  varies 
with time according to

)(tT
0

x
L

)(, tTh

         ,t
oeTtT )(

         where andoT are constant. Use Duhamel’s superposition integral 
to determine the one-dimensional transient temperature. 

4.21  Consider a plate of thickness L which is initially at zero temperature.  
At t  one side is insulated while the other side is maintained at  a 
time dependent temperature given by  

0

tAT 1 , att0 ,
T tA2 ,        . att

         Use Duhamel’s integral to determine the one-dimensional transient 
temperature. 

4.22  Aerodynamic heating of a space vehicle during entry into a planetary 
atmosphere varies with time due to variation in altitude and vehicle 
speed. A simplified heating flux during 
entry consists of two linear segments 
described by  

               ,        tcqtq o 11 )( mtt0 ,

               , t .mo tcqtq 12 )( mt

          Model the skin of a vehicle as a plate of 
thickness L which is insulated on its 
back side and assume zero initial 

)(tq
0 x

L

)(tq

mt
t
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temperature, use Duhamel’s integral to determine the one-
dimensional transient temperature of the skin. For constant heat flux 
of magnitude unity, the temperature solution to the auxiliary problem 
for this model is  

1

)/(
222

22
)/cos()1(2

6
3),(

2

n

tLn
n

Lxne
nL

Lx
k
Lt

kL
txT ,

         where k is thermal conductivity and  is diffusivity.

4.23  A solid cylinder of radius is initially at zero temperature.  The 
cylinder is placed in a convection oven. The oven is turned on and its 
temperature begins to rise according to   

or

tTtT o)( ,

         where is constant. The heat transfer coefficient is h, thermal 
conductivity k and diffusivity 

oT
. Use Duhamel’s integral to 

determine the one-dimensional transient temperature. 

4.24  A cylinder is heated by convection in an oven. When the oven is 
turned on its temperature varies with time according to  

,t
o eTtT )(

          where andoT are constant. The initial temperature is zero. Use 
Duhamel’s integral to determine the one-dimensional transient 
temperature. 

4.25  A solid sphere of radius is initially at zero temperature. At time 
 the sphere is heated by convection. The heat transfer 

coefficient is h. The ambient temperature varies with time according 
to

or
0t

)1()( tATtT o .

         Use Duhamel’s integral to determine the one-dimensional 
transient temperature. 
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4.26 The surface of a semi-infinite plate which is initially at uniform 
temperature is suddenly heated with a time dependent flux given 
by  

iT

t
Cqo .

          where C  is constant. Use similarity method to determine the one-
dimensional transient temperature. 

4.27  In 1864, Kelvin used a simplified transient conduction model to 
estimate the age of the Earth. Neglecting curvature effect, he 
modeled the Earth as a semi-infinite region at a uniform initial 
temperature of 4000  which is the melting temperature of rock. 
He further assumed that the earth surface at x = 0 remained at 0
as the interior cooled off. Presently, measurements of temperature 
variation with depth near the Earth’s surface show that the gradient is 
approximately 0.037 /m. Use Kelvin’s model to estimate the age 
of the Earth.   

C,o

Co

Co

4.28  Transient conduction in a semi-infinite region is used to determine the 
thermal diffusivity of material.   The procedure is to experimentally 
heat the surface of a thick plate which is initially at uniform 
temperature such that the surface is maintained at constant 
temperature. Measurement of surface temperature and the 
temperature history at a fixed location in the region provides the 
necessary data to compute the thermal diffusivity.   

         [a] Show how the transient solution in a semi-infinite region can be 
used to determine the thermal diffusivity. 

         [b] Justify using the solution for a semi-infinite region as a model for 
a finite thickness plate. 

         [c] Compute the thermal diffusivity for the following data:  
              initial temperature ,iT C20o

              surface temperature ,oT C131o

              temperature at location x and time tC64),( otxT
               x = distance from surface = 1.2 cm 
               t  = time = 25 s 
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4.29   Two long bars, 1 and 2, are initially at uniform 
temperatures and respectively. The two bars are brought 
into perfect contact at their ends and allowed to exchange heat by 
conduction. Assuming that the bars are insulated along their 
surfaces, determine: 

10T ,20T

[a] The transient temperature of the bars. 
[b] The interface temperature.     

02T 01T),(1 txT),(2 txT x0
22 , k 11, k



                                                                                         
5

CONDUCTION IN POROUS MEDIA 

5.1 Examples of Conduction in Porous Media  

The flow of fluid in porous media plays an important role in temperature 
distribution and heat transfer rate. The term transpiration cooling is used to 
describe heat removal associated with fluid flow through porous media. 
The idea is to provide intimate contact between the coolant and the material 
to be cooled. Thus heat transfer in porous media is a volumetric process 
rather than surface action.  illustrates several examples of 
conduction in porous media.  In  a porous ring is placed at the 
throat of a rocket nozzle to protect it from high temperature damage. Air or 
helium is injected through the porous ring to provide an efficient cooling 
mechanism.    shows  a  porous  heat  shield  designed  to  protect  

1.5.Fig
a,1.5.Fig

b1.5.Fig
a space vehicle during atmospheric entry.  Cooling of porous turbine blades 
is shown in . Transpiration cooling has been proposed as an c1.5.Fig

Fig. 5.1

coolant

porous 
material

(e)(d)

blade
coolant

(c)

(b)

porous
 shield

coolant

porous ring

coolant

(a)

coolant
device
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efficient method for protecting microelectronic components. 
represents an electronic device with a microchannel sink. Coolant flow 
through the channels provides effective thermal protection. 
shows a porous fireman’s suit for use in a hot environment. Other examples 
include heat transfer in blood-perfused tissue and geothermal applications.

d1.5.Fig

e1.5.Fig

5.2 Simplified Heat Transfer Model   

A rigorous analysis of heat transfer in porous media involves solving two 
coupled energy equations, one for the porous material and one for the fluid. 
Thus the solution is represented by two temperature functions. The analysis 
can be significantly simplified by assuming that at any point in the solid-
fluid porous matrix the two temperatures are identical [1]. This important 
approximation is made throughout this chapter. 

5.2.1 Porosity 

We define porosity P as the ratio of 
pore or fluid volume, V  to total 
volume V  Thus 

L
,f

.

V

V
P

f
.                (5.1) 

For a porous wall of face area  and 
thickness

A
,L   the volume is given by 

ALV .                    (a) 

If we model the pores as straight 
channels, as shown in Fig. 5.2, the 
fluid volume is given by 

LAV ff ,                                           (b) 

 where f  is the total fluid flow area.   Substituting (a) and (b) into eq. 
(5.1) gives 

A

A

A
P

f
,                                             (c) 

or
PAAf .                                         (5.2)    

tota ra fAl flow ae

Fig. 5.2
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It follows that the area of the solid material,  is given by ,sA

APAs )1( .                                         (5.3)                                                

Note that porosity is a property of the porous material.  Although its value 
changes with temperature, it is assumed constant in our simplified model. 

5.2.2 Heat Conduction Equation: Cartesian Coordinates  

Consider one-dimensional transient conduction 
in a porous wall shown in Fig. 5.3. The face area 
is and the porosity is . Fluid flows through 
the wall at a rate m  We assume that the wall 
generates energy at a rate q

A P

Fig. 5.3

dx
q

0 x

m

.
 per unit volume. 

The following assumptions are made: 

(1) Constant porosity. 
(2) Constant properties of both solid and fluid. 
(3) Solid and fluid temperatures are identical at 

each location. 
(4) Constant flow rate. 
(5) Negligible changes in kinetic and potential energy. 

Consider an element  shown in Fig. 5.3. Energy is exchanged with the 
element by conduction and convection. Conduction takes place through 
both the solid material and the fluid. Conservation of energy gives  

dx

EEEE outgin ,                                    (d) 

where

E  = rate of energy change within the element 
= rate of energy added to element  inE
= rate of energy generated within element gE

= rate of energy removed from element outE

Using Fourier’s law to determine conduction through the solid and fluid 
and accounting for energy added by fluid motion,  is given by inE

Tcm
x

T
PAk

x

T
APkE pffsin )1( ,                    (e) 

where
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A =   wall area normal to flow direction 
= specific heat of fluid pfc

 thermal conductivity of fluid  fk
 thermal conductivity of solid material  sk

  coolant mass flow rate m
T   temperature 
x  =  distance

Defining the thermal conductivity of the solid-fluid matrix, k , as 

fs kPkPk )1( ,                                 (5.4) 

equation (e) becomes 

Tcm
x

T
AkE pfin .                                 (f)    

Equation (f) is used to formulate  as outE

)(
2

2

dx
x

T
Tcmdx

x

T
Ak

x

T
AkE pfout .              (g)  

Energy generated in the element, , is given by gE

dxAqEg .                                           (h) 

The rate of energy change within the element, represents changes in the 
energy of the solid and of the fluid.  Each component is proportional to its 
mass within the element. Thus 

,E

dx
t

T
PAcdx

t

T
APcE pffpss )1( .               (i) 

Defining the heat capacity of the solid-fluid matrix, ,pc  as 

pffpssp cPcPc )1( ,                        (5.5) 

equation (i) becomes 

dx
t

T
AcE p .                                         (j)   
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Substituting (f), (g), (h) and (j) into (d) gives 

t

T

k

q

x

T

kA

cm

x

T pf 1
2

2

,                        (5.6)  

where  is the thermal diffusivity of the solid-fluid matrix, defined as  

pc

k
.                                          (5.7) 

5.2.3 Boundary Conditions 

As with other conduction problems, boundary conditions in porous media 
can take on various forms.  The following are typical examples. 

(i) Specified temperature.  This condition may be imposed at the inlet or 
outlet and is expressed as  

1),0( TtT  or 2),( TtLT .                            (5.8) 

(ii) Convection at outlet boundary. Conservation of energy at the solid 
part of the outlet plane gives 

TtLTh
x

tLT
ks ),(

),(
,                         (5.9) 

where h is the heat transfer coefficient and  is the ambient temperature. 
Note that the fluid plays no role in this boundary condition since energy 
carried by the fluid to the outlet plane is exactly equal to the energy 
removed. 

T

Fig. 5.4

0

porous wall

reservoir
oT )0(T

x

T
hm m

0

(iii) Inlet supply reservoir. Consider
a reservoir at temperature T
supplying fluid to a porous wall 
shown in .  Application of 
conservation of energy to the fluid 
between the outlet of the reservoir and 
the inlet to the wall ( ) gives 

o

4.5.Fig

0x

x

tT
AktTTcm opf

),0(
),0( .                     (5.10) 
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This boundary condition neglects transient changes in the fluid between the 
reservoir and wall inlet.

5.2.4 Heat Conduction Equation: 
Cylindrical Coordinates 

Consider radial flow through a porous 
cylinder of length L. The cylinder generates 
energy at a volumetric rate of q

Fig. 5.5

dr r

m
.

Application of conservation of energy and 
Fourier’s law of conduction to the element 
dr shown in Fig. 5.5 gives 

t

T

k

q

r

T

rLk

cm

r

T pf 11

2
1 )(

2

2

.                 (5.11) 

 5.3 Applications 

Example 5.1: Steady State Conduction in a Porous Plate 

A porous plate of thickness L is heated on one side by convection while 
supplied by a coolant at a flow rate of  on the other side.  Coolant 
temperature in the supply reservoir is  The heat transfer coefficient is h
and the ambient temperature is T  Assume steady state. Determine the 
temperature distribution in the plate and the coolant rate per unit surface 
area needed to maintain the hot side at design temperature

m
.oT

.

.dT

(1) Observations. (i) This is a one-dimensional conduction problem in a 
porous plate with coolant flow. (ii) Temperature distribution depends on 
the coolant flow rate.  The higher the coolant flow rate, the lower the 
surface temperature of the hot side.  

(2) Origin and Coordinates.  Fig. 5.4 shows the origin and coordinate 
axis.

(3) Formulation.

     (i) Assumptions. (1) Solid and fluid temperatures are the same at any 
given location, (2) constant porosity, (3) constant properties of both solid 
and fluid, (4) constant flow rate,  (5) negligible changes in kinetic and 
potential energy, (6) no energy generation, and (7) steady state. 
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(ii) Governing Equations. Based on the above assumptions, eq. (5.6) 
simplifies to  

0
2

2

xd

dT

kA

cm

xd

Td pf ,

or

0
2

2

xd

dT

Lxd

Td
,                                        (a)    

where  is a dimensionless coolant flow rate parameter defined as 

kA

Lcm pf
.                                             (b) 

     (iii) Boundary Conditions.  The supply reservoir boundary condition is 
obtained from eq. (5.10).  Using the definition of ,  eq. (5.10) becomes 

xd

dT
TT

L o
)0(

)0( .                                  (c)  

The second boundary condition, convection at ,Lx  is given by eq. (5.9)  

])([
)(

TLTh
xd

LdT
ks ,                                (d) 

where  is the thermal conductivity of the solid material.sk

(4) Solution.  Equation (a) is solved by integrating it twice to obtain 

21 )/exp()( CLxCxT ,                              (e) 

where  and  are constants of  integration. Using boundary conditions 
(c) and (d) gives  and 

1C 2C

1C 2C

Bi

TTBi
C o )exp()(

1    and oTC2 .                 (f) 

Substituting into (e), rearranging and introducing the definition of the Biot 
number gives    

1)/(exp
)(

Lx
Bi

Bi

TT

TxT

o

o ,                        (g) 

where the Biot number is defined as 
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sk

hL
Bi .                                                (h) 

Equation (g) gives the temperature distribution in the plate. To determine 
the flow rate per unit surface area needed to maintain the hot side at design 
temperature  set x = L and,dT dTT in (g) 

Bi

Bi

TT

TT

o

od .

Solving for coolant flow parameter  and using the definitions of and
Biot number ,Bi  gives the required flow rate per unit surface area 

)(

)(

od

d

pfs TT

TT

ck

hk

A

m
.                                   (i) 

(5) Checking. Dimensional check:  The Biot number  coolant flow 
parameter

,Bi
and the exponent of the exponential are dimensionless. 

Limiting check: (i) If h = 0 ( 0Bi ), no heat is exchanged at Lx  and 
consequently the entire plate should be at the coolant temperature 
Setting  in (g) gives 

.oT
0Bi .)( oTxT

(ii) If (h Bi ), surface temperature at Lx  should be the same 
as the ambient temperature .  Setting T Bi  and x = L in (g) gives 

.TLT )(

(iii) If the coolant flow rate is infinite ( ), the entire plate should be 
at the coolant temperature  Noting that .oT 1/ Lx , setting  in (g) 
gives .)( oTxT

(iv) If the coolant flow rate is zero ( 0 ), condition (c) shows that the 
plate is insulated at Thus the entire plate should be at the ambient 
temperature  Setting

.0x
.T 0  in (g) gives .)( TxT

(6) Comments.  (i) As anticipated, solution (g) shows that increasing the 
coolant parameter  lowers the plate temperature. Note that since 

, the exponent of the exponential in (g) is negative.  (ii) The 
solution depends on two parameters: the Biot number and coolant flow 
parameter

1)/( Lx
Bi

.  (iii) The required flow rate per unit area can also be 
determined using energy balance. Conservation of energy for a control 
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volume between the reservoir and the outlet at ,Lx  applied at design 
condition, gives 

dx

LdT
APkTTPhATcmTcm fddpfopf

)(
))(1( .        (j) 

Note that this energy balance accounts for surface convection and 

conduction through the fluid at .Lx Using (d) to eliminate
dx

LdT )(
and 

solving the resulting equation for 
A

m
 gives equation (i).  

Example 5.2: Transient Conduction in a Porous Plate  

A porous plate of porosity P and thickness L is initially at a uniform 
temperature  Coolant at temperature o  flows through the plate at a 
rate  At time  the plate surface at the coolant inlet is maintained at 
constant temperature 1  while the opposite surface is insulated. Determine 
the transient temperature distribution in the plate.   

.oT T
.m 0t

T

(1) Observations. (i) This is a one-dimensional transient conduction 
problem in a porous plate with coolant flow. (ii) Since one side is insulated, 
physical consideration requires that the entire plate be at  at steady state. 1T

(2) Origin and Coordinates.  The origin is selected at the coolant side and 
the coordinate x points towards the insulated side. 

(3) Formulation.

     (i) Assumptions. (1) Solid and fluid temperatures are identical at any 
given location, (2) constant porosity, (3) constant properties of both solid 
and fluid, (4) constant flow rate, (5) negligible changes in kinetic and 
potential energy and (6) no energy generation.  

(ii) Governing Equations. Based on the above assumptions, eq. (5.6) 
gives

t

T

x

T

kA

cm

x

T pf 1
2

2

.                            (5.6) 

     (iii) Independent Variable with Two Homogeneous Boundary 
Conditions. Only the x-variable can have two homogeneous conditions.
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     (iv) Boundary and Initial Conditions.  The two boundary conditions 
are

     (1) ,     (2)  1),0( TtT 0
),(

x

tLT

The initial condition is

     (3) oTxT )0,(

(4) Solution. For convenience, the problem is first expressed in 
dimensionless form. Let 

1

1

TT

TT

o
,

L

x
,

2L

t
 (Fourier number),   

kA

Lcm pf

2

1
 (coolant flow rate parameter) 

Using, these dimensionless variables and parameters, eq. (5.6) gives 

             2
2

2

Am /

1T

x0

oT

L

5.6 Fig.

.               (a) 

The boundary and initial conditions become 

(1) 0),0(

(2) 0
),1(

     (3) 1)0,(

     (i) Assumed Product Solution.  Let 

)()(),(                 X .             (b)  

Substituting (b) into (a), separating variables and setting the separated 
equation equal to a  we obtain ,2

n

02 2
2

2

nn
nn X

d

dX

d

Xd
,                             (c) 

and
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02
nn

n

d

d
.                                       (d) 

     (ii) Selecting the Sign of the  Terms. Since there are two 
homogeneous conditions in the 

2
n

-variable, the plus sign must be used in 
equation (c).  Thus (c) and (d) become 

02 2
2

2

nn
nn X

d

dX

d

Xd
,                            (e) 

and

02
nn

n

d

d
.                                       (f) 

It can be shown that the equations corresponding to 0n  yield a trivial 
solutions for  and will not be detailed here. 00X

     (iii) Solutions to the Ordinary Differential Equations. The solution to 
(e) takes on three different forms depending on and  [see equations 
(A-5) and (A-6), Appendix A]. However, only one option yields the 
characteristic values 

2 2
n

.n  This option corresponds to   Thus the 
solution is given by equation (A-6a)  

.22
n

nnnnn MBMAX cossin)exp()( ,              (g) 

where and are constants of integration and  is defined as nA nB nM

22
nnM .                                       (h) 

The solution to (f) is 

)exp()( 2
nnn C ,                                   (i)  

where  is constant. nC

     (iv) Application of Boundary and Initial Conditions.  Boundary 
condition (1) gives  

0nB .                                                 (j) 

Boundary condition (2) gives the characteristic equation for n

nn MMtan .                                       (k) 

Substituting (g) and (i) into (b) 
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1

2 sin)exp(),(
n

nnn Ma .                     (l) 

The non-homogeneous initial condition gives 

1

sin)exp(1
n

nn Ma .                            (m) 

     (v) Orthogonality. Application of orthogonality gives  Comparing 
(c) with Sturm-Liouville equation (3.5a), shows that the weighting function 

.na

)(w is
)2exp()(w .                                     (n) 

Multiplying both sides of equation (m) by ,sin)exp()( dMw m
integrating from 0  to 1 and applying orthogonality, eq. (3.7), 
gives

1

0

2
1

0

sinsin)exp( dMadM nnn .

Evaluating the integrals and solving for  we obtain na

)2sin2)((

4
22

2

nnn

n
n

MMM

M
a .                         (o)

(5) Checking. Dimensional check:  Since the problem is expressed in 
dimensionless form, inspection of the solution shows that all terms are 
dimensionless.

Limiting check: At time ,t  the entire plate should be at  Setting .1T
 in (l) gives .0),(  Using the definition of  gives 

.),( 1TxT

(6) Comments. The boundary conditions used in this example are selected 
to simplify the solution.  More realistic boundary condition at  and 0x

Lx are given in equations (5.9) and (5.10), respectively.  

REFEENCES 

[1] Schneider, P.J., Conduction Heat Transfer, Addison-Wesley, Reading, 
Massachusetts,   1955.  
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PROBLEMS 

5.1 Energy is generated in a porous spherical shell of porosity P at a 
volumetric rate .q  Coolant with specific heat flows radially 
outwards at a rate  The thermal diffusivity of the solid-fluid 
matrix is

pfc
.m

.kand the conductivity is  Show that the one-
dimensional transient heat conduction equation is given by 

t

T

k

q

r

T

r

r

r

T
r

rr
o 11
2

2
2

)( ,

         where  is the ouside radius of the shell and or
o

pf

rk

cm

4
.

5.2 A simplified model for analyzing heat transfer in living tissue treats 
capillary blood perfusion as blood flow through porous media. 
Metabolic heat production can be modeled as volumetric energy 
generation.  Consider a tissue layer of 
thickness  and porosity P with 
metabolic heat generation .q  Blood 
enters the tissue layer at temperature T
and leaves at temperature  Blood 
flow rate per unit surface area is m
Determine the one-dimensional steady 
state temperature distribution in the 
tissue.

1 Am /

2T1T

q

x0

.
/ A

2T
.

0

oTm,

or

x

5.3 A proposed method for cooling high 
power density devices involves pumping 
coolant through micro channels etched 
in a sink. To explore the feasibility of 
this concept, model the sink as a porous 
disk of radius  and thickness or
having a volumetric energy generation 

  Coolant enters the disk at a flow 
rate  and temperature  Assume 
that the outlet surface is insulated. 
Determine the steady state temperature 
of the insulated surface. 

.q
m .oT
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5.4  To protect the wall of a high temperature 
laboratory chamber a porous material is 
used. The wall is heated at a flux oq  on one 
side.  On the opposite side, coolant at a mass 
flow rate  is supplied from a reservoir at 
temperature  The wall area is A,
thickness L and porosity P. Determine the 
steady state temperature of the heated 
surface.

m
.oT

L

x0

oq

m

oT

5.5    A porous shield of porosity P, surface area A
and thickness L is heated with flux .oq
Coolant at a reservoir temperature is
used to protect the heated surface. Determine 
the coolant flow rate needed to maintain 
the heated surface at design temperature 

o

o

T

m

.dT

5.6   Heat is generated in a porous wall of area A
and thickness L at a rate which depends on temperature according to  

L

x0

m

q
2T1T

                q )1( Tq ,

         where  and oq  are constant. The porosity is P and the coolant flow 
rate is  The two surfaces are maintained at specified temperatures 

 and  Determine the steady state temperature distribution.  
Assume that 

.m

1T .2T
)./()2/( 2 kqAkcm opf

5.7   The porosity P of a wall varies linearly along its thickness according 
to

               xcbP ,

         where b and c are constant. The wall thickness is L and its area is A.
The coolant flow rate is  The two surfaces are maintained at 
specified temperatures T  and  Determine the steady state 
temperature distribution. 

.m

1 .2T

5.8 It is proposed to design a porous suit for firemen to protect them in 
high temperature environments.  Consider a suit material with 
porosity P = 0.02, thermal conductivity  and CW/m0.035 o

sk
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thickness .  It is estimated that an inside suit surface 
temperature of  can be tolerated for short intervals of 30 
minute duration. You are asked to estimate the amount of coolant 
(air) which a fireman must carry to insure a safe condition for 30 
minutes when the outside suit surface temperature is .

cm5.1L
C55 o

C125 o

5.9 Ice at the freezing temperature is stored in a cubical container of 
inside length L. The wall thickness is

fT
and its conductivity is

The outside ambient temperature is and the heat transfer 
coefficient is h.  To prolong the time it takes to melt all the ice, it is 
proposed to incorporate an air reservoir inside the container and use a 
porous wall of porosity P. The air 
reservoir is designed to release air at a 
constant rate  and distribute it 
uniformly through the porous wall. The 
ice mass is M and its latent heat of fusion 
is  The specific heat of air is and
thermal conductivity is  The air enters 
the porous wall at the ice temperature
The bottom side of the container is 
insulated. Determine: 

.sk
T

Th,

fT

 wallporous

ice

reservoirair 

m

.L pfc
.fk

.fT

[a] The time it takes for all the ice to melt. mt

[b] The ratio of melt time using a porous wall to melt time 
using a solid wall. 

mt

ot

[c] The required air mass .fM

[d] Compute and for the following data: om tt / fM

    , M = 4 kg CJ/kg1005 o
pfc C,W/m025.0 o

fk

                     L = 20 cm , C,W/m26 o2h C,W/m065.0 o
sk

                L  = 333,730 ,          ,  C,W/m26 o2h J/kg C0o
fT

               , m = 0.00014 kg/s,     P = 0.3,          C400oT 5 cm 

5.10 A porous tube of porosity P, inner radius , outer radius and
length L exchanges heat by convection along its outer surface. The 
heat transfer coefficient is h and the ambient temperature is

ir or

.T
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2L

.

Coolant at flow rate is supplied to the tube from a reservoir at 
temperature  The coolant flows uniformly outwards in the radial 
direction. Assume one-dimensional conduction, determine the inside 
and outside surface temperatures. 

m
.oT

5.11 A two-layer composite porous wall is proposed to provide rigidity 
and cooling effectiveness. The thickness of layer 1 is  its 
porosity is and conductivity is 

 The thickness of layer 2 is
its porosity  and conductivity is 

 Coolant at flow rate enters 
layer 1 at temperature T  It leaves 
layer 2 where heat is exchanged by 
convection. The ambient temperature 
is  heat transfer coefficient is h
and surface area is A.

,1L

1P
.1sk ,

2P
.2sk m

o

,T

m

h

T

0
x

1sk 2sk
1P
1L

2P
2L

[a] Formulate the heat equations and boundary conditions for the 
temperature distribution in the composite wall.        

[b] Solve the equations and apply the boundary conditions. (Do not 
determine the constants of integration). 

5.12  To increase the rate of heat 
transfer from a fin it is 
proposed to use porous 
material with coolant flow. 
To evaluate this concept, 
consider a semi-infinite 
rectangular fin with a base 
temperature  The width 
of fin is w and its thickness is 

.oT
.  The surface of the fin exchanges 

heat with an ambient fluid by convection.  The heat transfer 
coefficient is h and the ambient temperature is   Coolant at 
temperature  and flow rate per unit surface area  flows 
normal to the surface. Coolant specific heat is and the thermal 

.T
T Am /

pfc

0 x

Am /
T

Th,

Th, w
oT
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conductivity of the solid-fluid matrix is .k  Assume that the coolant 
equilibrates locally upon entering the fin. 

 [a] Show that the steady state fin equation for this model is given by 

0))(4(
1

22

2

TTBi
xd

Td
,

               where khPBi 2/)1( and ./ kAcm pf

 [b] Determine the fin heat transfer rate.

5.13 The surface of an electronic package is cooled with fins. However, 
surface temperature was found to be higher than design specification.  
One recommended solution involves using porous material and a 
coolant.  The coolant is to flow axially along the length of the fin.  
To evaluate this proposal, consider a porous rod of radius  and 
length L.  One end is heated with a flux

or

oq . Coolant enters the 
opposite end at temperature and flow rate  The specific heat 
is and the conductivity of the fluid-solid matrix is

T .m

pfc .k  The 
cylindrical surface exchanges heat by convection. The ambient 
temperature is and the heat transfer coefficient is h.T

[a] Show that the steady state fin equation for this model is given by  

0)(
2

22

2

TT
r

Bi

xd

dT

rxd

Td

oo

,

m

T

Th,
oq

L

x0

Th,

               where khrBi o / and ./ krcm opf

         [b] Determine the temperature of the heated surface.  
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5.14  A porous disk of porosity P, inner radius  outer radius  and 
thickness

,iR oR
 is heated at its outer rim with a flux .oq  Coolant at a 

mass flow rate  and temperature  flows radially through the 
disk. The specific heat of the coolant is  and the conductivity of 
the solid-fluid matrix is 

m T

pfc
.k  The disk exchanges heat by convection 

along its upper and lower surfaces. The heat transfer coefficient is h
and the ambient temperature is .  Assume that the Biot number is 
small compared to unity and the inner surface temperature is at .

T
T

r iR

oR

Th,

Th,

m m

mm

oq

oq

oq oq

 [a] Show that the steady state fin equation is given by

0)(
4

)1( 2
22

2
2 TTr

Bi

rd

dT
r

rd

Td
r ,

               where khBi 2/ and .2/ kcm pf

         [b] Determine the temperature of the heated surface. 
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5.14  The outer surface of a porous hemispherical shell is heated with 
uniform flux  Coolant at flow rate  enters the inner surface 
and flows radially outward. The specific heat of the coolant 
is and the conductivity of the solid-fluid matrix is 

.oq m

pfc .k  The inner 
radius is and the outer radius is  The inner surface is 
maintained at uniform temperature  Determine the steady state 
temperature of the heated surface. 

iR .oR
.oT

5.15   A straight triangular fin of length L and thickness t at the base is 
made of porous material of porosity P. The fin exchanges heat by 
convection along its surface. The heat transfer coefficient is h and the 
ambient temperature is  The base is maintained at temperature 

 Coolant at temperature  and flow rate per unit surface area 
 flows normal to the surface. Coolant specific heat is and

the thermal conductivity of the solid-fluid matrix is 

.T
.oT T
Am / pfc

.k  Determine 
the ratio of the heat transfer form the porous fin to that of a solid fin. 

t

Th,

0
x

A

m oT
Th,

)(xys

5.16 The surface temperature of a tube of 

radius  is   The tube is cooled 

with a porous annular fin of porosity 

P, inner radius  and outer 

radius  Coolant at a mass flow rate 

and temperature  flows axially 

normal to the fin surface. The specific 

heat of the coolant is and the 

conductivity of the solid-fluid matrix 

is

iR .oT

Th,

Th,

iR
oR

Tm,

iR
.oR

m T

pfc

.k  The fin exchanges heat by 

convection along its upper and lower 

surfaces. The heat transfer coefficient 
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is h and the ambient temperature is  Assume that the Biot 

number is small compared to unity.  Assume further that the coolant 

equilibrates locally upon entering the fin. 

.T

 [a] Show that the steady state fin equation is given by 

0)(
)4( 2

22

2
2 TTr

Bi

rd

dT
r

rd

Td
r ,

         where khPBi 2/)1(  and .)(/ 22 kRRcm iopf

         [b] Determine the heat transfer rate from the fin. 

5.18   Small stainless steel ball bearings leave a furnace on a conveyor belt 
at temperature . The balls are stacked forming a long rectangular 
sheet of width w and height

oT
.  The conveyor belt, which is made of 

wire mesh, moves through the furnace with velocity U. The ball 
bearings are cooled by convection along the upper and lower 
surfaces. The heat transfer coefficient is h and the ambient 
temperature is  To accelerate the cooling process, coolant at 
temperature  and flow rate per unit surface area  flows 
through the balls normal to the surface. Coolant specific heat is 

and the thermal conductivity of the steel-fluid matrix is 

.T
T Am /

pfc .k
Assume that the coolant equilibrates locally upon contacting the 
balls. Model the ball bearing sheet as a porous fin of porosity P.

0

furnace

x Am/
T

Th,

w

Th,

U
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[a] Show  that  the steady state fin equation is given by 

0))(4(
1

22

2

TTBi
dx

dTU

xd

Td
,

              Where  khPBi 2/)1( , kAcm p / and

pfck / .

 [b] Determine temperature of balls at a distance L from the furnace.

5.17 Consider transient one-dimensional cooling of a porous hollow 
cylinder of porosity P, inner radius  and outer radius  Coolant 
at a mass flow rate per unit length m  and temperature  is supplied 
from a reservoir. It flows radially outward through the cylinder. The 
specific heat of the coolant is and the conductivity and diffusivity 
of the solid-fluid matrix are 

iR .oR

oT

pfc
k  and ,  respectively.  Initially the 

cylinder is at the coolant temperature   At time  the outside 
surface exchanges heat by convection with the ambient fluid. The 
heat transfer coefficient is h and the ambient temperature is 
Show that the dimensionless heat equation, boundary and initial 
conditions for transient one-dimensional conduction are given by  

.oT 0t

.T

1
2

1 )( ,

),1(2
),1(

,

),(1
),(

o
o

o Bi ,

0)0,( ,
         where 

               )/()( oo TTTT , iRr / ,     ioo RR / ,
2/ iRt , so khRBi / , kcm pf 4/ .
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CONDUCTION WITH PHASE CHANGE:
MOVING BOUNDARY PROBLEMS 

6.1 Introduction 

There are many applications in which a material undergoes phase change 
such as in melting, freezing, casting, ablation, cryosurgery and soldering. 
Conduction with phase change is characterized by a moving interface 
separating two phases. Such problems are usually referred to as moving
boundary or free boundary problems. They are inherently transient during 
interface motion.  The motion and location of the interface are unknown a 
priori and thus must be determined as part of the solution. Since material 
properties change following phase transformation and since a discontinuity 
in temperature gradient exists at the interface, it follows that each phase 
must be assigned its own temperature function.  Furthermore, changes in 
density give rise to motion of the liquid phase.  If the effect of motion is 
significant, the heat equation of the liquid phase must include a convective 
term. However, in most problems this effect can be neglected.  

A moving front which is undergoing a phase change is governed by a 
boundary condition not encountered in previous chapters.  This condition, 
which is based on conservation of energy, is non-linear. Because of this 
non-linearity there are few exact solutions to phase change problems.

In this chapter we will state the heat conduction equations for one-
dimensional phase change problems. The interface boundary condition will 
be formulated and its non-linear nature identified. The governing equations 
will be cast in dimensionless form to reveal the important parameters 
governing phase change problems. A simplified model based on quasi-
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steady state approximation will be described.  Solutions to exact problems 
will be presented. 

6.2 The Heat Equations 

Fig. 6.1 shows a region which is undergoing phase change due to some 
action at one of its boundaries. The temperature distribution in the two-
phase region is governed by two heat equations, one for the solid phase and 
one for the liquid phase. We make the following assumptions: 

(1)  Properties of each phase are uniform and remain constant.   
(2)  Negligible effect of liquid phase motion due to changes in density.  
(3)  One-dimensional conduction.  
(4)  No energy generation. 

Based on these assumptions, eq. (1.8) 
gives

psc Lksk Ls

,( txTs

solid liquid
, , , pfc

t
T

x
T s

s

s 1
2

2

ixx0 ,     (6.1) 

and

t
T

x
T L

L

L 1
2

2

ixx ,     (6.2) 

where the subscripts L and s refer to liquid and solid, respectively.  

6.3 Moving Interface Boundary Conditions 

Continuity of temperature and conservation of energy give two boundary 
conditions at the solid-liquid interface. Mathematical description of these 
conditions follows. 

(1) Continuity of temperature.  We assume that the material undergoes a 
phase change at a fixed temperature. Continuity of temperature at the 
interface requires that  

fii TtxTtxT
Ls ),(),( ,                              (6.3)    

where

T = temperature variable ),( tx

)

,

), t(xTL

moving interface

Fig

ix

x

. 6.1

dt
dxi
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= fusion (melting or freezing) temperature fT
= = interface location at time tix )(txi

(2) Energy equation. Fig. 6.2 shows a 
liquid element which is undergoing phase 
change to solid.  A one-dimensional solid-
liquid interface located at )t(xx i  is 
assumed to move in the positive x-
direction.  Consider an element 

L
 in the 

liquid adjacent to the interface. The 
element has a fixed mass 

dx

.m   During a 
time interval  the element undergoes 
phase change to solid.  Because material 
density changes as it undergoes phase 
transformation, the thickness of the 
element changes to  Consequently, the interface advances a distance 

  Application of conservation of energy to the element as it 
transforms from liquid to solid during time dt, gives

dt

.sdx
.sdxdxi

Lq
sq

ix Ldx

si dxdx

interface
at t at t+dt

interface

liquid element
at time t

Fig. 6.2

EEE outin ,                                      (a) 
where

inE energy added during time dt
outE energy removed during time dt

E energy change of element during time dt

The energy added by conduction through the solid phase is  

dtqE sin ,                                            (b) 
where

= rate of heat conducted to the element through the solid phase sq

Energy is removed from the element by conduction and in the form of work 
done by the element due to changes in volume.  These two components of 
energy are given by   

pdVdtqE
Lout ,                                     (c) 

where

change in volume of element from liquid to solid during dtdV
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p pressure
rate of heat conducted from the element through the liquid phase 

L
q

The change in energy of the element is given by 

muuE Ls )ˆˆ( ,                                       (d) 

m mass of element    
 internal energy per unit mass  û

Substituting (b), (c) and (d) into (a) 

pdVmuudtqq LL ss )ˆˆ()( .                        (e) 

Applying Fourier’s law 

x
txT

Akq is
ss

),(
, and 

x
txTAkq iL

LL

),(
,               (f) 

where

surface area of element normal to xA
     thermal conductivity k

x coordinate
 interface location at time t)(txx ii

The mass of the element m  is given by 

iAdxm s ,                                             (g) 

where is density. The change in volume of the element is related to 
its mass and to changes in density as 

dV

mdV
Ls
)( 11

.                                      (h) 

Substituting (f), (g) and (h) into (e) and assuming that pressure remains 
constant

td
dxpupu

x
txT

k
x

txT
k iiL

L
i

L
L

s
ss

s
s )]()[( ˆˆ),(),(

.                 

(i)
However
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s
s

s hhpupu
L

L
L

ˆˆˆˆ )()( ,                   (j) 

where

 enthalpy per unit mass ĥ
latent heat of fusion 

Substituting (j) into (i) 

td
dx

x
txT

k
x

txT
k i

s
iis

s
L

L
),(),(

.                  (6.4) 

Eq. (6.4) is the interface energy equation. It is valid for both solidification 
and melting.  However, for melting s  is replaced by L  for melting. 

(3) Convection at the interface. There are problems where the liquid 
phase is not stationary. Examples include solidification associated with 
forced or free convection over a plate or inside a tube. For such problems 
equation (6.4) must be modified to include the effect of fluid motion. This 
introduces added mathematical complications.  An alternate approach is to 
replace the temperature gradient in the liquid phase with Newton’s law of 
cooling. Thus 

td
dxTTh

x
txTk i

sf
is

s )(
),(

,                  (6.5) 

where

= heat transfer coefficient  h
= temperature of the liquid phase far away from the interface T

The plus sign in eq. (6.5) is for solidification and the minus sign is for 
melting.

6.4 Non-linearity of the Interface Energy Equation 

A solution to a phase change conduction problem must satisfy the energy 
condition of eq. (6.4) or eq. (6.5). Careful examination of these equations 
shows that they are non-linear.  The non-linearity is caused by the 
dependence of the interface velocity on the temperature gradient.  
To reveal the non-linear nature of equations (6.4) and (6.5), we form the 
total derivative of  in eq. (6.3) 

dtdxi /

sT

L 

L 

L 

L 
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0
),(),(

td
t

txT
dx

x
txT ii ss .

Dividing through by dt and noting that idxdx , gives dtdxi /

xtxT
ttxT

td
dx

i

ii

s

s
/),(
/),(

.                                 (6.6) 

When this result is substituted into eq. (6.4) we obtain 

td
txT

x
txT

x
txT

k
x

txT
k iiii s

s
ss

s
L

L

),(),(),(),(
2

.     (6.7) 

Note that both terms on the left side of eq. (6.7) are non-linear. Similarly, 
substituting eq. (6.6) into eq. (6.5) shows that it too is non-linear. 

6.5 Non-dimensional Form of the Governing Equations: Governing 
Parameters 

To identify the governing parameters in phase change problems, the two 
heat equations, (6.1) and (6.2) and the interface energy equation (6.4) are 
cast in non-dimensional form. The following dimensionless quantities are 
defined:

of

f

TT
TTs

s ,
of

f

TT
TT

k
k LL

L
s

,
L
x

, t
L

teS s
2

,    (6.8)     

where L is a characteristic length and is a reference temperature. 
is the Stefan number which is defined as 

oT teS

)( ofp TTc
teS s ,                                   (6.9)             

where is the specific heat of the solid phase. Substituting eq. (6.8) into 
equations (6.1), (6.2) and (6.4) gives 

psc

ss teS2

2

,                                    (6.10)        

LLL teS
s

2

2

,                                (6.11) 

and

L 

L 
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d
dtt iiis L ),(),(

.                         (6.12)  

Examination of the dimensionless governing equations shows that two 
parameters, the ratio of thermal diffusivities and the Stefan number, govern 
phase change problems. It is worth noting the following: 

(1) By including the ratio ( ) in the definition of skk L / ,L  this parameter 
is eliminated from the interface energy equation.  

(2) A phase change problem with convection at its boundary will 
introduce the Biot number as an additional parameter.  

(3) The Stefan number, defined in eq. (6.9), represents the ratio of the 
sensible heat to the latent heat. Sensible heat, ),( ofp TTc s  is the 
energy removed from a unit mass of solid at the fusion temperature 
to lower its temperature to  Latent heat, , is the energy per unit 
mass which is removed (solidification) or added (melting) during 
phase transformation at the fusion temperature. Note that the Stefan 
number in eq. (6.9) refers to the solid phase since it is defined in terms 
of the specific heat of the solid  The definition for the liquid phase 
is

fT
.oT

.spc

)( fop TTc
teS L .                                (6.13) 

        Sensible heat, ),( fop TTc L  is the energy added to a unit mass of 
liquid at fusion temperature  to raise its temperature to fT .oT

6.6 Simplified Model: Quasi-Steady Approximation

Because of the non-linearity of the interface energy equation, there are few 
exact solutions to conduction problems with phase change. An 
approximation which makes it possible to obtain solutions to a variety of 
problems is based on a quasi-steady model. In this model the Stefan 
number is assumed small compared to unity. A small Stefan number 
corresponds to sensible heat which is small compared to latent heat. To 
appreciate the significance of a small Stefan number, consider the limiting 
case of a material whose specific heat is zero, i.e. .0teS  Such a material 
has infinite thermal diffusivity.  This means that thermal effects propagate 
with infinite speed and a steady state is reached instantaneously as the 
interface moves. Alternatively, a material with infinite latent heat 

L 

L 
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( 0teS ), has a stationary interface. Thus the interface moves slowly for a 
sm efan number and the temperature distribution at each instant 
corresponds to that of steady state. In practice, quasi-steady approximation 
is justified for .1.0teS  Setting 0

all St

teS  in equations (6.10) and (6.11) 
gives

02
s

2

,                                          (6.14)     

02

2
L .                                          (6.15) 

Note that the energy equation (6.12) is unchanged in this model 

on of a Slab at the Fusion Temperature 

v

hysical consideration 
 temperature equal to the

 interface 
and that temperature distribution and interface motion are time dependent. 
What is simplified in this approximation are the governing equations and 
their solutions. 

Example 6.1: Solidificati fT

A slab of  thickness L is initially at the fusion 
temperature .fT  One side of the slab is 
suddenly ma ined at constant temperature 

fo TT  while the opposite side is kept at .fT
-liquid interface forms and mo  

towards the opposite face.  Use a quasi-steady 
state model to determine the time needed for 
the entire slab to solidify. 

(1) Observations.   (i) P

inta

A solid es

Fig. 6.3
L

x
oT

T
solid liquid

ix0

fT

requires that the liquid phase remains at a uniform
fusion temperature .fT  (ii) Solidification starts at time 0t .  (iii) The 
time it takes the slab to solidify is equal to the time needed for the interface 
to traverse the slab width L. Thus the problem reduces to determining the 
interface motion which is governed by the interface energy condition. 

(2) Origin and Coordinates.  Fig. 6.3 shows the origin and the coordinate 

rmulation.

axes.

(3) Fo
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     (i) Assumptions.  (1) One-dimensional conduction, (2) constant 
properties of the liquid and solid phases, (3) no changes in fusion 
temperature and (4) quasi-steady state, 1.0teS .

    (ii) Governing Equations.  For quasi-steady state the conduction 
equations, expressed in dimensional form, are  

02

2

x
Ts ,                                               (a)        

02

2

x
TL .                                               (b) 

     (iii) Boundary and Initial Conditions.  

     (1) oTtTs ),0(
     (2) fi TtxTs ),(
     (3) fi TtxTL ),(
     (4) fTtLTL ),(

Interface energy condition is  

     (5) 
td

dx
x

txT
k

x
txT

k iiis
ss

L
L

),(),(
.

The initial conditions are 

     (6) fTxTL )0,(
     (7) 0)0(ix

(4) Solution.  Direct integration of (a) and (b) gives 

BxAtxTs ),( ,                                      (c) 
and

DxCtxTL ),( ,                                      (d) 

where A, B, C, and D are constants of integration. These constants can be 
functions of time. Application of the first four boundary conditions gives 

)(
)(),(

tx
xTTTtxT

i
ofos ,                           (e) 

and

L 
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fTtxTL ),( .                                            (f) 

As anticipated, the liquid temperature remains constant. The interface 
location is determined from condition (5). Substituting (e) and (f) into 
condition (5) gives 

dt
dx

x
TT

k i

i

of
s s0 .

Separating variables 

dt
TTk

dxx
s

s of
ii

)(
.

Integration gives 

1
2 )(2

Ct
TTk

x
s

ofs
i .

Initial condition (7) gives 01C . Thus  

t
TTk

tx
s

s of
i

)(2
)( .                        (6.16a) 

In terms of the dimensionless variables of eq. (6.8), this result can be 
expressed as 

2i .                                       (6.16b) 

The time  needed for the entire slab to solidify is obtained by setting 
 in eq. (6.16a) 

ot
Lxi

)(2 of

2
s

o TTk
L

t
s

 
.                               (6.17a)

Since total solidification corresponds to 1i , eq. (6.16b) gives 

2/1o .                                        (6.17b) 

(5)  Checking. Dimensional check: eqs. (6.16a) and (6.17a) are 
dimensionally consistent. 

Limiting check: (i) If fo TT , no solidification takes place and the time 
needed to solidify the slab should be infinite. Setting fo TT  in eq. 

L 

L 

L 

L 

L 
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(6.17a) gives . (ii) If the slab is infinitely wide, solidification time 
should be infinite. Setting 

ot
L  in eq. (6.17a) gives ot .

(6) Comments. (i) Initial condition (6) is not used in the solution. This is 
inherent in the quasi-steady state model. Since time derivatives of 
temperature are dropped in this model, there is no opportunity to satisfy 
initial conditions. Nevertheless, the solution to the temperature distribution 
in the liquid phase does satisfy initial condition (6). (ii) The solution 
confirms the observation that the liquid phase must remain at  Thus 
analysis of the liquid phase is unnecessary. (iii) Since the liquid phase 
remains at the fusion temperature, fluid motion due to density changes or 
convection plays no role in the solution.  

.fT

Example 6.2: Melting of Slab with Time Dependent Surface             
Temperature

The solid slab shown in Fig. 6.4 is 
initially at the fusion temperature
The side at x = 0 is suddenly maintained 
at a time dependent temperature above 

 given by 

.fT

,fT
tTtT oL exp),0( ,

where andoT  are constant. A liquid-
solid interface forms at  0x  and 
moves towards the opposite side. Use a 
quasi-steady state model to determine the 
interface location and the time it takes for the slab to melt. 

Fig. 6.4

L

x fT

T

solidliquid

ix
0

tTo exp

(1) Observations. (i) Based on physical consideration, the solid phase 
remains at uniform temperature equal to the fusion temperature  (ii) 
Melting starts at time   (iii) The time it takes the slab to melt is equal 
to the time needed for the interface to traverse the slab width L.

.fT
.0t

(2) Origin and Coordinates.  Fig. 6.4 shows the origin and the coordinate 
axes.

(3) Formulation. 

     (i) Assumptions.  (1) One-dimensional conduction, (2) constant 
properties of the liquid phase, (3) no changes in fusion temperature, (4) 
neglect motion of the liquid phase and (5) quasi-steady state ( ).1.0teS
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     (ii) Governing Equations.  For quasi-steady state the liquid phase 
conduction equation, expressed in dimensional form, is 

02

2

x
TL .                                             (a) 

Since no heat can transfer to the solid phase, its temperature remains 
constant. Thus  

                             fTtxTs ),( .                                           (b)                   

     (iii) Boundary and Initial Conditions. The boundary conditions are 

     (1) tTtT oL exp),0(
     (2) fi TtxTL ),(

Substituting (b) into eq. (6.4) gives the interface energy condition  

     (3) 
td

dx
x

txTk ii
L

L
L

),(
                                           

Note that since this is a melting problem, s in eq. (6.4) is replaced by .L
The initial condition of the interface is

     (4) 0)0(ix

(4) Solution. Integration of (a) gives 

BAxtxTL ),( .

Application of boundary conditions (1) and (2) gives 

tTx
x

tTT
txT o

i

of
L exp

exp
),( .                      (c) 

Substituting (c) into condition (3) and separating variables

iiof dxxdttTTk

L

L )exp( .                             (d) 

Integrating and using initial condition (4) 
t xi

iiof dxxdttTTk

L

L

0 0

)exp( ,

or

L 

L 

L 
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2
)/()exp()/(

2
i

oof
xTtTtTk

L

L .

Solving this result for )(txi

)/()exp()/(2)( ofoi TtTtTktx
L

L .         (6.18) 

To determine the time it takes for the slab to melt, set ot Lxi  in eq. 
(6.18)

)/()exp()/(2
oofoo TtTtTkL

L

L  .         (6.19) 

This equation can not be solved for  explicitly.  A trial and error 
procedure is needed to determine .

ot
ot

(5) Checking. Dimensional check: Eq. (6.18) is dimensionally consistent.  

Limiting check: For the special case of constant surface temperature at 
, results for this example should be identical with the solidification 

problem of Example 6.1 with the properties of Example 6.1 changed to 
those of the liquid phase.  Setting 

0x

0  in the time dependent surface 
temperature gives ,),0( oTtT which is the condition for Example 6.1.  
However, since  appears in the denominator in eq. (6.18), direct 
substitution of 0  can not be made. Instead, the term texp  in eq. 
(6.18) is expanded for small values of t  before setting 0 . Thus, for 
small t  eq. (6 .18) is written as 

)/()!1/)(1()/(2)( ofoi TtTtTktx
L

L ,

or, for 0

tTTktx foi
L

L )(2)( .                            (6.20) 

This result agrees with eq. (6.16a). 
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L 

L 

L 

L 



6.7 Exact Solutions       197                   

(6) Comments. Time dependent boundary conditions do not introduce 
mathematical complications in the quasi-steady state model. 

6.7 Exact Solutions  

6.7.1 Stefan’s Solution 

One of the earliest published exact solutions to phase change problems is 
credited to Stefan who published his work in 1891 [1]. He considered 
solidification of a semi-infinite liquid region shown in Fig. 6.5. The liquid 
is initially at the fusion temperature  The surface at .fT 0x  is suddenly 
maintained at temperature .fo TT   Solidification begins instantaneously 
at  We wish to determine the temperature distribution and interface 
location. Since no heat can transfer to the liquid phase, its temperature 
remains constant throughout. Thus  

.0x

fTtxTL ),( .                                           (a) 

The governing equation in the solid phase is given by eq. (6.1)  

t
T

x
T s

s

s 1
2

2

.                                        (b) 

The boundary conditions are 

Fig. 6.5

solid

x
oT

T

dt
dxi

fT

ix
0

liquid

     (1) oTtTs ),0(
     (2) fi TtxTs ),(

Substituting (a) into eq. (6.4) gives 

     (3) 
td

dx
x

txT
k ii

s
s

s
),(

The initial condition is

     (4) 0)0(ix

Equation (b) is solved by similarity transformation.  We assume that the 
two independent variables x and t can be combined into a single variable 

).,( tx  Following the use of this method in solving the problem of 
transient conduction in a semi-infinite region, the appropriate similarity 
variable is

L 
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t
x

s4
 .                                       (6.21) 

We postulate that the solution to (b) can be expressed as  

)(ss TT .                                             (c)   

Using eq. (6.21) and (c), equation (b) transforms to  

022

2

d
dT

d
Td ss .                                    (d) 

Thus the governing partial differential equation (b) is transformed into an 
ordinary differential equation.  Note that (d) is identical to eq. (4.33) which 
describes transient conduction in a semi-infinite region without phase 
change. Following the procedure used to solve eq. (4.33), the solution to 
(d) is

BATs erf .                                  (6.22) 

Applying boundary condition (2) and using eq. (6.21) give 

B
t

x
AT

s

i
f 4

erf .                                 (e)                  

Since  is constant, it follows that the argument of the error function in 
(e) must also be constant. Thus we conclude that

fT

txi .
Let

tx si 4 ,                                            (f) 

where  is a constant to be determined. Note that this solution to the 
interface location satisfies initial condition (4). Applying boundary 
condition (1) to eq. (6.22) and noting that erf 0 = 0, gives  

oTB .                                                 (g) 

Boundary condition (2), (g) and eq. (6.22) give the constant A

erf
of TT

A .                                            (h) 
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Substituting (g) and (h) into eq. (6.22) gives the temperature distribution in 
the solid phase 

erf
erf

),( of
o

TT
TtxTs .                          (6.23)  

Finally, interface energy condition (3) is used to determine the constant .
Substituting (f) and eq. (6.23) into condition (3) gives  

txd
dTT

k s
ss

ix

of 4
2

erf
erf

)( .

The derivative of the error function is given by eq. (4.34). Substituting into 
the above and using eq. (6.21) gives 

spof cTT )(
erf)(exp 2 ,                       (6.24) 

where  is specific heat of the solid. Equation (6.24) gives the constant spc
.  However, since eq. (6.24) can not be solved explicitly for , a trial and 

error procedure is required to obtain a solution. Note that  depends on the 
material as well as the temperature at .0x

It is interesting to examine Stefan’s solution for small values of .  To 
evaluate eq. (6.24) for small ,  we note that 

1
!2!1

1exp
42

2 ,

and
2

!25!13
2erf )(

53
.

Substituting into eq. (6.24) gives 

2
)( ofp TTc s ,   for small .                      (6.25) 

Thus, according to eq. (6.13), a small corresponds to a small Stefan 
number. Substituting eq. (6.25) into (f) gives  

L 

L 

L 
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t
TTk

x
s

s of
i

)(2
,   for small  (small Ste).          (6.26)         

This result is identical to eq. (6.16a) of the quasi-steady state model.  

6.7.2 Neumann’s Solution: Solidification of Semi-Infinite Region  

Neumann [1] solved the more 
general problem of phase change in 
a semi-infinite region which is not 
initially at the fusion temperature. 
Thus Stefan’s solution is a special 
case of Neumann’s problem. 
Although Neumann’s solution was 
presented in his lectures in the 
1860's, the work was not published 
until 1912.

Fig. 6.6

fT

iT

x0
ix

T

oT
dtdxi /

solid liquid

Consider the solidification of a semi-infinite region shown in Fig. 6.6. 
Initially the region is at a uniform temperature  which is above the 
solidification temperature  The surface at 

iT
.fT 0x  is suddenly maintained 

at a constant temperature .fo TT   A solid-liquid interface forms 
instantaneously at  and propagates through the liquid phase. Since 

, heat is conducted through the liquid towards the interface. 
Neumann’s solution to this problem is based on the assumption that the 
temperature distribution is one-dimensional, properties of each phase are 
uniform and remain constant and that motion of the liquid phase is 
neglected. Thus the governing equations are 

0x
fi TT

t
T

x
T s

s

s 1
2

2

ixx0 ,                          (6.1)  

and

t
T

x
T L

L

L 1
2

2
             .                          (6.2) ixx

The boundary conditions are 

(1) oTtTs ),0(

L 
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(2) fi TtxTs ),(
(3) fi TtxTL ),(
(4) iTtTL ),(

The interface energy equation is  

(5)
td

dx
x

txT
k

x
txT

k iii
s

s
s

L
L

),(),(

The initial conditions are 

(6) iTxTL )0,(
(7)   0)0(ix

Following the procedure used to solve Stefan’s problem, the similarity 
method is applied to solve equations (6.1) and (6.2). The appropriate 
similarity variable is  

tx s4/  .                                   (6.21) 

We assume that the solutions to eq. (6.1) and eq. (6.2) can be expressed as  

)(ss TT ,                                            (a)   
and

)(LL TT .                                            (b) 

Using eq. (6.21), (a) and (b), equations (6.1) and (6.2) transform to  

022

2

d
dT

d
Td ss

i0 ,                         (c) 

and

022

2

d
dT

d
Td L

L

L s
i ,                         (d) 

where
tx sii 4/ .                                        (e) 

Solutions to (c) and (d) are 

BATs erf ,                                        (f) 
and

L 
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DCT LL /erf s .                               (g)                     

Applying boundary condition (2)  

B
t

xAT i
f

s4
erf .

Thus
txi .

Let
tx si 4 .                                           (h) 

Using eq. (6.21) and (h), conditions (1) to (6) are transformed to  

    (1) oTTs )0(
    (2) fTTs )(
    (3) fTTL )(
    (4) iTTL )(

    (5) sss d
dT

k
d

dT
k L

L
s 2

)()(

    (6) iTTL )(

Note that (h) satisfies condition (7) and 
that conditions (4) and (6) are identical.  
In the transformed problem the interface 
appears stationary at .   
shows the temperature distribution of 
the transformed problem.  Boundary 
conditions (1)-(4) give the four 
constants of integration, A, B, C and D.
Solutions (f) and (g) become 

7.6.Fig

Fig. 6.7

fT
iT

0

T

oT

solid liquid

t
xTT

TtxT
s

of
os 4

erf
erf

)(
),( ,                   (6.27) 

and

)(
4

erf-1
/(erf-1

)(
),(

t
xTT

TtxT
LL

L
s

if
i .     (6.28)   
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The constant  appearing in the interface solution (h) and in equations 
(6.27) and (6.28) is still unknown. All boundary conditions are satisfied 
except the interface energy condition. Substituting equations (6.27) and 
(6.28) into condition (5) gives an equation for 

.
)()/(erf1

)/exp(
erf

)exp( 22

ofpof

fi

TTcTT
TT

k
k

ss

s

s

s

L

LL

L

(6.29)
Note that Stefan’s solution is a special case of Neumann’s solution. It can 
be obtained from Neumann’s solution by setting fi TT  in equations 
(6.27)-(6.29).

6.7.3 Neumann’s Solution: Melting of Semi-infinite Region 

The same procedure can be followed to solve the corresponding melting 
problem. In this case the density s in interface condition (5) above is 
replaced by .L  The solutions to the interface location and temperature 
distribution are 

tx Li 4 ,                                     (6.30) 

t
xTT

TtxT
L

L
of

o 4
erf

erf
)(

),( ,                   (6.31) 

and

)(
4

erf-1
/(erf-1

)(
),(

t
xTT

TtxT
ss

if
is

L

,       (6.32)      

where  is given by 

)()/(erf1
)/exp(

erf
)exp( 22

fopfo

if

TTcTT
TT

k
k

LL

L

L

L

s

ss

s
.

(6.33)

It is important to recognize that for the same material at the same fi TT
and ,fo TT  values of  for solidification and for melting are not 
identical.

L 
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6.8 Effect of Density Change on the Liquid Phase  

Although we have taken into consideration property change during phase 
transformation, we have neglected the effect of liquid motion resulting 
from density change. A material that 
expands during solidification causes the 
liquid phase to move in the direction of 
interface motion as shown in Fig. 6.8. The 
heat conduction equation for a fluid 
moving with a velocity U is obtained from 
eq. (1.7). Assuming constant properties 
and one-dimensional conduction, eq. (1.7) 
gives

Fig. 6.8

ixx0

liquidsolid

)(tU

x
TU

t
T

x
T LLL

L 2

2
.                             (6.34) 

To formulate an equation for the liquid 
velocity U, consider phase change in 
which the liquid phase is not restrained 
from motion by an external rigid 
boundary.  Fig. 6.9 shows a liquid element 

 adjacent to the interface at 
During a time interval dt the element 
solidifies and expands to  The 
interface moves a distance  given by  

Ldx .ix

sdxdxi

.sdx
idx

                           .                  (a) 

The expansion of the element causes the 
liquid phase to move with a velocity U given by 

si dxdx

interface

at t

at t+dt
interface

                                
dt

dxdxU Li .                                          (b) 

Conservation of mass for the element yields 

idxdxdx sssLL ,
or

Fig. 6.9

at t

liquid
element

ix
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                                idxdx
L

L
s .                                           (c)  

Substituting (c) into (b) 

                              
td

dxU is

L

)(1 .                                   (6.35)                     

Since interface velocity  is not constant, it follows that the velocity 
 is time dependent.  Substituting eq. (6.35) into eq. (6.34) gives 

dtdxi /
U

t
T

x
T

td
dx

x
T LL

L

L
L

is )(12

2

.                    (6.36) 

The solution to Neumann’s problem, taking into consideration liquid phase 
motion, can be obtained by applying the similarity transformation method.  

6.9 Radial Conduction with Phase Change 

Exact analytic solutions to radial conduction with phase change can be 
constructed if phase transformation takes place in an infinite region.  
Examples include phase change around a line heat source or heat sink. 
Consider solidification due to a line heat sink shown in Fig. 6.10. The 
liquid is initially at  Heat is suddenly removed along a line sink at 
a rate oQ  per unit length. Assuming constant properties in each phase and 
neglecting the effect of liquid motion, the heat conduction equations are  

.fi TT

t
T

r
T

rr
T s

s

ss 11
2

2
)(0 trr i ,              (6.37) 

t
T

r
T

rr
T L

L

LL 11
2

2
           .             (6.38)                  )(trr i

where  is the interface location. The boundary condition at the center 
 is based on the strength of the heat sink. It is expressed as  

)(tri
0r

     (1) or
Q

r
T

kr s
s2lim

0

The remaining boundary conditions are 
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     (2) fi TtrTs ),(
     (3) fi TtrTL ),(
     (4) iTtTL ),(
The interface energy equation is  
     (5)

td
rd

r
trT

k
r

trT
k iiL

L
i

s
s

s
),(),(

The initial temperature is  

     (6) iTrTL )0,(

Assuming that solidification begins 
instantaneously, the interface initial 
condition is     

     (7) 0)0(ir

Solution to this problem is based on the 
similarity method.  The similarity variable is [1]  

solid liquid

rir

interface

r

fT iT

Fig. 6.10

solid

sinkline
fT

tr s4/2 .                                      (6.39)   
Assume that 

)(),( ss TtxT ,
and

)(),( LL TtxT .

Using eq. (6.39), equations (6.37) and (6.38) transform to  

011 )(2

2

d
dT

d
Td ss ,                            (6.40)      

and

01)(2

2

d
dT

d
Td L

L

L s .                          (6.41) 

These equations can be integrated directly.  Separating variables in eq. 
(6.40) and integrating  

L 
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)(
/

)/(
dd

ddT
ddTdsT

s

s ,

A
d
dTs lnlnln ,

d
dT

A
s1ln .

Rearranging, separating variables and integrating again 

BdeAdTs

Ts
,

BdeATs .                                    (a) 

where A and B are constants of integration.  The choice of the upper limit 
in the above integral will be explained later. The same approach is used to 
solve eq. (6.41). The result is

DdeCT
Ls

L

)/(

,                              (b) 

where C and D are constants of integration. Solution (a) and boundary 
condition (1) give 

.44lim

4
22lim2lim

0

00

oss

s
s

s
s

QAkeAk

t
rerAk

rd
Td

kr

This gives A as 

sk
Q

A o

4
.                                           (c) 

To determine  solution (a) is applied to boundary condition (2) to give  )(tri
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BdeAT
i

f ,                                    (d) 

where i is the value of at the interface. It is determined by 
setting in eq. (6.39) irr

tr sii 4/2 .                                     (6.42) 

Since  remains constant at all times, this result requires that fT i  be 
independent of time. It follows from eq. (6.42) that  Thus we let.2 tri

tr si 42 .                                       (6.43) 

Note that this form of  satisfies initial condition (7).  Substituting into eq. 
(6.42) gives  

ir

i ,                                                 (e) 

where  is a constant to be determined. Substituting (c) and (e) into (d) 

Bde
k

Q
T

s

o
f 4

.

Solving for B

de
k

Q
TB

s

o
f 4

.                                (f)         

Applying condition (4) to solution (b) gives 

DDdeCT
Ls

i 0
)/(

,

or
iTD .                                                 (g) 

Boundary condition (3) and solution (b) give 

de

TT
C

Ls
if

)/( .                                  (h) 

Interface energy equation (5) gives an equation for
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ss
s

s
L

L

L e
de

TTk
e

Q fio )/(
)/(

)(
4

.      (6.44) 

Thus all the required constants are determined. Before substituting the 
constants of integration into solutions (a) and (b) we will examine the 
integrals appearing in this solution. These integrals are encountered in other 
application and are tabulated in the literature [2]. The exponential integral 
function Ei(-x) is defined as

x
dv

v
exEi

v
)(  .                              (6.45) 

This explains why in integrating equations (6.41) and (6.42) the upper limit 
in the integrals in (a) and (b) is set at .  Values of exponential integral 
function at  and 0x x  are

)0(Ei , 0)(Ei .                              (6.46) 
Using the definition of )( xEi and the constants given in (c), (f), (g) and 
(h), equations (a), (b) and (6.44), become 

)()4/(
4

),( 2 EitrEi
k

Q
TtrT s

s

o
fs  ,          (6.47) 

)4/(
)/(

2 trEi
Ei

TT
TT L

L
L

s

if
i ,                (6.48) 

and

ss
s

s

L

L

L e
Ei

TTk
e

Q fio )/(

)/(
)(

4
.          (6.49) 

6.10 Phase Change in Finite Regions 

Exact analytic solutions to phase change problems are limited to semi-
infinite and infinite regions. Solutions to phase change in finite slabs and 
inside or outside cylinders and spheres are not available.  Such problems 
are usually solved approximately or numerically. 

L 

L 
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                                                              PROBLEMS 

6.1 A slab of thickness L and fusion 
temperature  is initially solid at 
temperature   At time 
one side is heated to temperature 

while the other side is held at 
.  Assume that Ste < 0.1, determine 

the transient and steady state interface 
location.

f

L

x

oT

T

0
ix

iT
fT

solidliquidT
.TT 0t

TT
T

fi

fo

i

6.2 Consider freezing of a deep lake which is initially at the fusion 
temperatureT   During a sudden cold wave which lasted four 
weeks, air temperature dropped to .  Assume that lake 
surface temperature is approximately the same as air temperature.  
Justify using a quasi-steady model and determine the ice thickness at 
the end of four weeks. Ice properties are: 

.f
C18 o

2093psc ,
,

CJ/kg o

21.2sk CW/m o 730,333 J/kg  and .kg/m8.916 3
s

6.3 Radiation is beamed at a semi-
infinite region which is initially 
solid at the fusion temperatureT
The radiation penetrates the liquid 
phase resulting in a uniform energy 
generation  The surface at 

 is maintained at temperature 
  Assume that Ste < 0.1, 

determine the transient and steady 
state interface location.  

.f

.q
0x

.fo TT

solid

liquid

radiation

ix
x

q

oT

fT

0

L 
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6.4   You decided to make ice during a cold day by placing water in a pan 
outdoors. Heat transfer from the water is by convection. Air 
temperature is  and the heat transfer coefficient is 12.5 

. Initially the water is at the fusion temperature. How 
thick will the ice layer be after 7 hours? Justify using a quasi-steady 
model to obtain an approximate answer. Properties of ice are: 

,

C10 o

CW/m o2

2093psc CJ/kg o 21.2sk ,CW/m o 730,333 J/kg
and .kg/m8.916 3

s

6.5 An old fashioned ice cream kit 
consists of two concentric cylinders 
of radii  and . The inner 
cylinder is filled with milk and ice 
cream ingredients while the space 
between the two cylinders is filled 
with an ice-brine mixture. To 
expedite the process, the inner 
cylinder is manually rotated.  
Assume that the surface of the 
cylinder is at the brine temperature T  and that Ste < 0.1. Assume 
further that the liquid is initially at the fusion temperature. Derive an 
expression for the total solidification time. Apply the result to the 
following case: 

aR bR

o

cm,10aR cm,25bR
Assume that ice cream has the same properties as ice, given by:          

,C20o
oT .fi TT

bR

aR
oT

creamice
milk

brine-ice

          2093psc ,CJ/kg o 21.2sk ,CW/m o 730,333 J/kg and
.kg/m8.916 3

s

6.6  Liquid at the fusion temperature T  is contained between two 
concentric cylinders of radii  and . At time  the inner 
cylinder is cooled at a time dependent rate 

f

aR bR 0t
)(tqo  per unit length. 

The outer cylinder is insulated. 

         [a]  Assuming that  Ste < 0.1, derive an expression for the total 
solidification time. 

         [b] Determine the solidification time for the special case of  
tCtqo /)( ,  where C  is constant.

L 

L 
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6.7  Liquid at the fusion temperature fills a thin 
walled channel of length L and variable cross 
section area given by  )(xAc

                                  ,Lx
oc eAxA /)(

         where is constant and x is distance along 
the channel. At time  the surface at x = 0 
is maintained at 

oA
0t

.fo TT   Assume that the 
channel is well insulated and neglect heat 
conduction through the wall, use quasi-steady 
approximation to determine the interface location.  

x

0 oT

)(xAc

interface

S

L
fT

L

6.8   Consider two concentric spheres of radii  and .  The space 
between the spheres is filled with solid material at the fusion 
temperature   At time  the inner sphere is heated such that 
its surface temperature is maintained at oT termine the time 
needed for the solid to melt. Assume one-dimensional conduction 
and Ste < 0.1.  

aR bR

.fT 0t
.fT  De

6.9   Consider a semi-infinite solid region at the fusion temperature
The surface at  x = 0 is suddenly heated with a time dependent flux 
given by  

.fT

                                                     
t

Cqo )0( ,

          where C is constant. Determine the interface location for the case of 
a Stefan number which is large compared to unity. 

6.10 A glacier slides down on an 
inclined plane at a rate of 1.2 
m/year. The ice front is heated 
by convection. The heat transfer 
coefficient is .h
The average ambient temperature 
during April through September 
is

CW/m8 o2

C.10oT   During the remaining months the temperature is 
below freezing. Melting ice at the front flows into an adjacent stream.  

glacier

Vg

front ice

water
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Because of continuous melting, the front recedes slowly.   Assume 
that conduction through the ice at the front is small compared to 
convection, determine the location of the front after 10 years. Ice 
properties are:

         1460psc CJ/kg o 489.3sk CW/m o

         940,334 J/kg
fT

L

S

S

ixx

0

iT

         3kg/m928s

6.11 A semi-infinite liquid column at the fusion temperature 
 is suddenly brought in contact with a semi-infinite 

solid at a uniform temperature 
fT

fi TT . The solid does 
not undergo phase transformation.  The liquid column 
begins to solidify and grow.  Determine the interface 
location for the case of a Stefan number which is large 
compared to unity. 

6.12  A slab of width L is initially solid at 
the fusion temperature f  The 
slab is brought into contact with a 
semi-infinite solid region which is 
initially at uniform temperature 

 The solid region does not 
undergo phase change while the slab 
melts. Obtain an exact solution for 
the time needed for the entire slab to 
melt. Assume that the free surface 
of the slab is insulated. 

0

o
o
ok

ix
x

SL

L

L

Lk
S

fT

iT

L

.T

.fi TT

6.13  Solve Neumann’s problem taking into consideration the effect of 
density change.  

6.14 A slab of width L is initially liquid 
at the fusion temperature  The 
slab is brought into contact with a 
semi-infinite solid region which is 
initially at uniform temperature 

 The solid region does not 

.fT

.fi TT
0

o
o
ok

ix
x

S LS

fT

iT
s
s
sk

L

L 



214       6 Conduction with Phase Change 

undergo phase change while the slab solidifies. Obtain an exact 
solution for the time needed for the entire slab to solidify. Assume 
that the free surface of the slab is insulated. 

6.15 Under certain conditions the temperature of a liquid can be lowered 
below its fusion temperature without undergoing solidification. The 
liquid in such a state is referred to as supercooled. Consider a 
supercooled semi-infinite liquid region which is initially at uniform 
temperature  The surface at 

 is suddenly maintained at the 
fusion temperature  Solidification 
begins immediately and a solid-liquid 
front propagates through the liquid 
phase. Note that the solid phase is at 
uniform temperature  Determine 
the interface location. 

.fi TT
0x

.fT

.fT

0
ix

x

S L
fT

iT
0

6.16   Consider melting due to a line heat source in an infinite solid region. 
The solid is initially at .fi TT  Heat is suddenly added along a line 
source at a rate  per unit length. Determine the interface location. 
Assume constant properties in each phase and neglect fluid motion 
due to density change. 

oQ
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NON-LINEAR CONDUCTION PROBLEMS 

7.1 Introduction 

Non-linearity in conduction problems arises when properties are 
temperature dependent or when boundary conditions are non-linear. 
Surface radiation and free convection are typical examples of non-linear 
boundary conditions. In phase change problems the interface energy 
equation is non-linear. 

Although the method of separation of variables has wide applicability, it is 
limited to linear problems.  Various methods are used to solve non-linear 
problems. Some are exact and others are approximate. In this chapter we 
will examine the source of non-linearity and present three methods of 
solution. Chapters 8 and 9 deal with approximate techniques that are also 
applicable to non-linear problems. 

7.2 Sources of Non-linearity

7.2.1 Non-linear Differential Equations

Let us examine the following heat equation for one-dimensional transient 
conduction   

t
Tcq

x
Tk

x p)( .                            (7.1) 

In this equation the density , specific heat and thermal conductivity 
 can be functions of temperature. Variation of

pc
k and/or with
temperature makes the transient term non-linear.  Similarly, if 
the first term becomes non-linear. This is evident if we rewrite eq. (7.1) as 

pc
)(Tkk

t
Tcq

x
T

dT
dk

x
Tk p

2

2

2
.                       (7.2) 
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The term  is clearly non-linear.  Another example of a non-
linear differential equation is encountered in fins. The governing equation 
for a fin exchanging heat by convection and radiation is 

2)/( xT

0)()( 44
2

2

surTT
kA

CTT
kA
hC

dx
Td

.              (7.3)  

The non-linearity of this equation is due to the 4T  term. 

7.2.2 Non-linear Boundary Conditions 

(1) Free convection.  A common free convection boundary condition is 
expressed as 

4/5)( TT
x
Tk ,                                  (7.4) 

where  is constant. Unlike forced convection where the flux is 
proportional to  the 5/4 power associated with some free 
convection problems makes this boundary condition non-linear. 

),( TT

(2) Radiation.  A typical radiation boundary condition is expressed as 

)( 44
sutTT

x
Tk .                                (7.5) 

(3) Phase change interface.  Conservation of energy at a phase change 
interface yields 

td
dx

x
Tk

x
Tk i

ss L L .                            (7.6)  

This condition is non-linear as shown in eq. (6.7). 

7.3 Taylor Series Method

This method gives an approximate description of the temperature 
distribution in the vicinity of a location where the temperature and its 
derivatives are specified or can be determined. Taylor series expansion of 
the function about)(xT 0x is given by 

.
!

)0(
!3

)0(
!2

)0(
!1

)0()0()(
3

3

32

2

2

n
x

dx
Tdx

dx
Tdx

dx
Tdx

dx
dTTxT

n

n

n
          

(7.7)
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q

The first derivative can be obtained if the flux is specified. For an insulated 
boundary or a plane of symmetry the first derivative vanishes. Higher order 
derivatives can be determined from the heat conduction equation. It should 
be noted that the heat conduction equation is not solved in this method. The 
following example illustrates the use of this method. 

Example 7.1: Slab with Variable Thermal Conductivity

A slab of thickness generates heat at a volumetric 
rate of 

L
.  The slab is cooled symmetrically on both 

sides. The temperature at the mid-plane is T . The 
thermal conductivity of the slab depends on 
temperature according to  

o

1(kk o )2TT ,                                                

T

q

x

Fig. 7.1

)(Tk

0

where ,ok and are constant.   Use Taylor series 
expansion to determine the steady state temperature 
distribution.

(1) Observations. (i) Because the conductivity depends on temperature the 
problem is non-linear. (ii) Since the mid-plane temperature is specified, 
Taylor series expansion should be about the mid-plane. (iii) Symmetry 
requires that the temperature gradient at the mid-plane vanish. 

(2) Origin and Coordinates.  Fig. 7.1 shows the origin and coordinate 
axis.

(3) Formulation.

(i) Assumptions. (1) Steady state, (2) one-dimensional conduction, (3) 
symmetry about the mid-plane and (4) uniform energy generation. 

     (ii) Governing Equations.  Although the heat conduction equation is 
not solved in this method, it is needed to determine higher order 
temperature derivatives. For steady state, eq. (7.2) simplifies to 

0
2

2

2
q

dx
dT

dT
dk

dx
Tdk .                            (a) 

     (iii) Boundary Conditions.
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           (1) oTT )0(

           (2) 0)0(
dx

dT

(4) Solution.  The temperature distribution is given by Taylor series 
expansion, eq. (7.7)  

!4
)0(

!3
)0(

!2
)0(

!1
)0()0()(

4

4

43

3

32

2

2 x
dx
Tdx

dx
Tdx

dx
Tdx

dx
dTTxT           

(b)
Conditions (1) and (2) give  and  The second derivative is 
determined by evaluating the heat equation (a) at 

)0(T ./)0( dxdT
0x

)0(
)0(

2

2

k
q

dx
Td

.                                       (c) 

To determine the third derivative, equation (a) is solved for and
differentiated with respect to x

22 / dxTd

.211
2

23

2

232

223

3

dx
Td

dx
dT

dT
dk

kdx
dT

dT
kd

kdx
dT

dT
dk

kdx
dT

dT
dk

k
q

dx
Td

           (d) 
Evaluating (d) at  and using boundary condition (2) gives 0x

0)0(
3

3

dx
Td

.                                             (e) 

The fourth derivative is obtained by differentiating (d) with respect to x,
setting x = 0 and using boundary condition (2) and equation (c). The result 
is

dT
dk

k
q

dx
Td )0(

)]0([
)(3)0(

3

2

4

4
.                                  (f) 

Substituting (c), (e) and (f) into (b) and using boundary condition (1) gives 

!4
)0(

)]0([
)(3

!2)0(
)(

4

3

22 x
dT

dk
k

qx
k
qTxT o ,                  (g)  

where k(T) is given by 



7.3 Taylor Series Method       219 

)1( 2TTkk o .                                  (h) 

Using boundary condition (1), equation (h) yields 

)1()()0( 2
oooo TTkTkk ,                          (i) 

and

)2()0(
oo Tk

dT
dk

.                                    (j)  

Substituting (i) and (j) into (g) 

.
!4)1()(

)2()(3
!2)1(

)(
4

322

22

2
x

TTk
Tqx

TTk
qTxT

ooo

o

ooo
o   (k) 

(5) Checking. Dimensional check:  Equation (k) is dimensionally correct. 

Limiting check: The solution corresponding to constant thermal 
conductivity is obtained by setting 0 in (k) 

2

2
)( x

k
qTxT

o
o .                                      (l) 

This is the exact solution for constant   It satisfies the two boundary 
conditions and the corresponding heat equation.

.k

Symmetry: The temperature solution is expressed in terms of even powers 
of x. Thus it is symmetrical with respect to x = 0.

(6) Comments.  (i) The slab thickness does not enter into the solution since 
two boundary conditions are given at x = 0. (ii) Solution (k) is approximate.  
Its accuracy deteriorates as the distance x is increased. (iii) This problem 
can be solved exactly by direct integration of eq. (7.1) which simplifies to  

0q
dx
dTk

dx
d

.                                     (m) 

Substituting (h) into (m), separating variables, integrating and applying the 
two boundary conditions gives 

23232

23232
x

k
qTTTTTT

o
ooo .             (n) 
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Although this is an exact solution, it is implicit. 

7.4 Kirchhoff Transformation

7.4.1 Transformation of Differential Equations 

This method deals with the non-linearity associated with temperature 
dependent thermal conductivity in equation (7.1). We introduce a new 
temperature variable )(T  defined as [1] 

T

o
dTTk

k
T

0

)(1)( .                                  (7.8)   

Note that if  is specified, eq. (7.8) gives a relationship between )(Tk  and 
T.  To transform eq. (7.1) in terms of the variable ,  eq. (7.8) is first 
differentiated to obtain dTd /

ok
k

dT
d

.                                                (a) 

Using this result we construct tT /  and xT /

tk
k

td
dT

t
T o ,                                    (b) 

and

xk
k

xd
dT

x
T o .                                     (c) 

Substituting (b) and (c) into eq. (7.1) 

tk
q

x o

1
2

2
,                                     (7.9) 

where  is the thermal diffusivity, defined as 

pc
kT )( .

The following observations are made regarding the above transformation: 
(1) The non-linear conduction term in eq. (7.1) is transformed into a linear 
form. 
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(2) The diffusivity  is a function of temperature since  and p are 
temperature dependent. Thus, the transient term in eq. (7.9) is non-
linear.

c

(3) Since thermal diffusivity does not play a role in steady state stationary 
problems, the transformed equation in this special case is linear. 

(4) In problems where pck /  can be assumed constant, equation 
(7.9) becomes linear.  

7.4.2 Transformation of Boundary Conditions 

To complete the transformation, boundary conditions must also be 
expressed in terms of the variable .  Successful transformation is limited 
to the following two conditions: 

(1) Specified Temperature.   Let the temperature at a boundary be  

oTT .                                            (7.10)  

The definition of  in eq. (7.8) gives 

)(TF .                                               (a) 

Substituting eq. (7.10) into (a) 

ooTF )( .                                    (7.11)  

Thus specified temperature at a boundary is transformed into specified .
Note that can be a function of time and location. oT

(2) Specified Heat Flux. This boundary condition is expressed as

oq
x
Tk .                                        (7.12)  

However

xk
k

xd
dT

x
T o ,

or

xk
k

x
T o  .                                           (b)   

Substituting (b) into eq. (7.12) 
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oo q
x

k .                                        (7.13)  

Thus, the transformed condition is a specified flux. Furthermore, since 
is constant, eq. (7.13) is linear.  

ok

Example 7.2: Two-dimensional Conduction in a Cylinder with Variable 
Conductivity

A cylinder of radius o  and 
length L is insulated at one end 
and heated with uniform flux o

r

q
at the other end. The cylindrical 
surface is maintained at a 
uniform temperature oT  The 
thermal conductivity varies with 
temperature according to  

z

or

L

00

Fig. 7.2

oq

r
oT r

.

)1( Tkk o .

Use Kirchhoff method to determine the steady state temperature 
distribution in the cylinder.  

(1) Observations. (i) Because the conductivity depends on temperature the 
problem is non-linear. (ii) The boundary conditions consist of specified 
temperature and specified heat flux. (iii) Kirchhoff transformation can be 
used to solve this problem. 

(2) Origin and Coordinates.  Fig. 7.2 shows the origin and coordinate 
axes.

(3) Formulation.

(i) Assumptions.  (1) Steady state, (2) two-dimensional conduction and 
(3) axisymmetric temperature distribution. 

     (ii) Governing Equations.  Based on the above assumptions, 
 modified for variable k, becomes ),11.1(.eq

01
z
Tk

zr
Tkr

rr
.                            (a) 

(iii) Boundary Conditions.  The four boundary conditions are 
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(1) ,0),0(
r

zT
      (2) ,),( oo TzrT

(3) ,0)0,(
z
rT

      (4)  oq
z

LrTk ),(
.

(4) Solution.  This non-linear problem lends itself to a solution by 
Kirchhoff transformation. Introducing the transformation variable 

T

o
dTTk

k
T

0

)(1)( ,                                   (b) 

where  is given as )(Tk

)1()( TkTk o .                                       (c) 
Substituting (c) into (b) 

2

0 2
)1(1)( TTdTTk

k
T

T

o
o

.                    (d) 

This gives a relationship between  and T.  To determine ,  the 
governing equation and boundary conditions are transformed using (b). 
Thus

rk
k

rd
dT

r
T o   and

zk
k

zd
dT

z
T o .            (e) 

Substituting into (a) 

01
2

2

2

2

zrrr
.                                     (f) 

Using (d) and (e), the boundary conditions transform to  

     (1) 0),0(
r

z

     (2) oooo TTzr 2/),( 2

     (3) 0)0,(
z
r
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     (5) oo q
z

Lrk ),(

Thus the governing equation and boundary conditions are transformed to a 
linear problem which can be solved by the method of separation of 
variables. Details of the solution to (f) will not be presented here. Once 

),( zr  is determined the solution to quadratic equation (d) gives T(r,z)

1),(21),( 2 zrzrT .

(5) Comments. The same approach can be used to solve this problem if in 
addition the cylinder generates heat volumetrically.  

7.5 Boltzmann Transformation

The Boltzmann transformation approach is based on the similarity method 
which we encountered in the solution of transient conduction in semi-
infinite regions and in phase change problems.  It is limited to semi-infinite 
domains and applies to restricted initial and boundary conditions. The idea 
is to introduce a similarity variable which combines two independent 
variables and transforms the differential equation from partial to ordinary. 
However, when applying this method to variable thermal conductivity, the 
non-linear partial differential equation is transformed to a non-linear 
ordinary differential equation whose solution may still present difficulties.   

Example 7.3: Transient Conduction in a Semi-infinite Region with 
Variable Conductivity

A semi-infinite region is initially at a uniform temperature  The surface 
at  is suddenly maintained at a constant temperature   The 
thermal conductivity is temperature dependent. Use Boltzmann 
transformation to determine the transient temperature distribution. 

.iT
0x .oT

(1) Observations. (i) Since the region is semi-infinite and the initial 
temperature is uniform, the problem lends itself to solution by the 
similarity method. (ii) The problem is non-linear because the thermal 
conductivity depends on temperature. 

(2) Origin and Coordinates.  Fig. 7.3 shows the origin and coordinate 
axis.
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(3) Formulation.

(i) Assumptions. (1) One-dimensional transient conduction and (2) 
uniform initial temperature. 

(ii) Governing Equations.  Equation (7.1) simplifies to  

                               
t
Tc

x
Tk

x p)( .                                    (a) 

     (iii) Boundary and Initial Conditions.

           (1) oTtT ),0(

x
iT

Fig. 7.3

)(Tk
oT
0

           (2) iTtT ),(
           (3) iTxT )0,(

(4) Solution. Following the method used to 
solve transient conduction in a semi-infinite 
region with constant properties, introduce a 
similarity variable ),,( tx  defined as

t
xtx ),( .                                            (b)     

Applying this variable to (a) gives 

0
2

)(
d
dTc

d
dTk

d
d p .                         (7.14) 

The three conditions transform to 

     (1) oTT )0(
     (2) iTT )(
     (3) iTT )(

We make the following observations regarding this result: 

(1) The problem is successfully transformed into an ordinary differential 
equation. The variables x and t are replaced by .

(2) Equation (b) is second order which can satisfy two boundary 
conditions. Since two of the three conditions become identical in the 
transformed problem, equation (b) has the required number of 
conditions.
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(3) Equation (7.14) is non-linear. Since k, and p depend on temperature, 
it follows that both terms in  are non-linear.  

c
)14.7(.eq

(4) For the special case of constant  and  is solved by 
successive approximation [1]. 

,pc )14.7(.eq

(5) Comments. Several restrictions are imposed on this problem to obtain 
an approximate solution. They are: semi-infinite region, uniform initial 
temperature, constant boundary temperature and constant  and   .pc

7.6 Combining Boltzmann and Kirchhoff Transformations

Some of the shortcomings of the Boltzmann transformation can be 
eliminated by combining it with the Kirchhoff transformation.  To illustrate 
this approach we return to Example 7.3. We introduce the Kirchhoff 
transformation  

T

o
dTTk

k
T

0

)(1)( .                                 (7.8) 

Applying eq. (7.8) to eq. (7.14) transforms it to 

0
2
1

2

2

d
d

d
d

,                                 (7.15) 

where  is the thermal diffusivity, defined as 

pc
k

.                                                 (a) 

The two boundary conditions transform to  

     (1) 
oT

oo
o

TdTTk
k 0

)()(1)0(

     (2) 
iT

ii
o

TdTTk
k 0

)()(1)(

The second term in  is non-linear because )15.7(.eq  is temperature 
dependent.  However, although the three properties k,  and  are 
temperature dependent, their ratio in the definition of 

pc
 may be a weak 

function temperature for some materials. In such a case  can be assumed 
constant and  becomes linear. Based on this assumption )15.7(.eq
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)15.7(.eq  can be separated and integrated directly.  The solution, 
expressed in terms of the original variables, is given by 

B
t

xAtx
4

erf),( ,                                (b) 

where A and B are constant. Applying the two boundary conditions, the 
solution becomes 

t
xtx oio 4

erf)(),( .                         (c) 

Eq. (7.8) is used to convert (c) to the variable T.  Once  is specified, 
this equation gives 

)(Tk
 in terms of T.  For example, consider the special case 

where the conductivity is given by 

)1()( TkTk o .                                       (d)   

Substituting into eq. (7.8) gives 

)2/()( 2TTkT o .

The constants o  and i  become 

)2/( 2
oooo TTk ,

)2/( 2
iioi TTk .

7.7 Exact Solutions 

In the previous sections we have presented various techniques for dealing 
with certain non-linear problems in conduction. However, none of these 
methods are suitable for solving radiation problems.  In this section we 
illustrate how a simple transformation is used to analyze fins with surface 
radiation. Consider the semi-infinite constant area fin shown in Fig. 7.4. 
The fin exchanges heat with the surroundings by both convection and 
radiation. We assume that the ambient fluid and the radiating surroundings 
are at the same temperature  The base of the fin is maintained at 
The heat equation for this fin is given by  

.T .oT

0)()( 4422
2

2
TTmTTm

dx
Td

rc ,                 (7.16)  
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where

              
c

c kA
hCm2 ,  and

c
r kA

Cm2 .                                (a) 

Equation (7.16) is based on conservation of energy for an element dx using 
Fourier’s law of conduction, Newton’s law of cooling and Stefan-
Boltzmann radiation law.  Equation (7.16) is a special case of eq. (7.3) with 

 The two boundary conditions are .TTsur

(1) oTT )0(

(2) TT )(

We introduce the following 
transformation [2] 

dx
dT

.                 (b)      

Th,

x

TTsur

0

dx
Differentiating (b) 

Fig. 7.4

dx
d

dx
Td
2

2
.               (c) 

Solving (b) for dx
dTdx .                                               (d) 

Substituting (d) into (c) 

dT
d

dx
Td
2

2
.                                           (e) 

Using (e) to eliminate 2

2

dx
Td

 in eq. (7.16) gives 

)()( 4422 TTmTTm
dT
d

rc .                    (7.17)        

This equation is separable and thus can be integrated directly to give 

CTTTmTTTm rc )()5/()()2/(
2

45222
2

,           (f) 
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where C is constant of integration. Solving (f) for  and using (b) gives 
the temperature gradient at any location x

2/145222 )5/()2/(2 CTTTmTTTm
dx
dT

rc .  (g) 

If  the fin loses heat to the surroundings. That is,  and 
thus the negative sign in (g) must be used. On the other hand the positive 
sign is used if  To determine the constant C, equation (g) is 
applied at 

,TTo 0/ dxdT

.TTo
x  where

TT )( , and 0)(
dx

dT
.                             (h) 

Substituting (h) into (g) and solving for C gives

5222 )4/5()2/1( TmTmC rc .                             (i)  

With the temperature gradient given in (g), the heat transfer rate can be 
determined by applying Fourier’s law at the base x = 0 and using boundary 
condition (1) and equation (i). The result is  

dx
dTkAq c

)0(

2/15452222 )45)(5/()2)(2/(2 TTTTmTTTTmkA ooroocc .

(7.18)
where the positive sign is for and the negative for TTo .TTo  The 
following observations are made regarding this solution: 

(1) Although an exact solution is obtained for the heat transfer rate from the 
fin, a solution for the temperature distribution can not be determined. 

(2) The more general case of TTsur can be solved following the same 
approach.  In this case ),(T  which is needed to determine C, is not 
equal to . However, it can be determined by applying atT )16.7(.eq
x  where

0)(
2

2

dx
Td

.                                            (j) 

Substituting (j) into  gives )16.7(.eq



230      7 Non-linear Conduction Problems  

0)()( 4422
surrc TTmTTm .                      (k) 

This equation is solved for )(T by a trial and error procedure.   
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PROBLEMS 

7.1 A solid cylinder of radius  generates heat at a volumetric rate 
The temperature at the center is   The thermal conductivity 
depends on temperature according to  

oR .q
.To

)1()( TkTk o ,

          where  and ok  are constant.  Use Taylor series method to 
determine the steady state one-dimensional temperature distribution 
in the cylinder. 

7.2 A slab of thickness L generates heat at a 
volumetric rate .q   One side is insulated while 
the other side is maintained at a uniform 
temperature  The thermal conductivity 
depends on temperature according to  

.oT
q

x0

)(Tk

L

oT

                                      )1()( TkTk o ,

         where  and ok  are constant.

         [a] Use Taylor series method to determine the one-dimensional steady 
state temperature distribution in the slab. 

         [b] Calculate the temperature at the mid-section using the following 
data: ,Cm/W120 o

ok cm,4L ,W/m105 36q
C,50 o

oT C/1005.0 o
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7.3 Heat is generated at a volumetric rate q  in a 
slab of thickness L.  One side of the slab is 
heated with uniform flux oq  while the other 
side is cooled by convection. The heat transfer 
coefficient is h and the ambient temperature 
is . The thermal conductivity depends on 
temperature according to  

T

q

x0

)(Tk

L

oq
T
h

               )1( T)( kTk o ,

         where andok  are constant.  Determine the steady state one-
dimensional temperature distribution using Taylor series method. 

7.4 A long hollow cylinder of inner radius and outer radius is
cooled by convection at its inner surface. The heat transfer 
coefficient is h and the ambient temperature is  Heat is added at 
the outer surface with a uniform flux 

iR oR

.T
.oq

The thermal conductivity depends on 
temperature according to  iR

oR

Th,

)(Tk

r
iR

oR

Th,

oq)(Tk

r

)T1()( kTk o ,

          where andok are constant.  Use Taylor 
series method to determine the steady state 
one-dimensional temperature distribution. 

7.5 A long solid cylinder of outer radius generates heat 
volumetrically at a rate q

oR
.  Heat is removed from the outer surface 

by convection.  The ambient temperature is  and the heat transfer 
coefficient is h. The thermal conductivity depends on temperature 
according to  

T

                                                )1()( TkTk o ,

         where andok are constant.  Use Taylor series method to 
determine the steady state one-dimensional temperature distribution. 

7.6 A fin with a constant cross section area exchanges heat by 
convection along its surface. The heat transfer coefficient is h and the 
ambient temperature is  The heat transfer rate at the base 

cA

.T
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is and the temperature is  The thermal conductivity varies 
with temperature according to  

fq .oT

)1()( TkTk o ,

        where andok are constant. Use Taylor series method to          
determine the steady state temperature distribution.   

7.7 Consider conduction in a region with surface convection at one of its 
boundaries.   Discuss the application of Kirchhoff transformation to 
such a boundary condition for a temperature dependent thermal 
conductivity 

7.8 Heat is generated volumetrically at a 
rate in a long hollow cylinder of inner 
radius and outer radius  The inner 
surface is insulated and the outer surface is 
maintained at a uniform temperature
The thermal conductivity depends on 
temperature according to  

q
iR .oR

.oT

oRoT

iR

)(Tk

q

                 )T1()( kTk o ,

         where andok  are constant. Use Kirchhoff transformation to 
determine the one-dimensional steady state temperature distribution.  
Calculate the temperature of the insulated surface for the following 
case: , , ,

, T , .
CW/m6.73 o

ok 38 W/m1045.1q cm3.1iR
cm9.3oR C100o

o C/1102.6 o4

         What will the surface temperature be if the conductivity is assumed 
constant?

iR

oR

q

oT

1k
2k

electric insulation

cable

7.9  An electric cable of radius generates
heat volumetrically at a rate

iR
.q  The cable 

is covered with an insulation of outer 
radius   The outside insulation surface 
is maintained at uniform temperatureT
The conductivity of the cable is and 
that of the insulation is  Both depend 

.oR
.o

1k
.2k
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on temperature according to  

         )1(011 Tkk ,
 and

         )1(022 Tkk ,

          where and,01k 02k are constant.  Determine the steady state 
temperature at the center of the cable 
using Kirchhoff transformation. 

7.10 Consider two-dimensional steady state 
conduction in a rectangular plate. One 
side is at a uniform temperature
while the other sides are maintained at 
zero.  The thermal conductivity depends 
on temperature according to 

oT

                                            ,)1()( 2TTkTk o

         where ,ok and are constant. Use Kirchhoff transformation to 

determine the heat flux along the boundary (x,0).

7.11 A long solid cylinder of radius is initially at a uniform 
temperature  At time  the surface is maintained at 
temperature  The thermal conductivity depends on temperature 
according to 

or
.iT 0t
.oT

)1()( TkTk o ,

         where andok are constant.   Use Kirchhoff transformation 
to determine the one-dimensional transient temperature 
distribution.  Assume constant thermal diffusivity. 

H

y

xL

oT

0

0

0

0

0 x

L

oT0 q

7.12  A slab of thickness L is initially at zero 
temperature.  The slab generates heat at 
a volumetric rate .q   At time 
one side is maintained at a uniform 
temperature while the other side is 
kept at zero. The thermal conductivity 

0t

oT
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depends on temperature according to 

)1()( TkTk o ,

         where andok are constant. Use Kirchhoff transformation to 
determine the one-dimensional transient temperature. Assume 
constant thermal diffusivity. 

7.13 An infinite region is initially at uniform temperature  Heat is 
suddenly added along a line source at a rate  per unit length. The 
thermal conductivity depends on temperature according to 

.iT
oQ

           )1()( TkTk o ,

where andok are constant. Use Kirchhoff transformation to 
determine the transient temperature distribution in the region. 
Assume constant thermal diffusivity. 

7.14 The surface of a semi-infinite region which is initially at a uniform 
temperature is suddenly heated with a time dependent flux given 
by  

iT

0 x

iT
oq                 

t
C

o

1()( kT o

q .

         The thermal conductivity varies with 
temperature as  

                k )T ,

          where andok are constant. Use Kirchhoff transformation to 
determine the one- dimensional transient temperature distribution in 
the region. Assume that the thermal diffusivity is constant. 

7.15  Consider solidification of a semi-
infinite liquid region which is 
initially at the fusion temperature 

 At t  the surface at 
 is suddenly maintained at 

a temperature T

.fT 0
0x

.fo T  The 
conductivity of the solid depends 

oT

T

fT
)(Tk

ix0 x

liquidsolid
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on temperature according to 

           )1()( TkTk o ,

         where andok are constant. Use Kirchhoff and Boltzmann 
transformations to determine the interface location  Assume 
constant thermal diffusivity. 

).(txi

7.16  Consider melting of a semi-infinite solid region which is initially at 
the fusion temperature  The boundary at .fT 0x  is suddenly 
heated with a time dependent flux given by  

              
t

Ctqo )(

1()( kT o

,

ix

liquid solid

x0

fT)(Tk
)(tqo          where  is constant.  The thermal 

conductivity of the liquid depends 
on temperature according to 

C

                 k )T ,

          where andok are constant. Use Kirchhoff and Boltzmann 
transformations to determine the interface location . Assume 
constant thermal diffusivity. 

)(txi

7.17  Consider a constant area semi-infinite fin which generates heat at a 
volumetric rate .q   The fin exchanges heat with the surroundings 
by convection and radiation. The ambient fluid and the radiating 
surroundings are at T .  The base of the fin is maintained at T
Assume constant properties. Determine the steady state heat transfer 
rate from the fin. 

.o
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APPROXIMATE SOLUTIONS:  
THE INTEGRAL METHOD 

There are various situations where it is desirable to obtain approximate 
analytic solutions. An obvious case is when an exact solution is not 
available or can not be easily obtained.  Approximate solutions are also 
obtained when the form of the exact solution is not convenient to use. 
Examples include solutions that are too complex, implicit or require 
numerical integration.  The integral method is used extensively in fluid 
flow, heat transfer and mass transfer. Because of the mathematical 
simplifications associated with this method, it can deal with such 
complicating factors as phase change, temperature dependent properties 
and non-linearity. 

8.1 Integral Method Approximation: Mathematical Simplification 

In differential formulation the basic laws are satisfied exactly at every 
point. On the other hand, in the integral method the basic laws are satisfied 
in an average sense.  The mathematical consequence of this compromise is 
a reduction of the number of independent variables and/or a reduction of 
the order of the governing differential equation. Thus major mathematical 
simplifications are associated with this approach.  This explains why it has 
been extensively used to solve a wide range of problems. 

8.2 Procedure 

The following procedure is used in the application of the integral method to 
the solution of conduction problems:  
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(1) Integral formulation. The first step is the integral formulation of the 
principle of conservation of energy. This formulation results in the heat-
balance integral which is the governing equation for the problem. Note that 
each problem has its own heat-balance integral. Each of the following two 
approaches leads to the formulation of the heat-balance integral: 

      (a) Control volume formulation. In this approach the principle of 
conservation of energy is applied to a finite control volume encompassing 
the entire region in which temperature variation takes place. Thus, energy 
exchange at a boundary is accounted for in the energy balance for the 
control volume.

      (b) Integration of the governing differential equation. This approach 
can be used if the differential equation governing the problem is available.  
Recall that differential formulation of conservation of energy is applied to 
an infinitesimal element or control volume. This leads to a differential 
equation governing the temperature distribution. This differential equation 
is integrated term by term over the entire region in which temperature 
variation takes place. In transient conduction problems, integration of the 
time derivative term is facilitated by applying the following Leibnitz’s rule
[1]:  

)(

)(

)(

)(

),(),(),(
tb

ta

tb

ta

dxtxT
td

d
dt
dbtbT

dt
dataTdx

t
T

,      (8.1)      

where a(t) and b(t) are the limits of the spatial variable x.

(2) Assumed temperature profile.  An appropriate temperature profile is 
assumed which satisfies known boundary conditions. The assumed profile 
can take on different forms.  However, a polynomial is usually used in 
Cartesian coordinates.  The assumed profile is expressed in terms of a 
single unknown parameter or variable which must be determined.    

(3) Determination of the unknown parameter or variable. Application 
of the assumed temperature profile to the heat-balance integral results in an 
equation whose solution gives the unknown variable. 

8.3 Accuracy of the Integral Method 

Since basic laws are satisfied in an average sense, integral solutions are 
inherently approximate. The following observations are made regarding the 
accuracy of this method: 
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(1) Since the assumed profile is not unique (several forms are possible), the 
accuracy of integral solutions depends on the form of the assumed profile. 
In general, errors involved in this method are acceptable in typical 
engineering applications. 

(2) The accuracy is not very sensitive to the form of the assumed profile. 

(3) While there are general guidelines for improving the accuracy, no 
procedure is available for identifying assumed profiles that will result in the 
most accurate solutions.  

(4) An assumed profile which satisfies conditions at a boundary yields 
more accurate information at that boundary than elsewhere. 

8.4 Application to Cartesian Coordinates 

The integral method will be applied to two problems to illustrate its use in 
constructing approximate solutions.  The procedure outlined in Section 8.2 
will be followed. In each case the heat-balance integral is obtained using 
both control volume formulation and integration of the governing 
differential equation. 

Example 8.1: Constant Area Fin 

The base of the fin shown in Fig. 8.1 is maintained at a specified 
temperature o while the tip is insulated. Heat exchange with the ambient 
fluid at  is by convection. The heat transfer coefficient is h. The cross-
sectional area is c and the length is L. Use the integral method to 
determine the fin heat transfer rate.

T
T

A

(1) Observations. (i) Constant area fin. 
(ii) Specified temperature at the base and 
insulated tip. (iii) Surface heat exchange 
is by convection. 

control
volume

Th,oT

x

Fig. 8.1
(2) Origin and Coordinates.  Fig. 8.1 
shows the origin and coordinate axis. 

(3) Formulation and Solution. 

(i) Assumptions. (1) Steady state, (2) fin approximations are valid 
 (3) no energy generation and (4) uniform  and ),1.0(Bi h .T
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     (ii) Integral Formulation. The heat-balance integral for this problem 
will be formulated using two methods. 

     (a) Control volume formulation.  A finite control volume is selected 
which encompasses the entire fin as shown in . Application of 
conservation of energy,  to the control volume gives 

1.8.Fig
),6.1(.eq

0outin EE .                                         (a) 

Pretending that heat is added at the base and removed from the surface, 
Fourier’s law of conduction gives 

xd
dTkAE cin

)0(
,                                    (b) 

where c is the cross-sectional area. Since surface temperature varies along 
the fin, Newton’s law must be integrated along the surface to determine the 
total heat convected to the ambient fluid. Thus, assuming constant h

A

dxTThCE
L

out )(
0

,                                 (c) 

where C is the perimeter.  Substituting (b) and (c) into (a) 

0)()0(

0

2
L

dxTTm
xd

dT
,                        (8.2) 

where

ckA
hCm2 .                                              (d) 

Equation (8.2) is the heat-balance integral for this fin. 

     (b) Integration of the governing differential equation. Equation (8.2) can 
be formulated by integrating the fin equation term by term. Differential 
formulation of conservation of energy for a fin is given by eq. (2.9)  

0)(2
2

2

TTm
xd
Td

.                               (2.9) 

Multiplying by dx, assuming constant h and integrating over the 
length of the fin from x = 0 to x = L, gives 

)9.2(.eq
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LL

dxTTmdx
dx

Td

0

2

0
2

2
0)( .

The integral of the second derivative is the first derivative. Thus the above 
becomes 

L

dxTTm
dx

dT
dx

LdT

0

2 0)()0()(
.                    (e) 

Since the tip is insulated, it follows that 

0)(
dx

LdT
.                                            (f) 

Thus (e) becomes 

0)()0(

0

2
L

dxTTm
xd

dT
.                       (8.2) 

This is identical to the heat-balance integral obtained using control volume 
formulation. 

     (iii) Assumed Temperature Profile.  Assume a polynomial of the 
second degree

2
210)( xaxaaxT .                                 (g) 

The coefficients  and must be such that (g) satisfies the boundary 
conditions on the temperature. In addition to condition (f), specified 
temperature at the base gives 

10 , aa 2a

oTT )0( .                                             (h)    
Applying (f) and (h) to (g) gives 

oTa0   and Laa 2/12 .
Thus, (g) becomes 

)2/( 2
1 LxxaTT o .                                    (i)         

     (iv) Determination of the Unknown Coefficient.  The coefficient  is 
the only remaining unknown. It is determined by satisfying the heat-
balance integral. Substituting (i) into eq. (8.2)  

1a



8.4 Application to Cartesian Coordinates       241 

0)2/()(
0

2
1

2
1

L

o dxLxxaTTma .

Performing the integration and solving the resulting equation for  yields 1a

3/1
)(

22

2

1 Lm
TTLma o .                                     (j) 

Substituting (j) into (i) and rearranging gives the dimensionless temperature 
distribution )(* xT

)/)(2/1(
3/1

1)()( 22

22
* LxLx

Lm
Lm

TT
TxTxT

o
.     (8.3)  

The tip temperature is obtained by setting x = L)(* LT

3/1
)2/1(1)()( 22

22
*

Lm
Lm

TT
TLTLT

o
.               (8.4) 

The fin heat transfer rate is obtained by substituting eq. (8.3) into (b) 
and using (d)  

fq

3/1)( 22
*

Lm
mL

TThCkA

q
q

oc

f ,                  (8.5)                      

where is the dimensionless heat transfer rate. *q

(4) Checking. Dimensional check:  Each term in eq. (8.3) and eq. (8.5) is 
dimensionless.

Limiting check: If h = 0, no heat leaves the fin. Thus the entire fin should 
be at the base temperature.  Setting h = m = 0 in eqs. (8.3) and (8.5) gives 

 and oTxT )( .0fq

(5) Comments. The exact solution to this problem is given by equations 
(2.14) and (2.15). Using these equations the exact solutions to the tip 
temperature and fin heat transfer rate are expressed as 

mLTT
TLT

LT
o

e
e cosh

1)(
)(* ,                        (8.6)         

and
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mLqe tanh* ,                                        (8.7) 

where the subscript e denotes exact. Note that the integral and exact 
solutions depend on the parameter mL. Table 8.1 gives the percent error as 
a function of this parameter. Two observations are made regarding this 
result. (1) The heat transfer error is smaller than tip temperature error. (2) 
The error increases with increasing values of the parameter  This is 
due to the fact that for large values of the form of the assumed profile 
becomes increasingly inappropriate. This is evident when a large is
associated with a large fin length L. As 

.mL
mL

mL
L the integral solution gives 

 while the exact solution gives  Thus the percent error 
approaches infinity as 

2/1*T .0*T
L . On the other hand, as L  the integral 

solution for heat transfer rate, , gives  while the exact 
solution, , gives  Thus the maximum error in determining 
the heat transfer rate is 100%. More details regarding the solution to this 
problem are found in Reference [2]. 

(8.5)eq. 0*q
)7.8(eq. .1*q

Table 8.1 
                                        Percent error 

  mL   0   0.5   1.0   2.0   3.0   4.0  5.0    10   

  )(* LT   0 0.248  3.56 48.2  225.8  819 2619 502700   

  *q   0 0.125  1.52 11.1  24.63  36.8 46.4 70.9 100

Example 8.2: Semi-infinite Region  with Time-Dependent Surface Flux

A semi-infinite region which is 
initially at uniform temperature
is suddenly heated at its surface 
with a time-dependent flux q

i

).o

T

(t
Determine the transient temperature 
in the region and the surface 
temperature. 0

Fig. 8.2

)(t

T

)(tqo
iT

x
(1) Observations. (i) Semi-infinite 
region. (ii) Time dependent flux at 
the surface.

(2) Origin and Coordinates.  Fig. 8.2 shows the origin and coordinate 
axes.
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(3) Formulation and Solution. 

(i) Assumptions. (1) One-dimensional conduction, (2) uniform initial 
temperature and (3) constant properties. 

     (ii) Integral Formulation. The heat-balance integral for this problem 
will be formulated using two methods. 

     (a) Control volume formulation. The effect of surface heating is 
confined to a layer of thickness )(t known as the penetration depth or the 
thermal layer. At the edge of this layer the temperature is  Temperature 
variation within this layer is shown in 8.2. A finite control volume is 
selected which encompasses the entire thermal layer. Application of 
conservation of energy to the control volume gives 

.iT
Fig.

EEE outin ,                                         (a) 

where E is the time rate of change of energy within the control volume. 
Energy added at the surface x = 0 is specified as 

)(tqE oin .                                          (b)           

Since at )(tx the temperature gradient is approximately zero, it 
follows that no heat is conducted at this boundary. Thus 

0outE .                                              (c)    

For constant density and specific heat, the rate of energy change within the 
element is  

)(

0
),(

t

ip dxTtxT
dt
dcE .                         (d)  

Substituting (b)-(d) into (a) 
)(

0
),()(

t

ipo dxTtxT
dt
dctq .                  (8.8)      

Equation (8.8) is the heat-balance integral for this problem. 

(b) Integration of the governing differential equation. The governing 
differential equation for one-dimensional transient conduction is obtained 
from eq. (1.8) 
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t
Tc

x
Tk p2

2

.                                        (e) 

Multiplying both sides of (e) by dx and integrating from 0x to )(tx

dx
t
Tcdx

x
Tk

t

p

t )(

0

)(

0
2

2
.                        (f) 

Noting that the integral of the second derivative is the first derivative and 
using Leibnitz’s rule, (f) becomes 

.),(),(0),0(),0(),( )(

0
dxtxT

dt
d

dt
dtT

dt
dtTc

x
tTk

x
tTk

t

p

             (g) 

This result is simplified using the following exact and approximate 
boundary conditions 

     (1) )(),0( tq
x

tTk o

     (2) 0),(
x

tT

     (3) iTtT ),(

Substituting into (g) 

dxtxT
dt
d

dt
dTctq

t

ipo

)(

0
),()( .                    (h) 

However
)(

0

t
dx

dt
d

dt
d

.

Substituting into (h) gives the heat-balance integral   
)(

0

),()(
t

ipo dxTtxT
dt
dctq .                       (8.8)      

     (iii) Assumed Temperature Profile.  Assume a polynomial of the 
second degree
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2
210)( xaxaaxT .                                (8.9) 

Boundary conditions (1), (2) and (3) give the coefficients  and ,0a ,1a 2a

kttqTa oi 2/)()(0 , ktqa o /)(1 , )(2/)(2 tktqa o .

Equation (8.9) becomes 
2)(

)(2
)(

),( xt
tk

tq
TtxT o

i .                      (8.10)       

     (iv) Determination of the Unknown Variable .)(t The penetration 
depth )(t is determined by satisfying the heat-balance integral for the 
problem. Substituting eq. (8.10) into eq. (8.8)  

)(

0

2)(
)(2

)(
)(

t
o

po dxxt
tk

tq
dt
dctq .

Integrating with respect to x

)()(
6

)( 2 ttq
dt
d

k
c

tq o
p

o .                               (i) 

This is a first order ordinary differential equation for ).(t  The initial 
condition on )(t  is

0)0( .                                               (j) 

Multiplying (i) by dt, integrating and using (j) gives  

).()()0()0()()(

)()()(6

222
0

2

0

ttqqttq

ttqddttq
c
k

ooo

t

o

t

o
p

Solving for )(t and noting that pck /

2/1

0
)(

)(
6)(

t
dttq

tq
t o

o
.                        (8.11) 

When is substituted into  we obtain the transient 
temperature.    

(8.11)eq. (8.10)eq.
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(4) Checking. Dimensional check: Eqs. (8.10), (i) and (8.11) are 
dimensionally consistent. 

Limiting check: (i) If ,0)(tqo  the temperature remains at  Setting 
 in eq. (8.10) gives

.iT
0)(tqo .),( iTtxT  (ii) If ,  the penetration 

depth . Setting  in eq. (8.11) gives .

(5) Comments. The accuracy of the integral solution can be examined by 
comparison with the exact solution.  For the special case of constant heat 
flux,  equation (8.11) becomes ,)( oo qtq

tt 6)( .                                          (k)         

Substituting (k) into eq. (8.10) 
2

6
62

),( xt
tk

q
TtxT o

i .                      (l) 

Specifically, the temperature at the surface, is obtained by setting 
 in (l) 

),0( tT
0x

t
k

q
TtT o

i 6
2

),0( .

This result can be rewritten in dimensionless form 

225.1
2
3

/
),0(

ktq
TtT

o

i .

The exact solution gives 

128.14
/

),0(

exacto ktq
TtT i .

Thus the error in predicting surface temperature is 8.6%. 

8.5 Application to Cylindrical Coordinates 

The procedure outlined in Section 8.2 will be followed to illustrate how the 
integral method is used to obtain solutions to problems where the 
temperature varies radially.  
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Example 8.3: Cylindrical Fin 

The cylindrical fin shown in Fig. 
8.3 is maintained at a specified 
temperature  at the base and is 
insulated at the tip. The heat 
transfer coefficient is h and the 
ambient temperature is . The 
fin has an inner radius , outer 
radius  and thickness w. Of 
interest is the determination of the 
temperature distribution and the 
heat transfer rate using the 
integral method.

oT

T
ir

or
r

Th ,

Fig. 8.3

w
Th ,

0

                                                                                                                          
(1) Observations. (i) Fin thickness is constant. (ii) Specified temperature at 
the base and insulated tip. (iii) Surface heat exchange is by convection. 

(2) Origin and Coordinates.  Fig. 8.3 shows the origin and coordinate 
axis.

(3) Formulation and Solution. 

(i) Assumptions. (1) Steady state, (2) fin approximations are valid 
 and (3) uniform h  and .),1.0(Bi T

(ii) Integral Formulation.  The heat-balance integral will be formulated 
using two methods. 

(a) Control volume formulation.  A control volume is selected which 
encompasses the entire fin.  Application of conservation of energy to the 
control volume gives 

0outin EE .                                          (a) 

Assuming that the base is at a higher temperature than the ambient, 
Fourier’s law of conduction gives 

rd
rdT

wkrE i
iin

)(
2 .                                  (b) 

Integration of Newton’s law of cooling along the surface gives the heat 
removed by convection. Thus, assuming constant h
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drrTThE
o

i

r

r
out )(4 .                             (c)    

Substituting (b) and (c) into (a) 

0)(2)( or

rii

i drrTT
wrk
h

rd
rdT

.                 (8.12)   

This is the heat-balance integral for the fin. 

     (b) Integration of the governing differential equation.  Differential 
formulation of energy conservation for this fin is given by equation (2.24)  

. 0)(21
2

2
TT

wk
h

rd
dT

rrd
Td

.                      (2.24) 

This equation can be rewritten as 

0)(21 )( TT
wk
h

rd
dTr

rd
d

r
.                           (d) 

Multiplying (d) by rdr2  and integrating over the surface from  to 
 gives 

irr
,orr

02)(221 )(
oo r

r

r

r ii

drrTT
wk
hdrr

rd
dTr

rd
d

r
,

or

0)(2)(
oo r

r

r

r ii

drrTT
wk
h

rd
dTrd .                     (e)  

The first term can be integrated directly. Thus (e) becomes 

0)(2)()( or

ri

i
i

o
o drrTT

wk
h

dr
rdTr

dr
rdTr .

Since the tip is insulated it follows that 

0
)(

rd
rdT o .                                             (f) 
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Thus (e) becomes 

0)(2)( or

rii

i drrTT
rwk

h
dr

rdT
.                 (8.12) 

This is identical to the heat-integral equation obtained using control volume 
formulation. 

(iii) Assumed Temperature Profile.  Assume a polynomial of the second 
degree

2
210)( raraarT .                                 (g) 

The coefficients  and  must be such that (g) satisfies the boundary 
conditions on the temperature. In addition to condition (f), specified 
temperature at the base gives 

10 , aa 2a

oTrT i )( .                                            (h) 

Using conditions (f) and (h), the assumed profile becomes 

1
2 ]1)2/()/()2/()( arrrrrrrrTrT ooo iiii[ .          (i) 

Thus the only unknown is the coefficient .1a

     (iv) Determination of the Unknown Coefficient. The coefficient  is 
determined using the heat-balance integral, eq. (8.12). Substituting (i) into 
eq. (8.12)  

1a

.0]1)2/()/()2/[(

)(21

1
2

1)(

rdrarrrrrrrr

r
TT

rwk
ha

r
r

oo

o

o
o

iiii

ii

i

r     (j) 

Performing the integration and solving for the coefficient  gives 1a

R
RR

R
RRR

rmR

RTT
r
rm

a

o

o
o

i

4
)1(

3
)1(2

2
)1)(2(

)1(2

)1)((

432
22

2
22

1 ,   (k) 

where
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kw
hm 22 ,                                               (l) 

and

or
r

R i .                                               (m)           

Substituting (k) into (i) gives the temperature distribution 

.

4
)1(

3
)1(2

2
)1)(2(

)1(2

)1(
22

2
)(

432
22

2
2

2
22

R
R

R
RRR

rmR

R
r
rR

r
rRrm

TT
TrT

o

ii
o

o

o

(8.13)
Heat transfer from the fin is determined by applying Fourier’s law at irr

rd
rdT

wrkq i
i

)(
2 .                                    (n)       

Substituting (8.13) into (n) and using the dimensionless fin heat transfer 
rate introduced in the definition of fin efficiency, eq. (2.18), gives  *q

.

4
)1(

3
)1(2

2
)1)(2(

)1(2

)1(2

))((2

432
22

22
*

R
R

R
RRR

rmR

R

TTrrh
qq

o

oo
f

i

 (8.14)

(4) Checking. Dimensional check: Equations (8.13) and (8.14) are 
dimensionally correct. 

Limiting check: (i) For ,or  the dimensionless heat transfer 
rate should vanish. Setting  *q or  in eq. (8.14) gives = 0. (ii) For 

 no heat leaves the fin and thus the entire fin should be at 
Setting

*q
,0h .oT

0mh  in eq. (8.13) gives .)( oTrT
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(5) Comments. Fin equation (2.24) can be solved exactly [3]. Thus, the 
accuracy of the integral solution can be evaluated.  Examination of eq. 
(8.14) shows that depends on two parameters: R and  Table 8.2 
compares the integral solution with the exact solution for R = 0.2 and 
various values of the parameter  At large values of the assumed 
polynomial profile departs further from the actual temperature distribution 
and consequently the integral solution becomes increasingly less accurate 
as is increased. Alternate profiles involving log r have been shown to 
significantly improve the accuracy of problems in cylindrical coordinates 
[4]. 

*q .orm

.orm orm

orm

Table 8.2 

Percent error in for*q 2.0/ oi rr

omr 0.2 0.5 1 2 3 4

% Error 1.7 3.5 16.8 33.0 43.4 51.2

8.6 Non-linear Problems [5] 

The integral method can be used to solve non-linear problems. Two 
examples will be presented. The first involves temperature dependent 
properties and the second deals with phase change.

Example 8.4: Semi-infinite Region with Temperature Dependent 
Properties

A semi-infinite region is initially at uniform temperature  The region is 
suddenly heated at its surface with uniform flux

.iT
.oq  The conductivity, 

density and specific heat depend on temperature according to the 
following:

)1()( 1TkTk o

)1()( 2TcTc pop

,             (a) 

)1()( 3TT o

,          (b) 
and

n

,           (c) 

where the coefficients  are 
constant and the subscript 

T

o

0

Fig. 8.4

)(t
)(tqo

iT

x
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indicates a reference state. Determine the temperature distribution in the 
region.

(1) Observations. (i) Semi-infinite region. (ii) Temperature dependent 
properties.

(2) Origin and Coordinates.  Fig. 8.4 shows the origin and coordinate 
axes.

(3) Formulation and Solution. 

(i) Assumptions. (1) One-dimensional transient conduction, (2) no 
energy generation and (3) uniform initial temperature. 

     (ii) Integral Formulation. The heat-balance integral will be formulated 
by integrating the heat conduction equation for variable properties. 
Equation (1.7) simplifies to 

t
Tc

x
Tk

x p)( ,                              (8.15) 

where ,k  and  are functions of temperature.  Note that both terms in 
eq. (8.15) are non-linear. The boundary conditions are 

pc

     (1) oq
x

tTk ),0(

     (2) iTtT ),(

     (3) 0),(
x

tT

where )(t  is the penetration depth. Equation (8.15) will be simplified by 
introducing the following Kirchhoff transformation 

dTTcT
c

T p

T

poo
)()(1)(

0

.                      (8.16) 

Differentiating eq. (8.16) gives 

poo

p

c
c

dT
d

.                                            (d) 

Thus
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,
x
T

dT
d

x
 or

xc
c

x
T

p

poo ,

,
t
T

dT
d

t
 or

tc
c

t
T

p

poo .

Substituting into eq. (8.15) 

tx
T

x
)( ,                                 (8.17) 

where )(T is the thermal diffusivity, defined as  

)()(
)()(

TcT
TkT

p
.                                 (8.18)       

In equation (8.17) only the left side term is non-linear. The three boundary 
conditions must be transformed in terms of the new variable ).,( tx  Using 
the definitions  and ,  boundary condition (1) becomes 

poo

o

c
q

x
t

s
),0(

,                                    (e) 

where s  is the thermal diffusivity at surface temperature ).,0( t
Boundary condition (2) transforms to 

ip

T

poo
dTTcT

c
t

i
)()(1),(

0

.                      (f)                     

Boundary condition (3) gives 

0),(
x

t
.                                             (g) 

The objective now is to solve eq. (8.17) for ),( tx using the integral 
method. Once ),( tx is determined, temperature distribution can
be obtained from eq.(8.16) using (b) and (c) 

),( txT

dTTcT
c

T po

T

o
poo

)1()1(1)( 2
0

3 .
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Carrying out the integration gives 

332232

32
)( TTTT .                     (8.19) 

Equation (8.19) relates the transformation variable  to the temperature 
variable .T
The heat-balance integral for this problem will be formulated by integrating 
eq. (8.17) term by term. Multiplying eq. (8.17) by dx and integrating from 

 to 0x )(tx

dx
t

dx
xx

tt )(

0

)(

0

)( .                         (h) 

Using Leibnitz’s rule to rewrite the integral on the right side, (h) gives 

dxtx
dt
d

dt
dt

dt
dt

x
t

x
t

t

si

)(

0
),(),(0),0(),0(),(

,  (i) 

where i  is thermal diffusivity at ).,( t  This result is simplified using 
conditions (e), (f) and (g) 

dxtx
dt
d

dt
d

c
q

t

i
poo

o
)(

0
),( .                        (j) 

However
)(

0

t

dx
dt
d

dt
d

.

Substituting into (j) gives the heat-balance integral 
)(

0
.),(

t

i
poo

o dxtx
dt
d

c
q

                       (20)      

     (iii) Assumed Temperature Profile.  Assume a polynomial of the 
second degree

2
210)( xxx aaa .                                 (k) 

Boundary conditions (e), (f) and (g) give the coefficients , , and .
The result is

0a 1a 2a
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si pooo cqa 2/0

spooo cqa /1

spooo cqa 2/2

Equation (k) becomes 

)(2/2/)(),( 2 txxt
c
q

tx
s

i
poo

o .        (8.21)       

     (iv) Determination of the Unknown Variable ).(t The thermal layer 
)(t is obtained by satisfying the heat-balance integral for the problem. 

Substituting eq. (8.21) into eq. (8.20)  

)(

0

2 )(2/2/)(
t

spoo

o

poo

o dxtxxt
c
q

dt
d

c
q

,

or

)()/1(
6
11 2 t

td
d

s .                                  (l) 

This is a first order ordinary differential equation for ).(t  The initial 
condition on )(t is

0)0( .                                        (m) 

Integrating (l) and using initial condition (m) gives )(t

tt s6)( .                               (8.22) 

Since s depends on surface temperature ),,0( t  does not 
give

(8.22)eq.
)(t directly. Setting 0x  in eq. (8.21) gives ),0( t

)(
2

),0( t
c
q

t
spoo

o
i .

Using (8.22) to eliminate )(t

s
i

t
c

q
t

poo

o

2
3),0( .                          (8.23) 

Using  and (8.19) we obtain(8.18)eqs. s in terms of ).,0( t  Using this 
result with eq. (8.23) gives s as a function of time. Eq. (8.22) is then used 
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to obtain ).(t  Substituting )(t  into eq. (8.21) gives ).,( tx  The 
transformation equation (8.19) gives the temperature distribution T(x,t).

(4) Checking. Dimensional check: Equations (8.21) and (8.22) are 
dimensionally correct. 

Limiting check:  For the special case of constant properties the solution 
agrees with the result of Example 8.2. 

(5) Comments.  (i) The more general case of time dependent heat flux at 
the surface can be easily solved following the same procedure.  (ii) The 
accuracy of the solution can be improved by using a cubic polynomial  

3
3

2
210),( xxxtx aaaa .                         (n) 

A fourth boundary condition is needed to determine the four coefficients. 
Since the temperature gradient vanishes at x  it follows that  

0),(
2

2

x
t

.                                          (o)     

Using this condition, the assumed profile becomes

3)/1(
3

),( x
c

q
tx

poo

o

s
i .                 (8.24)  

Based on this profile the solution to )(t is

tt s12)( .                                    (8.25)   

Example 8.5: Conduction with Phase Change

A semi-infinite region is initially solid at the 
fusion temperature   At t  the surface 
at x = 0  is suddenly maintained at T
Determine the transient interface location 

.fT 0
.fT

0

Fig. 8.5

T

liquid solid
fT

oT

x
)(txi

o

.T

).(txi

(1) Observations. (i) Semi-infinite region. (ii) 
Solid phase remains at f

(2) Origin and Coordinates.  Fig. 8.5 shows 
the origin and coordinate axes. 
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(3) Formulation and Solution. 

(i) Assumptions. (1) One-dimensional transient conduction, (2) 
constant properties and (3) uniform initial temperature. 

     (ii) Integral Formulation. The heat-balance integral for the liquid 
phase will be formulated by integrating the differential equation. The heat 
equation for constant properties is obtained from eq. (1.8)  

t
T

x
T
2

2
.                                          (a) 

Multiplying by dx and integrating from 0x  to )(txx i

dx
t
Tdx

x
T

tt ii xx )(

0

)(

0
2

2
.                           (b)                               

Evaluating the integrals and using Leibnitz’s rule, (b) becomes 

dxtxT
dt
d

dt
dx

txT
dt
dtT

x
tT

x
txT

t
i

i
i

ix )(

0
),(),(0),0(),0(),(

.                  

(c)

This result is simplified using the following conditions 

     (1) oTtT ),0(
(2) fTtxT i ),(

     (3) 
dt
dx

x
txT

k ii ),(

Using boundary conditions (2) and (3), equation (c) becomes 

dxtxT
dt
d

dt
dx

T
x

tT
dt
dx

k

t
i

f
i

ix )(

0
),(),0(

.       (d)  

Equation (d) is the heat-balance integral for this problem. Note that 
properties in (d) refer to the liquid phase.  

     (iii) Assumed Temperature Profile.  Assume a polynomial of the 
second degree

L 

L 
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2
210 )()(),( ii xxaxxaatxT .                     (e) 

The coefficients in (c) are determined using the three boundary conditions.  
However, condition (3) in its present form leads to a second order 
differential equation for  An alternate approach is to combine 
conditions (2) and (3). The total derivative of  in condition (2) is  

).(txi
),( txT i

0
),(),(

dt
t

txT
dx

x
txT

dT ii
f       at x = .  (f) ix

Setting dx = in (f) gives idx

0
),(),(

t
txT

td
dx

x
txT ii i .                             (g)                

Substituting condition (3) into (g) gives 

t
T

kx
txT i

2
),(

.

Using (a) to eliminate tT / in the above and recalling that ,/ pck
we obtain 

2

22
),(),(

x
txT

cx
txT ii

p
.                             (h) 

Using boundary conditions (1), (2) and equation (h) gives the coefficients 
,  and 0a 1a 2a

fTa0 ,                                                 (i)  

)( 2/1
1 )1(1

ixk
a ,                                  (j)   

2
2

2
)(

i

i

x

TTx foa
a ,                                    (k)  

where

)(
2

fo
p TT

c
.                                      (l)         

L 

L 

L 

L 
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The only remaining unknown is  It is obtained using the heat-balance 
integral (d). Substituting (e) into (d) gives 

).(txi

2/1

2/1

)1(5
)1(16

td
xd

x i
i .                            (m) 

Solving this equation for and using the initial condition on the 
interface location, 

)(txi
,0)0(ix  gives 

tx ai 2 ,                                           (n) 
where

2/1

2/1

2/1

)1(5
)1(13a .                              (o) 

(4) Checking. Dimensional check:  Equations (h), (m) and (n) are 
dimensionally consistent. 

Limiting Check:  (i) If ,  the interface remains stationary ( = 0). 
Setting in (l) gives

ix
.0   When this is substituted into (o) we 

obtain .0a  According to (n) 0a  corresponds to .0ix  (ii)  If 
 the interface remains stationary. Setting,fo TT fo TT into (l) gives 

.0  This in turn gives 0a  and .0ix

(5) Comments. (i) comparing the definition of the parameter  in (l) with 
the definition of  the Stefan number  in eq. (6.13) gives  Ste

Ste2 .

Thus a large corresponds to a large Stefan number. As the Stefan 
number is increased the interface moves more rapidly. 

(ii) This problem is identical to Stefan’s problem. The exact solution to the 
interface location,  is given by ,iex

txie 2 ,                                           (p)  

where  is obtained from Stefan’s solution 

2

)(
erf

2 fop TTc
e .                       (6.24) 

L 
L 

L 
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The two solutions are compared by taking the ratio 
of equations (n) and (p) to obtain 

a

ie

i
x
x

.

The result is shown in Table 8.3. The error is seen 
to increase as  (or the Stefan number) is 
increased. This is due to the fact that the assumed 
temperature profile becomes progressively 
inappropriate as  increases. Nevertheless, at 

4 the error is 7.3%.  It should be pointed out 
that the Stefan number for many engineering 
applications ranges from 0 to 3. This corresponds 
to a range of  from 0 to 6. 

8.7 Energy Generation 

The following example illustrates the application of the integral method to 
the solution of systems with energy generation.  

Example 8.6: Semi-infinite Region with Energy Generation [5] 

A semi-infinite region is initially at uniform temperature .0iT  At time 
 energy is generated at a variable rate 0t ).(tq  The surface at 

is maintained at
0x

.0),0( tT  Use the integral method to determine the 
temperature distribution in the region. 

(1) Observations. (i) Semi-infinite region. (ii) Transient conduction. (iii) 
Time dependent energy generation. 

(2) Origin and Coordinates.  Fig. 8.6 
shows the origin and coordinate axes.  

(3) Formulation and Solution. 

(i) Assumptions. (1) Constant 
properties, (2) one-dimensional transient 
conduction, and (3) uniform initial 
temperature and energy generation. 

Table 8.3 

iei xx /
  0    1.000 
 0.4    1.026 
 0.8    1.042 
 1.2    1.052 
 1.6    1.059 
 2.0    1.064 
 2.4    1.068 
 2.8    1.070 
 3.2    1.072 
 3.4    1.073 
 4.0    1.073 

x

T

0
1t
2t
3t

Fig. 8.6

)(tq

     (ii) Integral Formulation. The heat-
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balance integral will be formulated by integrating the differential equation 
for this problem.   The heat equation for constant properties with energy 
generation is obtained from equation (1.8)  

t
T

c
tq

x
T

p

)(
2

2
.                                    (a) 

Multiplying by dx and integrating from 0x  to )(tx

dx
t
Tdx

c
tqdx

x
T

tt t

p

)(

0

)(

0

)(

0
2

2 )(
.                (b)                               

Evaluating the first two integrals and using Leibnitz’s rule to rewrite the 
third integral, (b) becomes 

.),(),(0),0()(),0(),(
)(

0

dxtxT
dt
d

dt
dtT

dt
dtTt

c
q

x
tT

x
tT

t

p

     (c) 
This result is simplified using the following exact and approximate 
boundary and initial conditions 

(1) 0),0( tT

(2) 0),(
x

tT

Substituting these conditions into (c) gives  

dxtxT
dt
d

dt
dtTt

c
q

x
tT

t

p

)(

0

),(),()(),0(
.        (d)  

Equation (d) is the heat-balance integral for this problem. 

 (iii) Assumed Temperature Profile.  Assume a third degree 
polynomial of the form   

3
3

2
210)( xxxxT aaaa .                            (e) 

Two additional boundary conditions are needed to determine the four 
coefficients in the assumed profile. The third condition is  
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     (3) 0),(
2

2

x
tT

A fourth condition is obtained by evaluating (a) at x  and using 
boundary condition (3) 

t
tT

c
tq

p

),()(
.

This equation can be integrated directly to give the temperature at x
t

dttq
c

tT
p 0

)(1),( .                                   (f) 

The integral in (f) can be evaluated for a given energy generation rate 
 Let).(tq

t
dttqtQ

0
)()( .                                      (g)  

Substituting (g) into (f) gives the fourth boundary condition as  

     (4) 
pc
tQtT )(),(

Using the four boundary conditions, the coefficients in (c) can be 
determined. The assumed profile becomes 

][ 3)/1(1)(),( x
c
tQtxT
p

.                            (h) 

Thus the only unknown is the penetration depth ).(t  It is determined 
using the heat-balance integral equation. Substituting boundary condition 
(4) and the assumed profile (h) into (d) 

td
dtQ

td
dQtqtQ )(3)(4)(12 22 .                 (i) 

Differentiating (g) gives 

td
dQtq )( .                                              (j) 

Substituting into (i) gives 
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)(12)()( 222 tQ
td

dtQ
td

dQtQ ,

or

)(24)( 222 tQtQ
td

d
.                                  (k) 

Integration of (k) gives 
tt

tdtQtQ
0

2

0

22 )(24)( .                                (l)  

However, the initial condition on )(t is

0)0(
Substituting into (l) 

)(

)(24
)(

2/1

0

2

tQ

tdtQ
t

t

.                            (m)      

When (m) is substituted into (h) we obtain the transient temperature 
distribution. 

(4) Checking. Dimensional check: Equations (h) and (m) are dimensionally 
consistent.

Limiting check: (i) If ,0q  the temperature remains at the initial value. 
Setting  in (g) gives Q = 0. When this is substituted into (h) gives 0)(tq

.0),( txT

(ii) If  the temperature of the entire region should be infinite. 
Setting

,q
q  in (g) gives .)(tQ  When this is substituted into (h) we 

obtain .),( txT

(5) Comments. For the special case of constant energy generation rate, (g) 
gives

tqtQ )( .

Substituting this result into (k) gives 

tt 22)( .
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Equation (h) becomes 
3)( 22/11),( tx

c
tqtxT
p

.
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PROBLEMS 

8.1 The base of a fin of length L is maintained at constant 
temperature o while heat is added at uniform flux oT q at the tip. The 
heat transfer coefficient is h and the ambient temperature is
Assume a second degree polynomial temperature profile and obtain 
an integral solution for the steady state temperature distribution. 

.T

8.2 A hollow sphere of inner radius and outer radius o is initially at 
uniform temperature  At time  the outer surface is insulated 
while the inner surface is heated with uniform flux

iR R
.iT 0t

.oq  Using (i) 
control volume formulation, and (ii) integration of the governing heat 
equation, show that the heat-balance integral is given by  

Th,oT

x

Th,

oq
0
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)(
2

2
)(

t

iR
io

p

i drrTT
dt
dq

c
R

.

8.3 A circular electronic device of 
radius and thickness 
dissipates energy at a rate P.
The device is press-fitted 
inside a cylindrical fin of inner 
radius  outer radius  and thickness w. Heat is removed from 
the fin’s surface by convection. The heat transfer coefficient is h and 
the ambient temperature is  The plane surfaces of the device 
and the fin tip are insulated. Assume a second degree polynomial 
temperature profile, determine the temperature at the interface

iR w

,iR oR

.T

.iR

r
Th, Th,

iRoR
device

w

8.4 The surface temperature of a 
tube of outer radius 
is  The tube is cooled 
with a porous annular fin of 
porosity P, inner radius 
and outer radius  Coolant 
at mass flow rate and
temperature  flows axially normal to the fin’s surface. The specific 
heat of the coolant is and the conductivity of the fluid-solid 
matrix is

i

.oR

R
.iT

iR

m
T

pfc
.k  The fin exchanges heat by convection along its upper 

and lower surfaces. The heat transfer coefficient is h and the ambient 
temperature isT . The fin equation is

oR
iR

r
Tm Th,

                           0)()4( 2
22

2
2 TTrBi

rd
dTr

rd
Tdr ,

         where khPBi 2/)1(  and .)(/ 22 kRRcm iopf

         Use the integral method to determine the heat transfer rate from the 
fin. Assume a second-degree polynomial temperature profile. 

8.5    At time  the surface at 0t 0x  of a semi-infinite region is heated 
with a constant heat flux .oq  The region is initially at uniform 



266      8 Approximate Solutions: The Integral Method 

temperature  Assume a third degree 
polynomial temperature profile and 
determine the surface temperature 

 Compare your answer with the 
result of Example 8.2.   

.iT

).,0( tT

8.6   At time  the surface at 0t 0x

0

0

 of a 
semi-infinite region is maintained at 
constant temperature   Initially the 
region is at uniform temperature T
Use a second degree polynomial 
temperature profile to determine the 
surface heat flux. Compare your answer 
with the exact solution. 

.oT
.i

0

)(t

oq
x

iT

0

)(t

x
iT

oT

8.7   A long hollow cylinder of inner radius 
and outer radius  is initially at 

zero temperature.  At time  the 
inside surface is heated with constant 
flux   The outside surface is 
insulated.  Use a second degree 
polynomial temperature profile to 
determine the time required for the 
temperature of the insulated surface to 
begin to change.  

iR oR
t

.oq

iR

oR

oq

8.8  A semi-infinite constant area fin is 
initially at uniform temperature 

  At time  the base is 
maintained at temperature  The 
fin begins to exchange heat by 
convection with the surroundings. The heat transfer coefficient is h
and the ambient temperature is  Use a second degree polynomial 
temperature profile to determine the fin heat transfer rate.  

.T t
.oT

.T

Th,
x0

oT

8.9   A long constant area fin is initially at a uniform temperature .  At 
time  the temperature at the base is heated with uniform 

T
0t
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oq

T

0

.oq

flux . The fin begins to 
exchange heat by convection 
with the surroundings. The heat 
transfer coefficient is h and the 
ambient temperature is .  Use a second degree polynomial 
temperature profile to determine the base temperature.  

Th,

8.10  A semi-infinite solid cylinder is 
initially at zero temperature.  
The cylinder is insulated along 
its surface.  At time t
current is passed through the cylinder. Simultaneously heat is 
removed from its base with uniform flux  Use a third degree 
polynomial temperature profile to determine the base temperature. 

8.11  A semi-infinite region is initially at temperature  At time 
the surface is allowed to exchange heat by convection with an 
ambient fluid at temperature 

.iT 0t

.0T

.
.iT oq

 The heat transfer 
coefficient is h. Determine the 
surface temperature. Assume a 
second degree polynomial 
temperature profile. 

8.12  Two plates are attached as shown. The thickness of plate 1 is and 
its conductivity is  The thickness of plate 2 is and its 
conductivity is  The two plates are initially at uniform 
temperature  Plate 1 is suddenly heated with uniform flux
while the exposed surface of 
plate 2 is insulated. Determine 
the temperature of the heated 
surface at the time the 
temperature of plate 2 begins to 
change. Use a second degree 
polynomial profile.  

1L
.1k 2L

2k

xoq

0

)(t

Th
x

i

x
oq
0 q

oq

1L 2L
1k 2k

plate
1 2

plate
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0

8.13 A semi-infinite region is initially 
solid at the fusion temperature
At time  the surface at 

.fT
0t x

.oqis heated with uniform flux
Determine the interface location 
and surface temperature. Assume a 
second degree polynomial temperature profile. 

liquid solid

x
ix

0

oq
fT

8.14 Consider a large plate of thickness L which is initially at uniform 
temperature  At time  one surface begins to exchange heat 
with the surroundings by radiation while the other surface is 
insulated. The temperature of the surroundings is 0 K.  

.iT 0t

[a] Show that the heat-balance integral for this problem is given by 

)(

0

4 )(
t

s
p

dxTT
dt
dT

c i

),0( tTs

.sT

Lt)(

,

               whereT  is surface  temperature.        

L

x         [b] Use a third degree polynomial temperature 
profile to determine the surface temperature 

0

KsurT 0

         [c]  Is the above heat-balance integral limited to 
?
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PERTURBATION SOLUTIONS 

9.1 Introduction

Perturbation methods are analytical techniques used to obtain approximate 
solutions to problems in mathematics as well as in various engineering 
disciplines.  The basic idea in this approach is to construct an approximate 
solution to a problem using an exact solution to a slightly different 
problem. The mathematical simplification associated with this method is 
linearization and/or replacement of a variable or its derivative with a 
specified function. 

Before the methodology of perturbation solutions is presented, the 
following terms are defined.  

Perturbation quantity : A quantity which appears as a parameter or 
variable in the dimensionless formulation of a problem. It can appear in the 
differential equation and/or boundary condition. Its magnitude is assumed 
small compared to unity.  

Basic Problem: This is the problem corresponding to .0  It is also 
known as the zero-order problem.  

Basic Solution: This is the solution to the basic or zero-order problem. It 
represents the lowest approximate solution to the problem.  

Regular Perturbation Problem:  A problem whose perturbation solution is 
uniformly valid everywhere in the domains of the independent variables. 

Singular Perturbation Problem: A problem whose perturbation solution 
breaks down in some regions of an independent variable. 
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Asymptotic Expansion: A representation of a function in a series form in 
terms of the perturbation quantity .  As an example, the asymptotic 
expansion of the temperature distribution  may take the form 

0n
n

n ,                                        (9.1)   

where n can be an integer or a fraction. The first term in the series, n = 0, 
corresponds to the zero-order solution. The second term represents the 
first-order solution, etc.

Parameter Perturbation. An expansion in which the perturbation quantity 
is a parameter (constant). 

Coordinate Perturbation. An expansion in which the perturbation quantity 
is a coordinate (variable). The coordinate can be either spatial or temporal.    

This chapter presents an abridged treatment of perturbation solutions. It is 
limited to parameter perturbation of regular perturbation problems. More
details on perturbation techniques are found in References 1 and 2. 

9.2 Solution Procedure   

The following procedure is used to construct perturbation solutions:  

(1) Identification of the Perturbation Quantity. Non-dimensional 
formulation of a problem can reveal the relevant perturbation 
parameter. Physical understanding of a problem is important in 
determining how a problem is non-dimensionalized.  

(2) Introduction of an Asymptotic Solution. Assuming that the 
expansion proceeds in integer powers of ,  eq. (9.1) gives 

.....2
2

10                              (9.2)  

(3) Formulation of the n  Problems.   Substitution of the assumed 
solution, eq. (9.2), into the governing equations and boundary 
conditions and equating terms of identical powers of ,  gives the 
formulation of the n-order problems. This step breaks up the original 
problem into n  problems. 
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(4) Solutions.  The n-order problems are solved consecutively and their 
respective boundary conditions are satisfied. 

Before illustrating how this procedure is applied, examples of perturbation 
problems in conduction will be described. 

9.3 Examples of Perturbation Problems in Conduction 

Perturbation problems in conduction may be associated with the governing 
heat equation, boundary conditions or both. The following describes 
various applications.  

(1) Cylinder with Non-circular Inner Radius.  Fig. 9.1 shows a cylinder 
with a distorted inner radius ).(iR  As an example, consider an inner 
radius which varies with the angle  according to 

2sin1)( aRi          (9.3)           

For steady state and uniform conditions at 
the inner and outer radii the temperature 
distribution is two-dimensional.  For 

,1   the departure of from a circle 
of radius a is small. The basic problem 
corresponding to 

iR

0  is a cylinder of 
constant inner radius .aRi  Note that 
the basic problem is one-dimensional. 

iR

a

a

Fig. 9.1(2) Tapered Plate.  The plate shown in 
Fig. 9.2 is slightly tapered having a half 
width W which varies with axial distance 
x.  An example is a linearly tapered plate 
described by 

0W0W L
x

Fig. 9.2)/(1/ 0 LxWW ,           (9.4)

where L is length and W  is the half width at 0 .0x   The basic problem in 
this example is a plate of uniform width W .0W

(3) Cylinder with Eccentric Inner Radius.  Fig. 9.3 shows a hollow 
cylinder with an inner radius whose center is eccentrically located. The 
inner and outer radii are  and  and the eccentricity is e. The 
perturbation parameter for this example is defined as  

iR oR
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io RR
e

.                     (9.5)                                               

For uniform conditions along the inner and 
outer radii the temperature distribution is two-
dimensional. However, the basic problem 
corresponding to 0e  represents a hollow 
cylinder with a concentric inner radius. This 
basic problem is one-dimensional. 

(4) Surface Radiation.   Since radiation heat 
transfer rate is proportional to the fourth power of the absolute temperature, 
problems involving radiation are non-linear. Perturbation solutions can be 
obtained to such problems provided that radiation is small compared to 
another mode of heat transfer. For example, if radiation is small compared 
to convection, a perturbation parameter can be defined as the ratio of 
radiation to convection heat transfer rate. The perturbation parameter in this 
case takes the form 

e
oR iR

Fig. 9.3

h
Te

hT
Te o

o

o
34

,                                    (9.6)

where

surface emissivity  e
h heat transfer coefficient 

oT characteristic surface temperature 
Stefan-Boltzmann radiation constant 

In eq. (9.6) the numerator,  is the radiation heat transfer rate.  The 
denominator, represents the convection rate.  Thus in the basic 
problem corresponding to 

,4
oTe

,ohT
,0  radiation is neglected.

(5) Conduction with Phase Change. The Stefan number, which was 
introduced in Chapter 6, represents the ratio of the sensible heat to latent 
heat. Thus problems involving small Stefan numbers lend themselves to 
perturbation solutions using the Stefan number as the perturbation 
parameter. The definition of the Stefan number in eq. (6.13) becomes 

)( fopf TTc
Ste .               (9.7)

L 
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The basic problem corresponding to 0  represents a quasi-steady state 
model in which temperature distribution corresponds to a stationary 
interface.

(6) Temperature Dependent Properties.  Conduction problems in which 
properties are temperature dependent are non-linear. If the variation in 
properties is small, a perturbation parameter can be defined and used to 
constructed approximate solutions. For example, the perturbation parameter 
for a temperature dependent thermal conductivity may be defined as  

1

12

k
kk

,                                         (9.8)

where  and  correspond to thermal conductivities at two characteristic 
temperatures of the problem.  

1k 2k

9.4 Perturbation Solutions: Examples 

The procedure outlined in Section 9.2 will be followed in obtaining several 
perturbation solutions. The selected examples are simplified conduction 
problems for which exact analytic solutions are available. Thus, the 
accuracy of the perturbation solutions can be evaluated.

Example 9.1  Transient Conduction with Surface Radiation and   
Convection

A thin foil of surface area  is initially at a uniform temperature  The 
foil is cooled by radiation and convection. The ambient fluid and 
surroundings are at zero kelvin. The heat transfer coefficient is  and 
surface emissivity is  Assume that the Biot number is small compared to 
unity. Identify an appropriate perturbation parameter for the case of small 
radiation compared to convection and obtain a second-order perturbation 
solution for the transient temperature of the foil. 

sA .iT

h
.e

(1)  Observations. (i) The lumped-capacity method can be used if the Biot 
number is small compared to unity. (ii) A perturbation solution can be 
constructed for the case of small radiation compared to convection. (iii) A 
perturbation parameter which is a measure of the ratio of radiation to 
convection is appropriate for this problem.   
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(2)  Formulation 

(i) Assumptions. (1) The Biot number is small compared to unity, (2) 
the simplified radiation model of  is applicable, (3) constant 
properties and (4) no energy generation. 

(1.19)eq.

(ii) Governing Equations. Application of conservation of energy, eq. 
(1.6), to the foil gives 

EEEE outgin .       (1.6)                    

However, since no energy is added or generated, the above simplifies to  

EEout .                       (a) 

Energy leaving the foil is formulated using Newton’s law of cooling and 
Stefan-Boltzmann radiation law 

4TAeThAE ssout ,                 (b) 

where  is Stefan-Boltzmann constant. Equation (b) is based on the 
assumption that the ambient fluid temperature and the surroundings 
temperature are at zero degree absolute.  The time rate of change of energy 
within the foil,  is ,E

td
dTVcE p ,  (c)

where  is specific heat, V is volume and pc  is density. Substituting (b) 
and (c) into (a)  

td
dTVcTAeThA pss

4 .          (d)        

The initial condition on (d) is 
iTT )0( .                       (e) 

(iii) Identification of the Perturbation Parameter .  The radiation 
term in (d) is non-linear.  To identify an appropriate perturbation parameter 
for this problem, equation (d) is expressed in dimensionless form using the 
following dimensionless temperature and time variables 

iT
T

, t
Vc

hA

p

s .                  (f) 
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Substituting into (d) and (e) and rearranging gives 

d
d

hT
Te

i

i 4
4

,                 (g)

and
1)0( .                        (h) 

The dimensionless coefficient of the first term in (g) represents the ratio of 
radiation to convection heat transfer. Defining this ratio as the perturbation 
parameter  gives 

h
Te

hT
Te i

i

i
34

.             (9.9)         

Substituting eq. (9.9) into (g) 

d
d4 .                 (9.10)

(iv) Asymptotic Solution.  Assume a perturbation solution in the form 
of the asymptotic expansion given in eq. (9.2) 

...2
2

10             (9.2)

(v) Formulation of the n  Problems. Substituting eq. (9.2) into eq. 
(9.10) gives 

...... 2210
2

2
10

4
2

2
10 d

d
d
d

d
d

Expanding the first term and retaining terms of order  the above   
becomes 

,2

)i...(

......)64(4

2210

2
2

2
10

2
1

2
02

3
0

2
1

3
0

4
0

d
d

d
d

d
d

Equating terms of identical powers of  gives the governing equations for n

0 :
d
d 0

0 .                    (j-0) 
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1 :
d
d 1

1
4
0 .            (j-1)           

2

d
d 2

21
3
04 .                (j-2) 

Initial conditions on equations (j) are obtained by substituting eq. (9.2) into 
(h)

1...)0()0()0( 2
2

10 .

Equating terms of identical powers of  yields the initial conditions on n

0 : 1)0(0 .                    (k-0) 
1 : 0)0(1 .   (k-1)
2 : 0)0(2 .                     (k-2) 

The following observations are made regarding equations (j) and (k): 

(i)   The zero-order problem described by (j-0) represents a foil which is 
exchanging heat by convection only. This equation can also be 
obtained by setting 0  in eq. (9.10). 

(ii)  In the first-order problem, (j-1), radiation is approximated by the 
solution to the zero-order problem. That is, the radiation term is set 
equal to  In the second-order problem, (j-2), the radiation 
approximation is improved by setting it equal to  The problem 
is linearized by replacing the radiation term with a specified function. 

.4
0

.4 1
3
0

(iii) Solutions to the n-order problems must proceed consecutively, 
beginning with the zero-order problem, n = 0, and progressing to 

n = 2, ….etc. ,1n
(iv) Each problem is described by a first order differential equation 

requiring one initial condition. Equations (k) give the respective initial 
condition of each problem. 

(3) Solutions

Zero-order solution: The solution to (j-0) subject to initial condition 
is)0k(

e)(0 .                   (l-0)
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First-order solution: Substituting (l-0) into (j-1) 

d
de 1

1
4 .

Using initial condition (k-1), the solution to this equation gives )(1

)1(
3

)( 3
1 ee

.                (1-1) 

Second-order solution: With 0  and 1  known, substitution of (l-0) and 
 into (j-2) gives the governing equation for the second order problem )11(

d
d

ee 2
2

47 )3/4()3/4( .

Solving this equation for )(2  and using initial condition (k-2) gives

)1()18/4()1()9/4()( 63
2 eeee .             (l-2)       

Substituting (l-0), (l-1) and (l-2) into eq. (9.2) gives the perturbation 
solution

...)1()18/4()1()9/4(

)1()3/()(

][ 632

3

eeee

eee

(m) 
Rearranging (m) 

...)21()9/2()1()3/(1)( ][ 6323 eeee (9.11)

(4) Checking. Limiting checks: (i) Setting 0  in eq. (9.11) gives the 
correct solution corresponding to cooling with no radiation. (ii) At 
the foil should be at equilibrium with the ambient temperature.  That 
is or0)(T .0)(  Setting  in   gives (9.11)eq. .0)(

Initial condition check: At 0 (9.11)eq. reduces to .1)0( Thus the 
perturbation solution satisfies initial condition (h). 

(5) Comments. The exact solution to  can be obtained by 
separating the variables 

(9.10)eq.
and and integrating directly using initial 

condition (h) 



278       9 Perturbation Solutions  

1
4

0

dd .

Performing the integration, rearranging the results and setting e  gives 
)3/1(3 ][ )1()( ee ,                        (9.12) 

where e is the exact solution. 
This result is used to examine the 
accuracy of the perturbation 
solution. Fig. 9.4 gives the ratio of 
the perturbation to exact solution 
for various values of the 
perturbation parameter .   As 
anticipated, the error associated 
with the perturbation solution 
increases as  is increased. 
Nevertheless, agreement between 
the two solutions is surprisingly good. This suggests that the perturbation 
solution may converge to the exact solution. To explore this possibility, eq. 
(9.12) is rewritten in a form resembling eq. (9.11).  Binomial expansion of 
eq. (9.12) gives 

00.1

01.1

02.1

21 30

5.0

4.0

3.0
2.0

9.4Fig.

e

][ )21()9/2()1()3/(1)( 6323 eeeee

....)10/24()10/42(1)81/10( ][ 633 ee       (9.12a)                          

Comparing eq. (9.11) with eq. (9.12a) shows that the exact solution 
contains the first three terms of the perturbation solution. This trend points 
to convergence of the perturbation solution.

Example 9.2: Variable Thermal Conductivity

Consider steady state one-dimensional conduction in a wall of thickness L.
One side is maintained at temperature while the opposite side is at
The thermal conductivity varies with temperature according to 

iT .oT

)(1)( oo TTkTk ,                               (9.13) 
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where T is temperature, is a constant and is the thermal conductivity 
at  Identify an appropriate perturbation parameter for the case of small 

ok
.oT

variation of thermal conductivity with temperature and obtain a second-
order perturbation solution for the temperature distribution in the wall. 

(1)  Observations. (i) The term )( oTT  is the source of non-linearity of 
the problem. This term gives a measure of the variation in thermal 
conductivity. (ii) A perturbation solution can be constructed for 

.1)( TT o

(2)  Formulation 

(i) Assumptions. (1) Steady state, (2) one-dimensional conduction and (3) 
no energy generation. 

(ii) Governing Equations.  Based on the above 
assumptions, the heat equation is 

0)(
dx
dTk

dx
d

)0(
)(

.                (9.14) 

(iii) Boundary Conditions. The boundary 
conditions for the coordinate axis shown in Fig. 9.5 
are

L

)(Tk
oT

iT

x

Fig. 9.5

0

(1) T iT
      (2) T oTL

     (iv) Identification of the Perturbation Parameter . To identify an 
appropriate perturbation parameter, eq.  is cast in dimensionless 
form using the following dimensionless variables 

(9.14)

oi

o
TT
TT

,
L
x

.

Substituting into eq. (9.14) 

                                        0])(1[
d
dTT

d
d

oi .

This result suggests that the perturbation parameter can be defined as

)( oTTi .                   (a) 
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Equation (9.14) becomes 

0)1(
d
d

d
d

.             (9.15) 

Note that eq. (9.15) is non-linear. The two boundary conditions become 

      (1) 1)0(
      (2) 0)1(

(v) Asymptotic Solution.  Assume a perturbation solution in the form 
of the asymptotic expansion given in eq. (9.2)  

...2
2

10                           (9.2)  

(vi) Formulation of the n Problems. Substituting eq. (9.2) into eq. 
(9.15)

0...)(...)(1 2
2

102
2

10 d
d

d
d

Differentiating and expanding the above gives 

.02 2
0

2

1
2102

2
1

2

0
2

2
0

2
0

2

02
2

2
2

2
1

2

2
0

2

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

Equating terms of identical powers of  yields the governing equations for 
n

0 : 02
0

2

d
d

,                     (b-0) 

1 : 0
2

0
2
0

2

02
1

2

d
d

d
d

d
d

,                          (b-1) 

2 : 02 2
0

2

1
10

2
1

2

02
2

2

d
d

d
d

d
d

d
d

d
d

.            (b-2) 

Substituting eq. (9.2) into the first boundary condition  
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1...)0()0()0( 2
2

10 .

Equating terms of identical powers of  yields 
0 : 1)0(0 ,                      (c-0) 
1 : 0)0(1 ,  (c-1)
2 : 0)0(2 .                     (c-2) 

Similarly, the second boundary condition gives 

0...)1()1()1( 2
2

10 .

Equating terms of identical powers of 
0 : 0)1(0 ,                     (d-0) 
1 : 0)1(1 ,   (d-1)
2 :                       0)1(2 .                    (d-2)

The following observations are made regarding equations (b):

(i) The zero-order problem described by (b-0) represents one-
dimensional conduction in a wall having constant thermal 
conductivity.  This equation can also be obtained by setting 0  in 
eq. (9.15). 

(ii)   In the first-order problem, (b-1), the effect of conductivity variation is 
approximated by the solution to the zero-order problem. In the second 
order problem, (b-2), conductivity effect is approximated by the zero 
and first-order solutions.  Note that (b-1) and (b-2) are linear. 

(iii) Solutions to the n-order problems must proceed consecutively, 
beginning with the zero-order problem, n = 0, and progressing to 

n = 2, ….etc. ,1n
(3) Solutions

Zero-order solution:  The solution to (b-0) subject to boundary conditions 
(c-0) and (d-0) is

10 .                                            (e-0)
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First-order solution: Substituting (e-0) into (b-1) gives 

12
1

2

d
d

.

Integrating twice and using boundary conditions (c-1) and (d-1) `give the 
first-order solution 

)1)(2/(1 .                (e-1)

Second-order solution: Substituting (e-0) and (e-1) into (b-2) 

322
2

2

d
d

.

Integrating and applying boundary conditions (c-2) and (d-2) gives the 
second order solution 

)12)(2/( 2
2 .               (e-2)

Substituting (e-0), (e-1) and (e-2) into eq. (9.2) gives the perturbation 
solution

....)12)(2/()1)(2/()1( 22   (9.16)  

(4) Checking. Limiting check: Setting 0  in  gives the 
correct solution corresponding to constant conductivity.

(9.16)eq.

Boundary conditions check: Evaluating  at (9.16)eq. 0  and 1
gives 1)0(  and .0)1(  Thus the perturbation solution satisfies the 
two boundary conditions.  

(5) Comments. The exact solution to 
the problem can be obtained by 
direct integration of eq. (9.15) and 
using the two boundary conditions. 
The result is 

1)1)(2(11
e .                              

The accuracy of the perturbation 
solution can be evaluated by comparing it with the exact solution. Table 9.1 
examines the temperature at the mid-plane, 5.0 , using both solutions 

                     Table 9.1     
           and e  at 5.0         

e
%  Error 

0 0.5  0.5    0.0 
0.1 0.512  0.512    0.002 
0.2 0.523  0.523    0.038 
0.3 0.532  0.533    0.113 
0.4 0.54  0.541    0.258 
0.5 0.547  0.55    0.473 
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for various values of the perturbation parameter .  Note that the error 
increases as  is increased. Nevertheless, even at the relatively large value 
of 5.0  the error is less than 0.5%.

Example 9.3: Fin with Convection and Radiation 

A constant area semi-infinite fin of radius o  exchanges heat by convection 
and radiation. The heat transfer coefficient is h, thermal conductivity is k
and surface emissivity is e.  For simplicity, the ambient fluid and the 
surroundings are assumed to be at 

r

0surTT K.  The base is 
maintained at constant temperature  Identify an appropriate 
perturbation parameter for the case of small radiation compared to 
convection and obtain a second-order perturbation solution for steady state 
temperature distribution in the fin and for the heat transfer rate. 

.oT

(1) Observations. (i) A perturbation 
solution can be constructed for the case 
of small radiation compared to 
convection. An appropriate perturbation 
parameter is the ratio of radiation to 
convection heat transfer rates. (ii) This 
problem is non-linear due to radiation. 
(iii) An exact solution to the heat 
transfer rate is presented in Section 7.7. 

x0

Fig. 9.6

K0TTsur

h

(2)  Formulation 

(i) Assumptions. (1) Steady state, (2) fin approximation is valid (the Biot 
number is small compared to unity), (3) the simplified radiation model of 
eq. (1.19) is applicable, (4) constant properties and (5) ambient fluid and 
surroundings are at zero degree kelvin. 

(ii) Governing Equations. The heat equation for this fin is formulated 
in Section 7.7. Setting 0T  in eq. (7.16) gives 

04
2

2
T

kA
CeT

kA
hC

dx
Td

cc
,                        (9.17)  

where

= cross section area 2
oc rA
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orC 2 = perimeter 

     (iii) Boundary Conditions. The boundary conditions are 

(1) oTT )0(
(2) 0)(T

     (iv) Identification of the Perturbation Parameter . To express 
and the boundary conditions in dimensionless form, the 

following dimensionless variables are defined  
(9.17)eq.

oT
T

,
or
x  .                                       (a)  

Substituting (a) into eq. (9.17) 

0
2

4
4

2

2

o

o

o hT
Te

d
d

rh
k

.                            (b) 

The coefficient of the first term in (b) is the reciprocal of the Biot number, 
defined as 

k
hr

Bi o2
.                                               (c)   

The coefficient of the non-linear radiation term is the ratio of radiation to 
convection heat transfer at the base. Defining this ratio as the perturbation 
parameter , we obtain 

h
Te o

3

.                                        (9.18)       

Substituting (c) and eq. (9.18) into (b) gives the heat equation for the fin 

01 4
2

2

d
d

Bi
.                              (9.19)   

The two boundary conditions become 

(1) 1)0(
(2) 0)(

(v) Asymptotic Solution.  Assume a perturbation solution in the form 
of the asymptotic expansion given in eq. (9.2) 
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...2
2

10                              (9.2)  

(vi) Formulation of the n  Problems. Use eq. (9.2) into eq. (9.19) 

.0...

......1

4
2

2
10

2
2

102
2

2
2

2
1

2

2
0

2

d
d

d
d

d
d

Bi  (d) 

Expanding the fourth power term, equation (d) becomes 

0......4

......1

1
3
0

4
0

2
2

102
2

2
2

2
1

2

2
0

2

d
d

d
d

d
d

Bi

Equating terms of identical powers of  yields the governing equations for 
n

0 :                                       01
02

0
2

d
d

Bi
,                                   (e-0)     

1 :                                    01 4
012

1
2

d
d

Bi
,                               (e-1)  

2 :                               041
1

3
022

2
2

d
d

Bi
.                            (e-2)   

Substituting eq. (9.2) into the first boundary condition gives  

1...)0()0()0( 2
2

10 .                                           

Equating terms of identical powers of  yields  
0 :                                            1)0(0 ,                                             (f-0) 
1 :                                             0)0(1 ,                                             (f-1)           
2 :                                            0)0(2 .                                            (f-2) 

Similarly, the second boundary condition gives 
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0...)()()( 2
2

10 .

Equating terms of identical powers of 
0 :                                            0)(0 ,                                           (g-0) 

1 :                                             0)(1 ,                                           (g-1) 
2 :                                            0)(2 .                                           (g-2)     

The following observations are made regarding equations (e): 

(i)   The zero-order problem described by (e-0) represents a fin which is 
exchanging heat by convection only. This equation can also be 
obtained by setting 0  in eq. (9.19). 

(ii)  In the first-order problem, (e-1), radiation is approximated by the 
solution to the zero-order problem. That is, the radiation term is set 
equal to  In the second-order problem, (e-2), the radiation 
approximation term is improved by setting it equal to 

.4
0

.4 1
3
0

(iii)  Although eq. (9.19) is non-linear, the perturbation problems described 
by equations (e) are linear.  

(3) Solutions

Zero-order solution: The solution to (e-0) subject to boundary conditions 
(f-0) and (g-0) is 

)exp(0 Bi .                                    (h-0)         

First-order solution: Substituting (h-0) into (e-1)  

)4exp(12
1

2

BiBiBi
d
d

.

This equation is of the type described in Appendix A. Its solution, based on 
boundary conditions (f-1) and (g-1), is  

][ )exp()4exp()15/1(1 BiBi .              (h-1) 

Second-order solution: Substituting (h-0) and (h-1) into (e-2) gives the 
governing equation for the second-order problem  
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][ )4exp()7exp()15/4(22
2

2

BiBiBiBi
d
d

.

Using Appendix A, the solution to this equation subject to conditions (f-2) 
and (g-2) is 

][ )4exp(16)7exp(5)exp(11)900/1(2 BiBiBi .

(h-2)
Substituting equations (h-0), (h-1) and (h-2) into eq. (9.2) gives the 
perturbation solution  

...)4exp(16)7exp(5)exp(11
900

)exp()4exp()15/1()exp(

][

][
2

BiBiBi

BiBiBi
          

(9.20)
The heat transfer rate from the fin is determined by applying Fourier’s law 
at 0x

dx
dTkAq c

)0( .                                          (i) 

Expressed in terms of and ,  equation (i) becomes 

d
dTkrq oo

)0(
.                                      (j) 

Substituting eq. (9.20) into (j) and rearranging the result gives the 
dimensionless fin heat transfer rate

...
505

1
2

*
BiTrk

qq
oo

                   (9.21)   

(4) Checking. Limiting check: (i) Setting 0  in eq. (9.20) gives the 
correct temperature distribution for a fin with no radiation. Similarly, 
setting 0  in eq. (9.21) gives the heat transfer rate for a fin with no 
radiation. (ii) If any of the quantities , , and  vanishes, the heat 
transfer rate q must also vanish. Eq. (9.21) satisfies this condition. 

cA k oT

Boundary conditions check: Evaluating eq. (9.20) at 0  and 
gives 1)0(  and .0)(  Thus the perturbation solution satisfies the 
two boundary conditions.  
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(5) Comments. The exact solution to the heat transfer rate,  from a 
semi-infinite fin with surface convection and radiation is obtained in 
Section 7.7. Setting  in eq. (7.18) gives  

,eq

0T
2/152 )5/()2/( oo TkAceTkAhc2e kAq .

Introducing the definition  and expressing the 
result in dimensionless form gives 

2/15/21*eq .                     (9.22)  

With the exact solution known, the accuracy of the 
perturbation solution can be evaluated. Table
shows that the two solutions are remarkably close 
even for

9.2

.0.1   This leads one to suspect that the perturbation solution 
converges to the exact solution. Binomial expansion of eq. (9.22) gives 

...
250505

1
32

*
eq                          (9.22a)    

Comparing  with eq. suggests that the perturbation 
solution appears to converge to the exact solution.

(9.21)eq. (9.22a)

Example 9.4: Conduction with Phase Change: Stefan’s Problem 

A semi-infinite liquid region is initially at the fusion temperature fT  The 
boundary at  is suddenly maintained at constant temperature 

.fo  Assume that the Stefan number is small compared to unity, obtain 
a second-order perturbation solution for the interface position

.
0x

TT
).(txi

(1) Observations. (i) A perturbation 
solution can be constructed for the case 
of a small Stefan number (small sensible 
heat compared to latent heat).  (ii) The 
Stefan number can be used as the 
perturbation parameter for this problem. 
(iii) This problem is non-linear due to the 
interface boundary condition. (iv) The 
liquid phase remains at the fusion 
temperature. (v) An exact solution to this 
problem is given in Section 6.7. 

Table 9.2 

** / eqq
 0  1.0 
 0.2  0.99997 
 0.4  0.9998 
 0.6  0.9993 
 0.8  0.9985 
 1.0  0.9973 

Fig. 9.7

solid

x
oT

T

dt
dxi

fT

ix
0

liquid
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(2)  Formulation 

     (i) Assumptions. (1) Constant properties, (2) semi-infinite region and 
(3) one-dimensional conduction. 

     (ii) Governing Equations.  Formulation of this problem is found in 
Section 6.7. The heat equation for the solid phase is  

t
T

x
T 1
2

2
.                                           (a) 

     (iii) Boundary Conditions. The boundary conditions are 

     (1) oTtT ),0(

     (2) fTtxT i ),(

     (3)
td

dx
x

txT
k ii ),(

where k is thermal conductivity of the solid phase, L is latent heat of 
fusion and is density. The initial condition is

     (4) 0)0(ix

     (iv) Identification of the Perturbation Parameter . Following the 
procedure used in Section 6.5, the following dimensionless variables are 
introduced

of

f

TT
TT

,
L
x

, 2L
t

,
)( of TTcps .        (b)        

where  is specific heat of solid and L is characteristic length. 
Substituting (b) into the heat equation and boundary conditions gives 

psc

2

2
.                                             (c) 

(1) 1),0(

(2) 0),( i

(3)
d
d ii ),(

The interface initial condition is 

L 

L 
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(4) 0)0(i

where i is the dimensionless interface location.  

(v) Asymptotic Solution.  An asymptotic expansion is assumed for 
each of the two variables and .i  Let 

...2
2

10                                  (d)  

...2
2

10 iiii                                (e) 

(vi) Formulation of the n  Problems. Substituting (d) into (c) 

...... 120
2
2

2
2

2
1

2

2
0

2

               (f) 

Equating terms of identical powers of 

:0                                             02
0

2

,                                           (g-0) 

:1                                            0
2
1

2

,                                        (g-1)  

:2                                           1
2
2

2

.                                        (g-2) 

The first boundary condition gives 

1...),0(),0(),0( 2
2

10 .

Equating terms of identical powers of 

1),0(0 ,                                        (h-0) 

0),0(1 ,                                         (h-1) 

0),0(2 .                                         (h-2) 

Boundary conditions (2) and (3) require special attention. Both conditions 
are evaluated at the interface location .i  However, according to (e) the 
variable i depends on the perturbation parameter .  Thus appears 
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implicitly in these conditions.  This presents a problem since equating 
terms of identical powers of can not be done in an equation in 
which appears implicitly. To circumvent this difficulty we use Taylor 
series expansion about 0  to approximate and /  at .i
Thus boundary condition (2) becomes 

0...),0(
!3

),0(
!2

),0(
!1

),0(),( 3

33

2

22
iii

i                     

(i)
Substituting (d) and (e) into (i) gives 

0...
),0(),0(),0(

...
6
1

...
),0(),0(),0(

...
2
1

...
).0(),0(),0(

...

...),0(),0(),0(),(

3
2

3
2

3
1

3

3
0

33
2

2
10

2
2

2
2

2
1

2

2
0

22
2

2
10

2210
2

2
10

2
2

10

iii

iii

iii

i

Note that  appears explicitly in this equation. Expanding, equating terms 
of identical powers of  and using (g-0) and equations (h), the above gives 

:0                                     1
),0(0

0i ,                                        (j-0) 

:1

,0),0(
6

),0(
2

),0(),0(
3

1
33

0
2

1
22

00
1

1
0

ii
ii  (j-1)

:2

.0
),0(

6
),0(

6
),0(

),0(),0(
2

),0(),0(

3
1

3
1

2
0

3
2

33
0

2
1

2

10

0
22

2
22

01
1

2
0

iii
ii

i
i

ii

 (j-2)

Using Taylor series expansion of / about 0 , boundary condition 
(3) becomes 
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....),0(
!3

),0(
!2

),0(),0(
4

43

3

32

2

2

d
d iii

i  (k) 

Substituting (d) and (e) into (k) and making use of (g-0) 

...

...),0(),0(
6

...

...),0(),0(
2

...

...),0(),0(...

...),0(),0(),0(

2210

4
2

4
2

4
1

43
2

2
10

3
2

3
2

3
1

32
2

2
10

2
2

2
2

2
1

2

2
2

10

2210

d
d

d
d

d
d iii

iii

iii

iii

Expanding and equating terms of identical powers of 

:0                                      
d

d i00 ),0(
,                                      (l-0)  

:1

d
d iii

i
1

4
1

43
0

3
1

32
0

2
1

2

0
1 ),0(

6
),0(

2
),0(),0(

                

(l-1)

:2

d
d iii

ii

i
ii

2
4

1
4

1
2
01

4
2

43
0

3
1

3

10

3
2

32
0

2
1

2

12
2

2

0
2

),0(
2

),0(
6

),0(

),0(
2

),0(),0(),0(

(l-2)
Substituting (e) into initial condition (4) 

0)0()0()0( 2
2

10 iii .
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Equating terms of identical powers of 

:0                                             0)0(0i ,                                        (m-0)    

:1                                              0)0(1i ,                                         (m-1) 

:2                                             0)0(2i .                                        (m-2) 

Having completed the formulation of the zero, first and second order 
problems, the following observations are made:  

(i)  The zero-order problem described by equations (g-0), (h-0), (j-0), (l-0), 
and (m-0) is identical with the quasi-steady approximation of the 
Stefan problem detailed in Example 6.1. Note that in the quasi-steady 
approximation the transient term in the heat equation is neglected.  

(ii) In the first-order problem the transient term is approximated by the 
solution to the zero order problem, as indicated in equation (g-1).  

(3) Solutions 

Zero-order solution: The solution to (g-0) which satisfies conditions (h-0) 
and (j-0) is 

1
)(

),(
0

0
i

.                                      (n) 

The interface position )(0i  is obtained from the solution to (l-0). 
Substituting (n) into (l-0) 

d
d i

i

0

0

1
.

Solving this equation and using initial condition (m-0) gives  

2)(0i .                                           (o) 

Thus the zero-order temperature solution (n) becomes 

1
2

),(0 .                                       (p)        

First-order solution: Substituting (p) into (g-1) 
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2/3
2
1

2

22
.

Integrating twice and using conditions (h-1) and (j-1) 

2/11
1

2/3
3

1 262212
),( i .               (q) 

The interface position )(1i  is obtained from the solution to (l-1). 
Substituting (o) and (q) into (l-1)  

d
d ii 12/111

23
1

2
.

Solving this equation and using initial condition (m-1) gives 

23

2/1

1i .                                            (r) 

Thus the first-order solution (q) becomes 

2/12/3
3

1 23212
),( .                        (s)   

Second-order solution. Substituting (s) into (g-2) 

2/32/5
3

2
2

2

2628
.

Integrating twice and using conditions (h-2) and (j-2) 

1
2

2/12/3
3

2/5
5

2 22122362160
),( i .     (t)                                         

The interface position )(2i  is obtained from the solution to (l-2). 
Substituting (o), (r) and (t) into (l-2)  

d
d ii 2122/1

229
2

.

Solving this equation and using initial condition (m-2) gives  
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2/1
2 9

2
i .                                           (u)        

Thus the second-order solution (t) becomes 

2/12/3
3

2/5
5

2 2362362160
),(  .          (v)     

The perturbation solution for becomes

1
2

),( 2/12/3
3

23212

                     ...
2362362160

2/12/3
3

2/5
5

2 (9.23)

With ,0i 1i and 2i determined, the solution to the interface motion is 
obtained by substituting (o), (r) and (u) into (e)

...)9/1()6/1(12)( 2
i .                     (w)                      

Substituting (b) into (w) gives the dimensional interface location )(txi

...)9/1()6/1(2)( 2/52/32/1ttxi .         (9.24) 

(4) Checking. Limiting check: (i) According to the definition of in (b), 
the special case of 0  corresponds to a material of infinite latent 
heat  The interface for this limiting case remains stationary. Setting .

0 in eq. (9.24) gives .0)(txi  (ii) If the specific heat is infinite or if 
the conductivity vanishes, the interface remains stationary. These limiting 
conditions give .0  Setting 0  in eq. (9.24) gives .0)(txi

Boundary and initial conditions check: Evaluating eq. (9.23) at 0
gives .1),0(  Thus this condition is satisfied.  

(5) Comments. (i) The exact solution to Stefan’s problem is given in 
Section 6.7. The exact interface position,  is ,iex

ttxie 4)( ,                                 (9.25) 

where is the root of eq. (6.24) 

L 
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erf
2

e .           (6.24) 

Table 9.3 compares the two solutions.  The 
perturbation solution is very accurate even 
at values of  as high as 0.8 where the 
error is 4.6%. (ii) The perturbation 
solution is expressed in a simple explicit 
form while the exact solution involves a 
transcendental equation whose solution 
requires iteration.

  Table 9.3 

eii xx /
0.1 0.2200 1.0005  
0.2 0.3064 1.0022 
0.3 0.3699 1.0054 
0.4 0.4212 1.0097 
0.5 0.4648 1.0160 
0.6 0.5028 1.0241 
0.7 0.5365 1.0341 
0.8 0.5669 1.0463 

9.5 Useful Expansions 
To equate terms of identical powers of ,  the perturbation parameter must 
appear explicitly as a coefficient in a governing equation or boundary 
condition. This rules out problems in which the perturbation parameter 
appears as an exponent, such as  or in the argument of a function, such 
as cos

,e
. However, in such cases the use of an appropriate expansion, valid 

for small ,  may resolve the difficulty. In Example 9.4, a Taylor series 
expansion was used. The following are other examples in which an 
expansion is used to provide the desired form for .

Exponential expansion:           ...
!4!3!2

1
432

e                     (x) 

Trigonometric expansion:         ...
!4!2

1cos
42

                        (y)  

Binomial expansion:       ...
!38

15
!24

3
2

1)1(
32

2/1      (z) 

In each of these expansions, appears as a coefficient and thus can 
be equated to other terms containing raised to the same power.
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PROBLEMS 

9.1 An electric wire of radius is initially at uniform temperature 
At time  current is passed through the wire resulting in 
volumetric energy generation

or .iT
0t

.q   The wire loses heat to the 
surroundings by convection and radiation.  The ambient fluid and the 
surroundings temperatures are at zero kelvin.  The heat transfer 
coefficient is h and surface emissivity is e. Assume that the Biot 
number is small compared to unity and that radiation is small 
compared to convection. Consider the case where energy generation 
is such that the wire temperature does not exceed  Formulate the 
governing equations in dimensionless form and identify an 
appropriate perturbation parameter. Construct a first-order 
perturbation solution to the transient temperature. 

.iT

9.2 A foil is initially at a uniform 
temperature   At time  the 
lower surface is heated with uniform 
flux and the upper surface is 
allowed to lose heat to the 
surroundings by convection and 
radiation.  The ambient fluid and the 
surroundings are at zero kelvin.  The heat transfer coefficient is h and 
surface emissivity is e. Assume that the Biot number is small 
compared to unity and that radiation is small compared to 
convection. Consider the case where the heat flux

.iT 0t

oq

oq is such that foil 
temperature does not exceed  Formulate the governing equations 
in dimensionless form and identify an appropriate perturbation 
parameter. Construct a first-order perturbation solution to the 
transient temperature.

.iT

K0surTT
radiationconvection

oq

9.3 One side of a plate of thickness L and conductivity k is maintained 
at while the other side loses heat by convection and radiation. The 
ambient fluid temperature and the surroundings temperature are at 
absolute zero. The emissivity of the surface is e. Use a simplified 
radiation model to obtain a second-order perturbation solution to the 
temperature distribution in the plate. 

oT
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9.4   A rectangular sheet of length L, width W and thickness  is initially 
at uniform temperature  At time.iT 0t the plate begins to lose heat 
to the surroundings by convection. The ambient temperature is
The heat transfer coefficient h varies with temperature according to 

.T

          )(1)( hTh TT ,

         where andh are constant. Assume 
that the Biot number is small compared 
to unity. Formulate the governing 
equations in dimensionless form and 
identify an appropriate perturbation parameter based on 

.1)( TT  Construct a second-order perturbation solution to 
the transient temperature distribution. Compare your result with the 
exact solution for 1.0 and 0.5. 

convection )(, ThhT

L
W

9.5 Consider one-dimensional steady state conduction in a wall of 
thickness L.  One side is at while the opposite side exchanges heat 
by convection. The heat transfer coefficient is h and the ambient 
temperature is . The thermal conductivity varies with 
temperature according to  

iT

C0 oT

)(1)( ii TTkTk ,

where is the conductivity at the reference temperature 
and

ik iT
is constant. Formulate the dimensionless governing equations 

and identify an appropriate perturbation parameter based 
on .1iT  Construct a second-order perturbation solution to the 
temperature distribution in the wall.

9.6   A metal sheet of surface area  volume V and density,sA is initially 
at a uniform temperature T  At time t  the surface is allowed to 
exchange heat by convection with the ambient.  The heat transfer 
coefficient is h and the ambient temperature is  The specific heat 
varies with temperature according to  

.i 0

.T

)(1)( TTcTc ,

         where is the specific heat  at andc T is constant. Assume that 
the Biot number is small compared to unity. Formulate the governing 
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equations in dimensionless form and identify an appropriate 
perturbation parameter based on .1)( TTi Construct a 
second-order perturbation solution to the transient temperature. 

9.7   An electric wire of radius is initially at a uniform temperature
At time  current is passed through the wire resulting in 
volumetric energy generation

or .iT
0t

.q   Simultaneously, the wire is 
allowed to lose heat to the ambient by convection. The heat transfer 
coefficient is h and the ambient temperature is  The specific heat 
varies with temperature according to 

.T

)(1)( TTcTc ,

         where  is the specific heat at andc T is constant. Assume that 
the Biot number is small compared to unity. Formulate the governing 
equations in dimensionless form and identify an appropriate 
perturbation parameter based on .1)( TTi Construct a first-
order perturbation solution to the transient temperature. 

9.8 Under certain conditions the heat transfer coefficient varies with 
surface temperature. Consider an electric wire of radius which is 
initially at a uniform temperature  At time  current is passed 
through the wire resulting in volumetric energy generation 
Simultaneously, the wire is allowed to lose heat to the ambient by 
convection. The heat transfer coefficient is h and the ambient 
temperature is  The heat transfer coefficient varies with 
temperature according to  

or
.iT 0t

.q

.T

)(1)( TThTh ,

where andh  are constant. Assume that the Biot number is small 
compared to unity. Formulate the governing equations in 
dimensionless form and identify an appropriate perturbation 
parameter based on .1)( TTi  Construct a second-order 

perturbation solution to the transient temperature. 
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9.9 Consider steady state heat 
transfer in a semi-infinite fin 
of radius which generates 
energy at volumetric rate 

or
.q

The fin exchanges heat by 
convection and radiation with 
the surroundings. The ambient 
and surroundings temperatures are at zero kelvin. The heat transfer
coefficient is h and surface emissivity is e. The base is maintained at 
constant temperature  Assume that the Biot number is small 

compared to unity and that radiation is small compared to convection 
heat transfer. Formulate the governing equations in dimensionless 
form and identify an appropriate perturbation parameter. Construct a 
first-order perturbation solution to the heat transfer rate from the fin. 

.oT

x

oT

0

radiationconvection
0surTT kelvin

9.10 A large plate of thickness L, conductivity k and diffusivity  is 
initially at uniform temperature  At  one surface is insulated 
while the other is allowed to exchange heat by convection and 
radiation. The heat transfer coefficient is h , emissivity e, ambient 
temperature  and surroundings temperature is  Consider one-
dimensional transient conduction and assume that radiation is small 
compared to convection.  Formulate the heat equation and boundary 
and initial conditions using the following dimensionless variables:  

.iT 0t

T .surT

           iTT / , Lx / , 2/ Lt

        Identify an appropriate perturbation 
parameter and set up the governing 
equations and boundary and initial 
conditions for the zero, first and 
second-order perturbation problems. 

L
x

0

convection
surT

radiation
Th,

9.11 A thin plastic sheet of thickness  width w and surface emissivity e is 
heated in a furnace to temperature  The sheet moves on a 
conveyor belt with velocity U. It is cooled by convection and 
radiation along its upper surface while the lower surface is insulated. 

,t
.oT
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The heat transfer coefficient 
is h and the surroundings 
and ambient temperatures 
are at zero kelvin. Assume 
that radiation is small 
compared to convection heat 
transfer and that the Biot 
number is small compared to 
unity. Formulate the governing equations in dimensionless form and 
identify an appropriate perturbation parameter. Construct a first-order 
perturbation solution to the steady state surface heat transfer rate. 

tfurnace

oT
x

U w

K0surTT
convection

radiation

9.12 Consider a plate with a slightly tapered side. The length is L and the 
variable height H(x) is given by 

               )/(1)( LxHxH o ,

where  is constant. The 
perturbation parameter oH )(xH

oT0

0

0

0 x

y

oH
 depends 

on the taper angle  according to

tan
oH

L
.

         Three sides of the plate are at zero temperature while the fourth side 
is at uniform temperature Assume two-dimensional steady state 
conduction and construct a first-order perturbation solution to the 
temperature distribution. 

.oT

9.13 A semi infinite solid region is 
initially at the fusion  temperature 

 The surface at .fT 0x  is 
suddenly maintained at constant 
temperature T  Assume that 
the Stefan number is small 
compared to unity, construct a 
first-order perturbation solution to 
the liquid-solid interface location. 

.fo T

ix

liquid solid

x
fT

oT

T

0
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Heat Transfer in Living Tissue 

10.1 Introduction

The determination of temperature distribution in blood perfused tissue is 
important in many medical therapies and physiological studies. Examples 
are found in cryosurgery, frost bite, hyperthermia, skin burns and body 
thermal regulation and response to environmental conditions and during 
thermal stress. The key to thermal modeling of blood perfused tissue is the 
formulation of an appropriate heat transfer equation. Such an equation must 
take into consideration three factors: (1) blood perfusion, (2) the vascular 
architecture, and (3) variation in thermal properties and blood flow rate. 
The problem is characterized by anisotropic blood flow in a complex 
network of branching arteries and veins with changing size and orientation. 
In addition, blood is exchanged between artery-vein pairs through capillary 
bleed-off along vessel walls, draining blood from arteries and adding it to 
veins. Energy is transported between neighboring vessels as well as 
between vessels and tissue. Thus, heat transfer takes place in a blood 
perfused inhomogeneous matrix undergoing metabolic heat production. 
The search for heat equations modeling this complex process began over 
half a century ago and remains an active topic among current investigators.  
Over the years, several bioheat transfer equations have been formulated. A 
brief description of some of these equations will be presented and their 
limitations, shortcomings and applicability outlined.  Before these 
equations are presented, related aspects of the vascular circulation network 
and blood flow and temperature patterns are summarized.    

10.2 Vascular Architecture and Blood Flow 

Blood from the heart is distributed to body tissues and organs through a 
system of vessels (arteries) that undergo many generations of branching 
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accompanied by diminishing size and flow rate. Because of their small size, 
vessels are measured in micrometers,  This unit is also known 
as micron. Fig. 10.1 is a schematic diagram showing a typical vascular 
structure.

m.10 6

Blood leaves the heart through the aorta, which is the largest artery 
(diameter  Vessels supplying blood to muscles are known as 
main supply arteries and veins (SAV,

m).000,5
diameter). m1000300  They 

branch into primary arteries, (P, m300100 diameter) which feed the 
secondary arteries ( diameter). m10050,s These vessels deliver blood 
to the arterioles  diameter) which supply blood to the 
smallest vessels known as capillaries

m4020(

10.1 Fig.

venule

scapillarie
arteriole

tissue

P

vein

SAV

artery

s

s

dia. m15-5 s,capillarie c
dia. m100-50   vessels,secondary   s

dia. m300-100    vein,andartery  primary   P
dia. m1000-300    vein,andartery  supplymain   SAV

m155( diameter).  Blood is 
returned to the heart through a system of vessels known as veins. For the 
most part they run parallel to the arteries forming pairs of counter current 
flow channels. The veins undergo confluence as they proceed from the 
capillaries to venules, secondary veins and to primary veins. Blood is 
returned to the heart through the vena cava, which is the largest vessel in 
the circulatory system. It should be noted that veins are larger than arteries 
by as much as 100%.  
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.
10.3 Blood Temperature Variation 

Blood leaves the heart at the arterial temperature 0aT  It remains 
essentially at this temperature until it reaches the main arteries where 
equilibration with surrounding tissue begins to take place. Equilibration 
becomes complete prior to reaching the arterioles and capillaries where 
blood and tissue are at the same temperature T. Tissue temperature can be 
higher or lower than 0aT , depending on tissue location in the body. Blood 
returning from capillary beds near the skin is cooler than that from deep 
tissue layers. Blood mixing due to venous confluence from different tissue 
sources brings blood temperature back to 0a as it returns to the heart via 
the vena cava. Fig. 10.2 is a schematic of blood temperature variation along 
the artery-vein paths.  

T

path

To maintain constant body temperature heat production due to metabolism 
must be continuously removed from the body. Blood circulation is a key 
mechanism for regulating body temperature. During conditions of thermal 
stress, blood flow to tissues under the skin increases. This results in higher 
rates of cooler venous blood which is used to bring the temperature of 
blood returning to the heart to its normal level.  

 flow Blood

scapillarie vena
cava

aorta primary
arteries

primary
veins

B
lo

od
te

m
pe

ra
tu

re

mixing

T b

 variationure tempearatblood of Schematic
 .)permission with [5] (From .in vessels
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10.4 Mathematical Modeling of Vessels-Tissue Heat Transfer 

The complex nature of heat transfer in living tissue precludes exact 
mathematical modeling. Assumptions and simplifications must be made to 
make the problem tractable while capturing the essential features of the 
process. The following is an abridged review of various heat equations for 
the determination of temperature distribution in living tissues. We will 
begin with the Pennes bioheat equation which was published in 1948. What 
is attractive and remarkable about this equation is its simplicity and 
applicability under certain conditions. Nevertheless, to address its 
shortcomings, several investigators have formulated alternate equations to 
model heat transfer in living tissues. In each case the aim was to refine the 
Pennes equation by accounting for factors that are known to play a role in 
the process. Improvements have come at the expense of mathematical 
complexity and/or dependency on vascular geometry data, blood perfusion 
and thermal properties. Detailed derivation and discussion of all equations 
is beyond the scope of this chapter. Instead five selected models will be 
presented and their main features identified. 

10.4.1 Pennes Bioheat Equation [1] 

(a) Formulation 

Pennes bioheat equation is based on simplifying assumptions concerning 
the following four central factors:
(1) Equilibration Site. The principal heat exchange between blood and 

tissue takes place in the capillary beds, the arterioles supplying blood to 
the capillaries and the venules draining it. Thus all pre-arteriole and 
post-venule heat transfer between blood and tissue is neglected. 

(2) Blood Perfusion.  The flow of blood in the small capillaries is assumed 
to be isotropic. This neglects the effect of blood flow directionality. 

(3) Vascular Architecture. Larger blood vessels in the vicinity of capillary 
beds play no role in the energy exchange between tissue and capillary 
blood. Thus the Pennes model does not consider the local vascular 
geometry. 

(4) Blood Temperature. Blood is assumed to reach the arterioles 
supplying the capillary beds at the body core temperature 0a . It 
instantaneously exchanges energy and equilibrates with the local 
tissue temperature  Based on these assumptions, Pennes [1] 

T

.T
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T

inE gE outE

modeled blood effect as an isotropic heat source or sink which is 
proportional to blood flow rate and the difference between body 
core temperature 0a and local tissue temperature T. In this 
model, blood originating at temperature 0aT does not experience 
energy loss or gain as it flows through long branching arteries 
leading to the arterioles and capillaries. Using this idealized 
process the contribution of blood to the energy balance can be 
quantified.

Consider the blood perfused tissue 
element shown in Fig. 10.3. The 
element is large enough to be 
saturated with arterioles, venules 
and capillaries but small compared 
to the characteristic dimension of 
the region under consideration. 
This tissue-vessels matrix is treated 
as a continuum whose collective 
temperature is T. Following the 
formulation of the heat conduction 
equation of Section 1.4, energy 
conservation for the element is 
given by eq. (1.6) 

10.3 Fig.

x

y

bedcapillary

mq

venule

arteriole

E=

.gE

bq
mq

qdzdydx mb )(

q

.                                    (1.6) 

In Section 1.4 the rate of energy added to the element is by conduction and 
convection (mass motion). Here the convection component is eliminated 
and replaced by energy added due to blood perfusion. The simplest way to 
account for this effect is to treat it as energy generation Let

net rate of energy added by the blood per unit volume of tissue  
rate of metabolic energy production per unit volume of tissue  

Thus equation (b) of Section 1.4 becomes 

qqEg dzdydx .                        (a) 

To formulate an expression for b  consider the elements shown in 
Fig. 10.3. According to Pennes, blood enters the element at the body 
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core temperature 0aT  it instantaneously equilibrates and exists at the 
temperature of the element T  Thus

,
.

)( 0 TTwcq abbbb ,                               (10.1) 
where

 specific heat of blood bc
bw
b

 blood volumetric flow rate per unit tissue volume  
 density of blood 

Substituting eq. (10.1) into (a) 

)( 0 TTwcqq abbbm .                        (10.2) 

Returning to the heat conduction equation (1.7), we eliminate the 
convection terms (set )0WVU and use eq. (10.2) to obtain 

t
TcqTTwcTk mabbb )( 0

c
k

,             (10.3) 

where
specific heat of tissue 
thermal conductivity of tissue 
density of tissue 

The first term in eq. (10.3) represents conduction in the three directions. It 
takes the following forms depending on the coordinate system:  

Cartesian coordinates: 

)()()(
z
Tk

zy
Tk

yx
Tk

x
Tk .          (10.3a) 

Cylindrical coordinates:  

)()()( 2
11

z
Tk

z
Tk

rr
Trk

rr
Tk .    (10.3b) 

Spherical coordinates: 

).()(

)(

222

2
2

sin
1sin

sin
1

1

Tk
r

Tk
r

r
Trk

rr
Tk

   (10.3c)
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Equation (10.3) is known as the Pennes bioheat equation. Note that the 
mathematical role of the perfusion term in Pennes’s equation is identical to 
the effect of surface convection in fins, as shown in equations (2.5), (2.19), 
(2.23) and (2.24). The same effect is observed in porous fins with coolant 
flow (see problems 5.12, 5.17, and 5.18). 

(b) Shortcomings 
The Pennes equation has been the subject of extensive study and 
evaluation [2-11]. The following gives a summary of critical 
observations made by various investigators.  Attention is focused on 
the four assumptions made in the formulation of the Pennes equation. 
Discrepancy between theoretical predictions and experimental results 
is traced to these assumptions. 
(1) Equilibration Site. Thermal equilibration does not occur in the 

capillaries, as Pennes assumed.  Instead it takes place in pre-arteriole 
and post-venule vessels having diameters ranging from m50070
[3-5]. This conclusion is based on theoretical determination of the 
thermal equilibration length, e , which is the distance blood travels 
along a vessel for its temperature to equilibrate with the local tissue 
temperature. For arterioles and capillaries this distance is much shorter 
than their length L. Vessels for which are commonly 
referred to as thermally significant.

L

1/ LLe

0aT

(2) Blood Perfusion. Directionality of blood perfusion is an important 
factor in the interchange of energy between vessels and tissue. The 
Pennes equation does not account for this effect. Capillary blood 
perfusion is not isotropic but proceeds from arterioles to venules.  

(3) Vascular Architecture. Pennes equation does not consider the local 
vascular geometry. Thus significant features of the circulatory system 
are not accounted for. This includes energy exchange with large 
vessels, countercurrent heat transfer between artery-vein pairs and 
vessel branching and diminution.   

(4) Blood Temperature. The arterial temperature varies continuously from 
the deep body temperature of the aorta to the secondary arteries 
supplying the arterioles, and similarly for the venous return. Thus, 
contrary to Pennes’ assumption, pre-arteriole blood temperature is not 
equal to body core temperature and vein return temperature is not 
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equal to the local tissue temperature T. Both approximations 
overestimate the effect of blood perfusion on local tissue temperature. 

(c) Applicability 

Despite the serious shortcomings of the Pennes equation it has enjoyed 
surprising success in many applications such as hyperthermia therapy, 
blood perfusion measurements, cryosurgery and thermal simulation of 
whole body. In some cases analytical results are in reasonable agreement 
with experimental data.  Studies have shown that the Pennes equation is 
applicable in tissue regions where vessel diameters are greater 
than and for which equilibration length to total length is
greater than 0.3 [6].  

m500 LLe /

w
.q

.T

Example 10.1: Temperature Distribution in the Forearm 

Model the forearm as a cylinder of radius R with volumetric blood 
perfusion rate per unit tissue volume b and metabolic heat production 

m  The arm surface exchanges heat with the surroundings by convection. 
The heat transfer coefficient is h and the ambient temperature is  Use 
Pennes bioheat equation to determine the steady state one-dimensional 
temperature distribution in the arm. 

R

forearm

model
r Th,

bw mq

10.4 Fig.

0 mqbw

(1) Observations. (i) The forearm can be modeled as a cylinder with 
uniform energy generation. (ii) Heat is transported to the surface by 
conduction and removed from the surface by convection.  (iii) In general, 
temperature variation in the forearm is three-dimensional. 

(2) Origin and Coordinates.  Fig. 10.4 shows the origin and the radial 
coordinate r.

(3) Formulation. 
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     (i) Assumptions. (1) Steady state, (2) the forearm can be modeled as a 
constant radius cylinder, (3) bone and tissue have the same properties and 
are uniform throughout, (4) uniform metabolic heat production, (5) uniform 
blood perfusion, (5) no variation in the angular direction, (6) negligible 
axial conduction, (7) skin layer is neglected and (8) Pennes bioheat 
equation is applicable. 

     (ii) Governing Equations. Pennes bioheat equation (10.3) for one-
dimensional steady state radial heat transfer simplifies to 

0)(1
0(

k
q

TT
wcdT

dr
d

r
m

a
bbb)

kdr
r .                    (a) 

(iii) Boundary Conditions. Temperature symmetry and convection at 
the surface give the following two boundary conditions:  

,0)0(dT
 or T(0) = finite,                                    (b)  

dr

T)RTh
dr

RdTk ()(
.                                    (c) 

(4) Solution. Eq.(a) is rewritten in dimensionless form using the following 
dimensionless variables 

0

0

a

a

TT
TT

,
R
r

.                                    (d) 

Substituting (d) into (a) 

0
)(

1

0

22

)(
TT

RqRwc
d
d

d
d

a

mbbb

kk
.                 (e) 

The coefficient of the second term in (e) is a dimensionless parameter 
representing the effect of blood flow. Let 

k
Rwc bbb

2

.                                          (f) 

The last term in (e) is a parameter representing the effect of metabolic heat. 
Let
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)( 0

2

TTk
Rq

a

m .                                         (g) 

Substituting (f) and (g) into (e) 

01 )(
d
d

d
d

.                                (h) 

Boundary conditions (b) and (c) are similarly expressed in dimensionless 
form 

,0)0(
d

d )0( or finite,                                  (i) 

]1)1( 1([) Bi
d

d

Bi

,                                      (j) 

where is the Biot number defined as 

k
Bi hR

.

The homogeneous part of equation (h) is a Bessel differential equation. The 
solution to (h) is 

)()()( 0201 KCIC

1C 2C

,                    (k) 

where and are constants of integration. Boundary conditions (i) and 
(j) give 

)()(
])/(1[

01
1 IBiI

BiC 02C .                 (m) ,

Substituting (m) into (k) gives 

)(
)()(

/])/(1[)(
)( 0

010

0 RrI
IBiI

Bi
TT
TrT

r
a

a .  (n) 

(5) Checking. Dimensional check: The parameters Bi, and are
dimensionless. Thus the arguments of the Bessel functions and each term in 
solution (n) are dimensionless. 
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0Limiting check: If no heat is removed by convection ( h
oT

)0aobbbmq

), the entire 
arm reaches a uniform temperature and all energy generation due to 
metabolic heat is transferred to the blood. Conservation of energy for the 
blood gives 

( TTwc .
Solving for oT

bbb wc
m

ao
q

TT 0 .                                       (o) 

Setting in (n) 0Bih

b
a w

TrT
bb

m
c
q

0)(

,

.                                      (p) 

This agrees with (o).     

(6) Comments.  (1) The solution is characterized by three parameters: 
surface convection Bi, metabolic heat and blood perfusion parameter 

. (2) Setting  and 0r Rr in (n) gives the center and surface 
temperatures, respectively.  (3) The solution corresponding to zero 
metabolic heat production is obtained by setting .0mq  However, the 
solution for zero blood perfusion rate can not be deduced from (n) since 
setting 0 in (n) gives terms of infinite magnitude. This is due to the 
fact that appears in differential equation (h) as a coefficient of the 
variable .  To obtain a solution for zero perfusion one must first set 

0  in (h) and then solve the resulting equation. This procedure gives 

2
2 )/(1

4
1

2
1

)/(
Rr

BikqR
TT

m

.                           (q) 

The two solutions, (n) and (q), make it possible to examine the effect of 
blood perfusion relative to metabolic heat production on the temperature 
distribution.   

10.4.2 Chen-Holmes Equation  [5] 

An important development in the evolution of bioheat transfer modeling is 
the demonstration by Chen and Holmes that blood equilibration with the 
tissue occurs prior to reaching the arterioles. Based on this finding they 
modified Pennes perfusion term, taking into consideration blood flow 
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directionality and vascular geometry, and formulated the following 
equation

.)( **

t
TcqTkTucTTcwTk mpbbabbb           

(10.4)
Although the second term in this equation appears similar to Pennes’ 
perfusion term, it is different in two respects: (1)  is the perfusion rate at 
the local generation of vessel branching and (2)  is not equal to the body 
core temperature. It is essentially the temperature of blood upstream of the 
arterioles. The third term in eq. (10.4) accounts for energy convected due to 
equilibrated blood. Directionality of blood flow is described by the vector 

*
bw

*
aT

u , which is the volumetric flow rate per unit area. This term is similar to 
the convection term encountered in moving fins and in flow through porous 
media (see equations (2.19) and (5.6)). The fourth term in eq. (10.4) 
describes conduction mechanisms associated with small temperature 
fluctuations in equilibrated blood. The symbol  denotes “perfusion 
conductivity”. It is a function of blood flow velocity, vessel inclination 
angle relative to local temperature gradient, vessel radius and number 
density.

pk

In formulating eq. (10.4) mass transfer between vessels and tissue is 
neglected and thermal properties andck, are assumed to be the same as 
those of the solid tissue.  Other assumptions limit the applicability of this 
equation to vessels that are smaller than  in diameter and 
equilibration length ratio

m300
.6.0/ LLe

a

vT .

Although the Chen-Holmes model represents a significant improvement 
over Pennes’ equation, its application requires detailed knowledge of the 
vascular network and blood perfusion. This makes it difficult to use. 
Nevertheless, the model met with some success in predicting temperature 
distribution in the pig kidney. 

10.4.3 Three-Temperature Model for Peripheral Tissue [7] 

Since blood perfused tissue consists of three elements: arteries, veins and 
tissue, it follows that to rigorously analyze heat transfer in such a medium it 
is necessary to assign three temperature variables: arterial temperature 
venous and tissue T  This approach was followed in analyzing the 

,T
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peripheral tissue of a limb schematically shown in Fig. 10.5 [7]. Three 
vascular layers were identified: deep layer, intermediate and cutaneous 
layers. The deep layer is characterized by countercurrent artery-vein pairs 
that are thermally significant. The intermediate layer is modeled as a porous 
media exchanging heat with pairs of thermally significant vessels. The thin 
cutaneous layer just below the skin is independently supplied by 
countercurrent artery-vein vessels called cutaneous plexus. Blood supply to 
the cutaneous layer is controlled through vasodilation and vasoconstriction 
of the cutaneous plexus. This is an important mechanism for regulating 
surface heat flux. This layer is divided into two regions; an upper region 
with negligible blood effect and a lower region having uniform blood 
perfusion heat source similar to the Pennes term. 

vT

skincbw
cutaneous

deep

layer

layer

layer

plexus  cutaneous

10.5 Fig.

sT

aT 0

x
tissue

T
artery vein

teintermedia

A total of seven governing equations were formulated: three coupled 
equations for the deep layer, two for the intermediate and two for the 
cutaneous. Although this model accounts for the vascular geometry and 
blood flow directionality, solutions to the set of seven equations require 
numerical integration as well as detailed vascular data. Nevertheless, it was 
applied to peripheral tissue to examine the effect of various parameters 
[12].  It was also used to evaluate the performance of other models [6].  
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Formulation of the three-temperature equations for the deep layer will not 
be presented here since a simplified form will be outlined in the following 
section. However, attention is focused on the cutaneous layer. The one-
dimensional steady state heat equation for the lower region is given by 

0)( 12
1

2

0 TT
k

wc
dx

Td
c

cbbb

1

0c

cbw

,                        (10.5) 

where

temperature distribution in the lower region of the cutaneous layer T
T temperature of blood supplying the cutaneous pelxus 

cutaneous layer volumetric blood perfusion rate per unit tissue 
volume  

x coordinate normal to skin surface 

The upper region of the cutaneous layer just under the skin surface is 
governed by pure conduction. Thus the one-dimensional steady state heat 
equation for this region is 

02
2

2

dx
Td

2

va T,

T
.T

,                                         (10.6) 

where

T temperature distribution in the upper region of the cutaneous layer 

10.4.4 Weinbaum-Jiji Simplified Bioheat Equation for Peripheral 
Tissue [8]

Recognizing the complexity of the three-temperature model, Weinbaum 
and Jiji [8] introduced simplifications reducing the three coupled deep layer 
equations for T and T to a single equation for the tissue temperature. 
Although the simplified form retains the effect of vascular geometry and 
accounts for energy exchange between artery, vein and tissue, the added 
approximations narrow its applicability. A brief description of this bioheat 
equation follows. 

Fig. 10.6 shows a control volume containing a finite number of 
artery-vein pairs. Blood flow in each pair is in opposite direction 
(countercurrent). In addition, artery blood temperature a is different 
from vein temperature v  Thus, these vessels are thermally 
significant (not in thermal equilibrium). Not shown in Fig.10.6 are 
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aT vT

1/

numerous thermally insignificant
capillaries, arterioles, and venules 
that saturate the tissue. In 
formulating conservation of 
energy for the tissue within the 
control volume, one must take 
into consideration the following: 
(1) Conduction through the tissue. 
(2) Energy exchange by 
conduction between vessel pairs 
and tissue. Note that heat 
conduction from the artery to the 
tissue is not equal to conduction from the tissue to the vein. This 
imbalance is described as incomplete countercurrent exchange. (3) 
Energy exchange between vessels and tissue due to capillary blood 
bleed-off from artery to vein.

artery vein control
volume

tissue

vT

T

aT

10.6 Fig.

(a) Assumptions.  Key assumptions in the simplified bioheat equation are: 
(1) blood bleed-off rate leaving the artery is equal to that returning to vein 
and is uniformly distributed along each pair, (2) bleed-off blood leaves the 
artery at and enters the vein at the venous blood temperature , (3) 
artery and vein have the same radius, (4) negligible axial conduction 
through vessels, (5) equilibration length ratio LLe  and (6) tissue 
temperature T is approximated by the average of the local artery and vein 
temperatures. That is 

2/)( va TTT .                                    (10.7) 

(b) Formulation. Based on the above assumptions, application of 
conservation of mass for the artery and vein and conservation of energy for 
the artery, vein and tissue in the control volume, give the simplified bioheat 
equation for tissue temperature. For the special one-dimensional case 
where blood vessels and temperature gradient are in the same direction x,
the equation reduces to [8]  

meff q
x
Tk

xt
Tc )( ,                            (10.8) 

where is the effective conductivity, defined as keff
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22
2 )(1 uac

k
nkk bbeff

n

u

,                      (10.9) 

were
vessel radius a
number of vessel pairs crossing control volume surface per unit  
area
average blood velocity in countercurrent artery or vein 
shape factor, defined in eq. (10.10) 

The shape factor  is associated with the resistance to heat transfer 
between two parallel vessels embedded in an infinite medium. For the case 
of vessels at uniform surface temperatures with center to center 
spacing the shape factor is given by [13] ,l

)2/cosh( al
.                                  (10.10) 

Equation (10.9) shows that reflects the effects of vascular geometry 
and blood perfusion on tissue temperature. It is useful to separate these two 
effects so that their roles can be analyzed individually. The variables a,

effk

,
n and u depend on the vascular geometry. Using conservation of mass, the 
local blood velocity u can be expressed in terms of the inlet velocity to
the tissue layer and the vascular geometry. Thus, eq. (10.9) is rewritten as 

ou

)(
)2(

1 2

2

V
k

uac
kk

b

oobb
eff ,                    (10.11) 

where
vessel radius at the inlet to the tissue layer atoa 0x

)(V  dimensionless vascular geometry function 
Lx / dimensionless distance  

 tissue layer thickness L
ou 0x blood velocity at the inlet to the tissue layer at 

)(VGiven the vascular data the function can be constructed. It is 
important to note that this function is independent of blood perfusion. In 
addition, the coefficient )/2( boobb kuac  which characterizes blood flow 
rate is independent of the vascular geometry. It represents the inlet Peclet 
number, which is the product of Reynolds and Prandtl numbers, defined as  
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.                                (10.12) 

Substituting eq. (10.12) into eq. (10.11) gives 

][ )(1 2VPekk oeff

effk

k
.0 bw

.                            (10.13)  

The following observations are made regarding the definition of effective 
conductivity

(1) For the more general three-dimensional case, the orientation of vessel 
pairs relative to the direction of the local tissue temperature gradient 
gives rise to a tensor conductivity that has similar properties to an 
anisotropic material [8].  

(2) The second term on the right hand side of eqs. (10.11) and (10.13) 
represents the enhancement in tissue conductivity. This enhancement is 
due to countercurrent convection in the thermally significant 
microvessel pairs and capillary blood bleed-off. 

The two regions of the cutaneous layer shown in Fig. 10.5 are governed by 
equations (10.5) and (10.6). However, for consistency with the formulation 
of eff in the tissue layer, eq. (10.5) will be expressed in terms of the Peclet 
number  Blood perfusion rate in the tissue layer is given by Pe

L
w ooo

b
uan 2

n

,                                   (10.14) 

where o is the number of arteries entering the tissue layer per unit area. 
Substituting eq. (10.12) into eq. (10.14) gives 

ob Pe
kan

w
bb

boo

cL2
.                                (10.15) 

Define R as the ratio of total rate of blood supplied to the cutaneous layer to 
the total rate of blood supplied to the tissue layer. Thus 

b

cb

wL
wL

R 1 ,                                        (10.16) 

where is the thickness of the cutaneous layer.  Substituting eqs. (10.15) 
and (10.16) into eq. (10.5) gives 

1L
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.                (10.17) 

(c) Limitation and Applicability. To test the validity of assumptions made 
in formulating eq. (10.8), numerical results using the solution to this 
equation were compared with those obtained from the solution to the three-
temperature model developed in [7] and summarized in Section 10.4.3.  
The comparison was made for a simplified representation of one-
dimensional heat transfer in the limb [6]. Results indicate that eq. (10.8) 
gives accurate predictions of tissue temperature for vessels smaller than 

 in diameter and equilibration length ratio .
Experimental measurements on the rat spinotrapezius muscle showed that 
eq. (10.8) is valid for 

m200 3.0/ LLe

LL

(

e  It should be noted that the upper 
limit on vessel size decreases sharply under conditions of exercise due to 
an increase in blood flow rate.  

Formulation of eq. (10.8) is based on vascular architecture characteristics 
of peripheral tissues less than 2 cm thick. It does not apply to deeper layers 
and to skeletal muscles where the vascular geometry takes on a different 
configuration. 

Example 10.2: Temperature Distribution in Peripheral Tissue.

Consider the peripheral tissue shown schematically in Fig.10.5.  Tissue 
thickness is L and skin surface is maintained at uniform temperature
Blood at 0a is supplied to the 
thermally significant arteries at 

 During resting state and 
neutral environment the effect of blood 
flow through the cutaneous layer is 
negligible. Consequently heat transfer 
through this layer is essentially by 
conduction. A representative vascular 
geometry function 

.sT
T

.0x

)V
10.7Fig.

)(V

10

)](1[ 2VPekk oeff

10.7 Fig.

5107

, shown in 
, for a typical peripheral 

tissue can be approximated by [15]

V ,)( 2CBA

where A, B and C are constants:
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555 1010109.15,1032.6 CandBA

Lx /

.

Use the Weinbaum-Jiji simplified bioheat equation to obtain a solution to 
the temperature distribution in the tissue. Express the results in 
dimensionless form in terms of the following dimensionless quantities: 

,
sTTa0

sTT
,

bk
Pe oobb uac2

0 ,
)( 0 sa TTk

2Lqm .

Construct a plot showing the effect of blood flow rate (Peclet number )
and metabolic heat production

0Pe
on tissue temperature )( .  Note that an 

increase in  brings about an increase in  Compare.0Pe )(
for and600Pe 02.0 (resting state) with 1800Pe 6.0 and 
(moderate exercise).

(1) Observations. (i) The variation of conductivity with distance along the 
three layers shown in Fig. 10.5 is known. (ii) The tissue can be modeled as 
a single layer with variable effective conductivity and constant energy 
generation due to metabolic heat. (iii) Tissue temperature increases as 
blood perfusion and/or metabolic heat are increased.  

(2) Origin and Coordinates.  Fig. 10.8 shows the origin and coordinate x.

(3) Formulation.

     (i) Assumptions. (1) All assumptions leading 
to eqs. (10.8) and (10.9) are applicable, (2) steady 
state, (3) one-dimensional, (4) tissue temperature 
at the base x = 0 is equal to  (5) skin is 
maintained at uniform temperature and (6) 
negligible blood perfusion in the cutaneous layer.  

,0aT

    (ii) Governing Equations. The bioheat 
equation for this model is obtained from eq. (10.8) 

x

)(xkeff

mq
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0 ao
10.8Fi               0)( meff q

dx
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0 VPekeff

dTd
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where  is defined in eq. (10.13) as 

k ,                                (b) 
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where k is tissue conductivity corresponding to zero blood perfusion 
enhancement and )(V   is specified as 

2)( CBAV .                                    (c) 

     (iii) Boundary Conditions.  The two required boundary conditions are  

0)0( aTT ,                                              (d)

sTLT )( .                                               (e)

(4)  Solution.  To express the problem in non-dimensional form the 
following dimensionless quantities are defined: 

L
x

, ,
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s
TT

TT

a )( 0

2

sa TTk
Lqm .                   (f)

Substituting (b), (c) and (f) into (a) gives 

0)(1 22
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dCBAPe
d
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Boundary conditions (d) and (e) transform to   

1)0( ,                                               (h) 
0)1( .                                                (i) 

Integrating (g) once  

1
22

0 )(1 C
d
dCBAPe .

Separating variables and integrating again 
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where 1 and are constants of integration. The two integrals in (j) are 
of the form  

C 2C

2cba
d

 and 2cba
d
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where the coefficients a, b and c are defined as 
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Evaluating the two integrals analytically and substituting into (j) give the 
solution to

,2tan)(ln
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1211 C
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          (n) 
where

24 bacd .                                           (o) 

Boundary conditions (h) and (i) give the constants and  The 
solution to

1C .2C
 becomes 
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where the constant is given by 1C
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          60            180
a     1.2275      3.0477
b    -0.5724     -5.1516
c     0.36           3.24
d     1.44          12.96

oPe
10.1 Table

60oPe 180oPe

kkeff /

0.2
0

0.6
0.8
1.0

1.44
1.13
1.060.4
1.01
1.00
1.02

3.05
2.15
1.51
1.12
1.02
1.14

10.2Table

The constants a, b, c and d depend on  They are listed in Table 10.1. 
The constant depends on both  and

.0Pe
1C oPe .  For 600Pe and 02.0
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eq.(q)  gives  and for 047.11C 1800Pe  and 6.0  it  gives 
 Table 10.2 lists the enhancement in conductivity for the 

two values of  Fig. 10.9 shows the corresponding temperature 
distribution.  

.0176.11C
.0Pe

(5) Checking. Dimensional check:
Solution ,  metabolic heat parameter 

,  Peclet number 0  and the 
arguments of  and log are 
dimensionless.  

Pe
1tan

Boundary conditions check: Solution (p) 
satisfies boundary conditions (h) and (i). 

Qualitative check: As anticipated, Fig. 
10.9 shows that tissue temperature 
increases as blood perfusion and 
metabolic heat are increased.

0 0.5

0.5

1.0

1.0

60oPe
02.0

6.0
180oPe

Fig. 10.9

(6) Comments. (i) Table 10.2 shows the 
enhancement in due to blood perfusion. Increasing perfusion rate 
( 0 ) increases  However, the enhancement diminishes rapidly 
towards the end of the tissue layer (

effk
Pe .effk

8.0 ). (ii) Fig. 10.9 shows that 
temperature distribution for 600Pe  and 02.0  is nearly linear.  The 
slight departure from linearity is due to metabolic heat production. 
For  and 1800Pe 6.0  tissue temperature is higher. The increase in 
temperature is primarily due to the increase in blood flow rate  rather 
than metabolic heat 

0Pe
. For example, at the mid-section ,5.0

688.0)5.0(  for 1800Pe  and .6.0  For zero metabolic heat 
),0( the mid-section temperature drops slightly to 0.64. (iii) Although 

solution (p) shows that tissue temperature is governed by the parameters 
0  andPe , the two are physiologically related. (iv) The increase in 

metabolic heat production during exercise results in an increase in 
cutaneous blood flow. Thus neglecting blood perfusion in the cutaneous 
layer during vigorous exercise is not a reasonable assumption. 

10.4. 5 The s-Vessel Tissue Cylinder Model [16] 

In the Pennes bioheat equation the arterial supply temperature is set equal 
to the body core temperature and venous return temperature is 
approximated by the local tissue temperature. Both approximations have 
been questioned.  On the other hand the Chen-Holmes equation and 
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Weinbaum-Jiji equation are more complex, requiring detailed vascular data 
and have limited range of applicability. Furthermore, the Weinbaum-Jiji 
equation is limited to peripheral tissue less than 2 cm thick. These 
shortcomings motivated further search for a more tractable equation.  The 
s-vessel tissue cylinder model addresses some of these issues [16]. An 
important contribution of this model is the development of a rational theory 
for the determination of the venous return temperature.  

(a) The Basic Vascular Unit.   Comprehensive anatomical studies on the 
vascular geometry of different types of skeletal muscles have identified 
significant common arrangements [17]. Fig. 10.10 is a schematic 
representation of the vascular structure in the cat tenuissimus muscle. The 
sizes of the thermally significant vessels are indicated.  The main supply 
artery and vein SAV branch into primary pairs P.   The P vessels branch 
into secondary pairs s which run roughly parallel to the surface.  Terminal 
arterioles and venules t branch off the s vessels to feed and drain the 
capillary beds c in the tissue. Blood flow in the SAV, P, and s vessels is 
countercurrent.

mm 0.5 SAV

P

P Ps dia. m50-02

dia. m100-05

dia. m300-010

dia. m1000-030

s

s

s

st

t

t

t

t

t
t

c

c

dia. mm 1

cylinder
muscle

.]permission with [17] (From                   
tarrangemen vascular tiverepresenta a of Schematic  10.10 Fig.

The vascular arrangement shown in Fig. 10.10 has an important feature 
which is central to the  formulation  of  the  new  model  for  tissue  heat  
transfer.  Each countercurrent s pair is surrounded by a cylindrical tissue 
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which is approximately in diameter. The length of the cylinder 
depends on the spacing of the P vessels along the SAV pair, which is 
typically 10-15 mm. The tissue is a matrix of numerous fibers, arterioles, 
venules and capillary beds. Attention is focused on this repetitive tissue 
cylinder as the basic heat exchange unit found in most skeletal muscles. 
Formulation of a bioheat equation for this basic unit can be viewed as the 
governing equation for the temperature distribution in the aggregate of all 
cylinders comprising the muscle. 

m1000

(b) Assumptions.  To formulate a bioheat equation for the tissue cylinder, 
the following assumptions are made: (1) bleed-off blood flow rate in 
vessels leaving the artery is equal to that returning to the vein and is 
uniformly distributed along each pair of s vessels, (2) negligible axial 
conduction through vessels and tissue cylinder, (3) radii of the s vessels do 
not vary along the tissue cylinder, (4) changes in temperature between the 
inlet to the P vessels and the inlet to the tissue cylinder is negligible, (5) the 
temperature field in the tissue cylinder is based on pure radial conduction 
with a heat-source pair representing the s vessels, and (6) the outer surface 
of the cylinder is at uniform temperature .localT

(c) Formulation. The capillaries, arterioles and venules (t vessels) are 
essentially in local thermal equilibrium with the surrounding tissue. 
However, the pair of s vessels within the cylinder is thermally significant 
having blood temperatures that are different from tissue temperature. Three 
temperature variables are needed to describe the temperature distribution in 
the tissue cylinder: arterial temperature venous temperature and
tissue temperature  Fig. 10.11 shows a tissue cylinder and its cross 

,aT vT
.T

R

tissue artery

vein

localT

section cross enlarged (b)

l
al

vlLL

cylinder  tissue(a)

x

10.11 Fig.
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section containing a pair of s vessels. Three governing equations for the 
temperature field in the s vessels and tissue cylinder were formulated [12].  
The two-dimensional velocity field of the axially changing Poiseuille flow 
in the s vessels was independently determined from the solution to the 
Navier-Stokes equations. Continuity of temperature and flux at the surfaces 
of the vessels provides two boundary conditions in the radial direction r.
Tissue temperature at the outer radius R of the cylinder is assumed uniform 
equal to .  Turning to the boundary conditions in the axial direction x,
note that each cylinder extends a distance 

localT
Lx 2  between two 

neighboring P vessels (see Fig. 10.11). Thus there is symmetry about the 
mid-plane  At the inlet to the cylinder, .Lx ,0x the bulk temperature 
of the artery  is specified. At 0abT Lx  the flow in the s vessels vanishes 
and the artery, vein and tissue are in thermal equilibrium at the local tissue 
temperature .localT

(d) Solution. The three differential equations for the artery, vein and tissue 
temperature were solved analytically [16]. The most important aspect of the 
solution is the determination of  the outlet bulk temperature of the 
vein at  The importance of this finding will become clear later. For 
simplicity, we will present only the results for the special case of equal size 
blood vessels symmetrically positioned relative to the center of the 
cylinder, i.e., (see Fig. 10.11). For this case the dimensionless 
artery-vein temperature difference, 

,0vbT
.0x

va ll
T at 0x  is given by  
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where
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where , al and l (vessel center to center spacing) are defined in Fig. 10.11. 

(d) Modification of Pennes Perfusion Term.  With the venous return 
temperature  determined, application of conservation of energy to the 0vbT
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blood at gives the total energy delivered by the blood to the 
tissue cylinder  

0x bq

)( 00
2

vbabaabbb TTuacq ,                      (10.21) 
where

 artery radius aa
 average artery blood velocity at au 0x

Using eq. (10.18) to express the temperature difference )( 00 vbab TT in
terms of , eq. (10.21) becomes T
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Dividing through by the volume of the cylinder gives 
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Energy generation due to blood flow per unit tissue volume, and
volumetric blood flow per unit tissue volume  are

,bq
bw
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q

q b
b 2 ,                                      (10.23) 

and
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.                                    (10.24) 

Substituting eq.(10.23) and eq.(10.24) into eq.(10.22) gives 

)( 0 localabbbbb TTTwcq .                    (10.25) 

Since local  is approximately equal to the local average tissue 
temperature T. Thus, eq. (10.25) becomes 

,lR T

)( 0 TTTwcq abbbbb .                     (10.26) 

This result replaces eq. (10.1) which was introduced in the formulation of 
the Pennes equation.  It differs from eq. (10.1) in two respects: First, the 
artery supply temperature is not set equal to the body core temperature. 
Second, it includes the  factor. Using eq.(10.26) to replace the blood 
perfusion term in the Pennes equation (10.3) gives the bioheat equation for 
the s-vessel tissue cylinder model as 

T
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t
TcqTTTwcTk mabbbb )( 0 .       (10.27) 

The following observations are made regarding this result: 

(1) The dimensionless factor is identified as a correction coefficient.
Its definition in eq.(10.18) shows that it depends only on the vascular 
geometry of the tissue cylinder. More importantly, it is independent of 
blood flow rate. The analysis provides a closed-form solution for the 
determination of this factor. Its value for most muscle tissues ranges 
from 0.6 to 0.8. Thus the description of microvascular structure needed 
to apply this equation is much simpler than that required by Chen-
Holmes and Weinbaum-Jiji equations.  

T

(2) The model analytically determines the venous return temperature and 
accounts for contribution of countercurrent heat exchange in the 
thermally significant vessels. 

(3) The artery temperature 0abT  appearing in eq. (10.27) is unknown. It is 
approximated by the body core temperature in the Pennes bioheat 
equation. Its determination involves countercurrent heat exchange in 
SAV vessels which have diameters ranging from to
The determination of is presented in Reference [18]. 

m300 m.1000
0abT

(4) While equations (10.5) and (10.6) apply to the cutaneous layer of 
peripheral tissue, eq. (10.23) applies to the region below the cutaneous 
layer.   

Example 10.3: Surface Heat Loss from Peripheral Tissue.

Fig. 10.12 is a schematic of a peripheral 
tissue of thickness L with a cutaneous layer 
of thickness  Blood at a volumetric rate 

 per unit tissue volume and temperature 
is supplied to the tissue by the 

primary arteries.  Cutaneous plexus supplies 
blood to the cutaneous layer at a volumetric 
rate and temperature  Skin surface 
is maintained at uniform temperature 
Assume that blood perfusion  is 
uniformly distributed throughout the 
cutaneous layer, including the skin. Assume 

.1L
bw

0abT

bcw .0cbT
.sT

cutaneous

0

x

10.12 Fig.

L

1L

0abT 0cbT

sT

bw

cbw

tissue

cbw
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further that metabolic heat production per unit tissue volume is  and 
neglect metabolic heat in the cutaneous layer. Using the s-vessel tissue 
cylinder model, determine surface heat flux for a specified correction 
coefficient

mq

.T
(1) Observations. (i) Surface heat flux can be determined once the 
temperature distribution in the tissue is known. (ii) This is a two layer 
composite problem: tissue and cutaneous.  

(2) Origin and Coordinates.  Fig. 10.12 shows the origin and coordinate x.

(3) Formulation

(i) Assumptions. (1) All assumptions leading to bioheat equations (10.5) 
and (10.27) are applicable, (2) steady state, (3) one-dimensional,  (4) 
constant properties, (5) uniform metabolic heat in the tissue layer, (6) 
negligible metabolic heat in the cutaneous layer, (7) uniform blood 
perfusion throughout the cutaneous layer, (8) tissue temperature at the base 
x = 0 is equal to  and (9) specified surface temperature.       0abT
     (ii) Governing Equations. Application of Fourier’s law at the surface 
gives surface heat flux 

x
LLTkqs

)( 11 ,                                     (a) 

where
tissue conductivity  k

surface heat flux sq
 temperature distribution in the cutaneous layer 1T

Two equations are needed to determine the temperature distribution: one 
for the tissue layer and one for the cutaneous layer.  For the tissue layer eq. 
(10.27) gives 

0)( 0

*

2

2

k
q

TT
k

Twc
dx

Td m
ab

bbb , Lx0 ,         (b) 

where T is the temperature distribution in the tissue layer. Treating the 
cutaneous layer as a single region having uniform blood perfusion 
throughout, equation (10.5) gives 

0)( 10
1

2

TT
k

wc
dx

Td
cb

cbbb , 1LLxL .             (c) 
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(iii) Boundary Conditions. Four boundary conditions are required for eqs. 
(b) and (c) 

0)0( abTT ,                                             (d) 

))( 1LTLT ,                                            (e) 

dx
LdT

dx
LdT )()( 1 ,                                         (f) 

sTLLT )( 11 .                                         (g) 

(4) Solution.  Equations (b) and (c) are rewritten in dimensionless form 
using the following dimensionless variables 

,
0

0

ab

ab

TT
TT

s
,

0

01

ab

ab

TT
TT

s L
x

.                   (h) 

Substituting (h) into (b) and (c) gives 

0
)( 0

2
*

2

2

2

sab

bbbb

TTk
Lq

T
k

Lwc
d
d

, 10 ,        (i) 

and

0
0

00
2

2

2

sTT
TT

k
Lwc

d
d

ab

cbabcbbb , 011 .       (j) 

Introduce the following definitions of the dimensionless parameters in (i) 
and (j)

k
Lwc bbb

2

,
k

Lwc cbbb
c

2

,

,
)( 0

2

sTTk
Lq

ab

m

sTT
TT

ab

cboab

0

0 .                         (k) 

Substituting (k) into (i) and (j) 

0*
2

2
T

d
d

, 10 ,                        (m) 

02

2

ccd
d

, 011 ,                      (n) 
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where

L
L1

0 .                                                (o) 

Boundary conditions (d)-(g) transform to  

0)0( ,                                                (p) 

)1()1( ,                                               (q) 

dx
d

dx
d )1()1(

,                                             (r) 

1)1( 0 .                                              (s) 

The solutions to (m) and (n) are 

*
** coshsinh

T
TBTA ,             (t) 

cc DC coshsinh .                        (u) 

where A, B, C and D are constants of integration. Application of boundary 
conditions (p)-(s) gives the four constants 

**
32

*

321*

*

0

coshsinh

cosh1
)1(cosh

cosh)1(

TTCCT

CCC
T

T

A c

c

,     (v) 

*T
B ,                                                (w)     

21
** cosh CCTTAC ,                         (x) 

)1(tanhcosh
)1(cosh

1
01

**
2

0
CTTACD

c
.            

(y) 
The constants and are given by  21, CC 3C
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)1(cosh
sinh)1(

sinh
0

*
*1

c

ccT
T

C ,

1
02 1(tanhsinhcosh ccccC ,

)1(tanhcoshsinh 03 cccC .

Surface heat flux is determined by substituting (u) into (a) 

)1(sinh)1(cosh
)( 00

0
ccc

ab
DC

TTk
Lq

s

s .  (z) 

(5) Checking. Dimensional check: The parameters ,,,, c and 0
and the arguments of the sinh and cosh are dimensionless. 

Limiting check: For the special case of 00 acab TTTs and
solutions (t), (u) and (z) reduce to the expected results of 

and

,0bq

0)()( 1 abTxTxT .0sq

(5) Comments. (i) The solution is characterized by five parameters: 
,,,, c and .0  (ii) Equation (z) can be used to examine the effect of 

cutaneous blood perfusion on surface heat flux. Changing blood flow rate 
through the cutaneous layer is an important mechanism for regulating body 
temperature. (iii) The solution does not apply to the special case of zero 
blood perfusion rate since and c appear in the differential equations as 
coefficients of the variables  and , respectively. To obtain the solution 
to this case, and c must be set equal to zero in equations (m) and (n) 
prior to solving them. 
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PROBLEMS 

10.1     Pennes[1] obtained experimental data on temperature distribution in 
the forearm of several subjects. The average center and skin surface 
temperatures were found to be 36.1  and 33.6 , respectively. 
Use the Pennes model to predict these two temperatures based on 
the following data: 

Co Co
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specific heat of blood bc CJ/g8.3 o

 heat transfer coefficienth CW/m18.4 o2

 thermal conductivity of blood bk CW/m5.0 o

 thermal conductivity of muscle k CW/m5.0 o

metabolic heat productionmq 3W/cm000418.0
R average forearm radius cm4

0aT C3.36 o

T C6.26 o

volumetric blood perfusion rate per unit tissue volume bw
33/s/cmcm0003.0

                b blood density 3/mk1050 g
10.2  Blood perfusion rate plays an important role in regulating body 

temperature and skin heat flux. Use Pennes’s data on the forearm of 
Problem 10.1 to construct a plot of skin surface temperature and 
heat flux for blood perfusion rates ranging from to

.
0bw

0006.0bw 33/s)/cmcm(
10.3   Certain clinical procedures involve cooling of human legs prior to 

surgery. Cooling is accomplished by maintaining surface 
temperature below body temperature.  Model the leg as a cylinder of 
radius R with volumetric blood perfusion rate per unit tissue volume 

and metabolic heat production ratebw .mq  Assume uniform skin 
surface temperature  Use the Pennes bioheat equation to 
determine the steady state one-dimensional temperature distribution 
in the leg.

.sT

10.4   A manufacturer of suits for divers is interested in evaluating the 
effect of thermal conductivity of suit material on skin temperature. 
Use Pennes model for the forearm to predict skin surface 
temperature of a diver wearing a tight suit of thickness and
thermal conductivity  The volumetric 
blood perfusion rate per unit tissue volume 
is and metabolic heat production rate 
is  The ambient temperature is and 
the heat transfer coefficient is h. Neglect 
curvature of the suit layer. 

.ok

bw
.mq 0

R

Th,

ok

k
arm suit

T
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10.5   Consider the single layer model of the 
peripheral tissue of Example 10.2. Tissue 
thickness is L and blood supply 
temperature to the deep layer at 0x
is  The skin surface exchanges heat 
by convection. The ambient temperature 
is and the heat transfer coefficient is 
h. Assume that the vascular geometry 
function

.0aT

T

)(V can be approximated by  

x

)(xkeff

mq

aoT

skin

0

Th,

              V ,2CB)( A
           where 

          and ,1032.6 5A ,109.15 5B .1010 5C

           Use the Weinbaum-Jiji simplified bioheat equation to obtain a 
solution to the temperature distribution in the tissue. Express the 
result in non-dimensional form using the following dimensionless 
quantities:

               ,
0 TT

TT

a
,

L
x ,

)( 0

2

TTk
Lq

a

m ,
k

hLBi

b

bb

k
uac

Pe 00
0

2
.

           Construct a plot showing the effect of Biot number (surface 
convection) on tissue temperature distribution )( for ,1800Pe

6.0  and and 1.0. 1.0Bi

10.6 In Example 10.3 skin surface is 
maintained at specified temperature. 
To examine the effect of surface 
convection on skin surface heat flux, 
repeat Example 10.3 assuming that 
the skin exchanges heat with the 
surroundings by convection. The 
ambient temperature is T  and the 
heat transfer coefficient is h.
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10.7 The vascular geometry of the peripheral tissue of Example 10.2 is 
approximated by a polynomial function. To evaluate the sensitivity 
of temperature distribution to the assumed vascular geometry 
function, consider a linear representation of the form   

BAV )( ,

where and  Determine
and

51032.6A .1032.6 5B kkeff /
)(  for 6.0  and .1800Pe  Compare your result with 

Example 10.2. 

10.8 A digit consists mostly of bone surrounded by a thin cutaneous 
layer. A simplified model for analyzing the temperature distribution 
and heat transfer in digits is a cylindrical bone covered by a uniform 
cutaneous layer. Neglecting axial and angular variations, the 
problem reduces to one-dimensional temperature distribution.  
Consider the case of a digit with negligible metabolic heat 
production. The skin surface exchanges heat with the ambient by 
convection. The heat transfer coefficient is h and the ambient 
temperature is  Using the Pennes equation determine the steady 
state temperature distribution and heat transfer rate.  Note that in the 
absence of metabolic heat production the bone in this model is at 
uniform temperature. 

.T

10.9 Fin approximation can be applied in modeling organs such as the 
elephant ear, rat tail, chicken legs, duck beak and human digits. 
Temperature distribution in these organs is three-dimensional. 
However, the problem can be significantly simplified using fin 
approximation. As an example, consider the rat tail. Anatomical 
studies have shown that it consists of three layers: bone, tendon and 
cutaneous layer. There are three major axial artery-vein pairs: one 
ventral and two lateral. These pairs are located in the tendon near 
the cutaneous layer as shown. The ventral vein is small compared to 
the lateral veins, and the lateral arteries are small compared to the 
ventral artery. Blood perfusion from the arteries to the veins takes 
place mostly in the cutaneous layer through a network of small 
vessels. Assume that blood is supplied to the cutaneous layer at 
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uniform temperature all along the tail. Blood equilibrates at the 
local cutaneous temperature T before returning to the veins. Assume 
further that (1) cutaneous layer, tendon and bone have the same  
conductivity, (2) negligible angular variation, (3) uniform blood 
perfusion along the tail, (4) negligible metabolic heat, (5) steady 
state, (6) uniform outer radius and (7) negligible temperature 
variation in the radial direction (fin approximation is valid, 

 Surface heat exchange is by convection. The heat 
transfer coefficient is h and the 
ambient temperature is  Using 
Pennes model for the cutaneous 
layer, show that the heat equation 
for the rat tail is given by

0aT

).1Bi

.T cutaneous

tendon

bone

vein
latral

ventral
artery

ventral
vein

latral
artery

                0) m(2

2
m

d
d

,

           where 

                      ,
0

0

a

a

TT
TT

,
L
x

x

               ,2 2

kR
hLm

k
Lcw bbb

2

.

Here is tail length, tail radius 
and

L R
x is axial distance along the tail. 

10.10 Consider the rat tail model described in Problem 10.9.  Assume that 
the base of the tail is at the artery supply temperature and that 
the tip is insulated. Show that the axial temperature distribution and 
total heat transfer rate from the tail are given by 

0aT

1coshsinh)(tanh)( mmm
m

m
,

           and 

                       
mm
mm

m
mTThRLq a

)(
tanh

1)(2 0 ,
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            Construct a plot of the axial temperature distribution and calculate 
the heat transfer rate for the following data: 

,
Cg

J8.3 obc ,
C
m-W9.15 o

2
h ,

C
m-W5.0 ok

cm,5.22L cm,365.0R C,36 o
0aT C,5.22 oT

,
cm

s/cm01947.0 3

3

bw 3cm
g05.1 .

10.11 Studies have shown that 
blood perfusion along the rat 
tail is non-uniform.  This 
case can be analyzed by 
dividing the tail into sections 
and assigning different blood 
perfusion rate to each section. Consider the rat tail described in 
Problem 10.9. Model the tail as having two sections. The first 
section extends a length  from the base and the second has a 
length of  Blood perfusion rate in the first section 
is and in the second section  Determine the axial 
temperature distribution in the tail in terms of the following 
dimensionless quantities 

1L
).( 1LL

1bw .2bw

x0

L
1L

2bw1bw

,
0

0

a

a

TT
TT

,
L
x ,1

1 L
L

,2 2

kR
hLm

k
Lcw bbb

2
1

1 ,
k

Lcw bbb
2

2
2 .

10.12 The cutaneous layer of a peripheral tissue is supplied by blood at 
temperature  and a total flow rate The tissue is supplied by 
blood at temperature  and total flow rate Tissue thickness 
is L and cutaneous layer thickness is  One mechanism for 
regulating surface heat loss is by controlling blood flow through the 
cutaneous layer.  Use the Weinbaum-Jiji simplified bioheat equation  

0cT .cbW
0aT .bW

.1L
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           to examine the effect of blood flow ratio, ,1

b

cb

b

cb

wL
wL

W
W

R  on        

surface heat flux. The skin is maintained at uniform temperature 
Assume a linear tissue vascular geometry function of the form   

.sT

BAV )( .

10.13  Studies have concluded that the plates on the back of the dinosaur 
Stegosaurus served a thermoregulatory function as heat dissipating 
fins [19].  There are indications that 
the network of channels within the 
plates may be blood vessels. Model 
the plate as a rectangular fin of 
width W, length L and thickness t.
Use the Pennes model to formulate 
the  heat   equation   for   this   blood  

           perfused plate. The plate exchanges 
heat with the ambient air by 
convection. The heat transfer 
coefficient is h and the ambient 
temperature is T  Assume that 
blood reaches each part of the plate 
at temperature T and that it 
equilibrates at the local temperature T. Assume further that (1) 
blood perfusion is uniform, (2) negligible metabolic heat 
production, (3) negligible temperature variation along plate 
thickness t (fin approximation is valid, 

.

0a

),1Bi  (4) steady state 
and (5) constant properties. Show that the heat equation for this 
model is given by

W

L
0aT

0

x

t
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2
mm

d
d

,

           where 
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10.14 Modeling the plates on the back of the dinosaur Stegosaurus as 
rectangular fins, use the bioheat fin equation formulated in Problem 
10.13 to show that the enhancement in heat transfer, , due to 
blood flow is given by  

         
m

m
m

m

m
m

q
q

o tanh

tanh
,

           where  

                               
tWk

LtWhm
2)(2

,
k

Lcw bbb
2

.

           = heat transfer rate from plate with blood perfusion q
           = heat transfer rate from plate with no blood perfusion oq

           Compute the enhancement and total heat loss from 10 plates for 
the following data: 

           specific heat of bloodbc CJ/kg3800 o

                      heat transfer coefficienth CW/m9.14 o2

                      thermal conductivityk CW/m6.0 o

                      plate lengthL m45.0
                      plate thicknesst m2.0
                      blood supply temperature0aT C37 o

                      ambient temperatureT C27 o

                      blood perfusion rate per unit tissue volume         bw
                           33 s)/cm/(cm00045.0
                      W = plate width = 0.7 m  
                     b blood density 3/mk1050 g

10.15 Elephant ears serve as a thermoregulatory device by controlling 
blood supply rate to the ears and by flapping them. Increasing blood 
perfusion increases heat loss due to an increase in surface 
temperature. Flapping results in an increase in the heat transfer 
coefficient as air flow over the ears changes from natural to forced 
convection. Consider the following data on a 2000 kg elephant 
which generates 1640 W: 

                specific heat of bloodbc CJ/kg3800 o
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                natural convection heat transfer coefficientnh CW/m2 o2

                forced convection heat transfer coefficient (flapping) fh
CW/m6.17 o2

thermal conductivityk CW/m6.0 o

                equivalent length of square ear L m93.0
                 average ear thicknesst cm6.0
                blood supply temperature0aT C36 o

                ambient temperatureT C24 o

                blood perfusion rate per unit tissue volume   bw
                       33 s)/cm/(cm0015.0
                b blood density 3/mk1050 g

           Neglecting metabolic heat production in the ear, model the ear as a 
square fin using the bioheat equation formulated in Problem 10.13 
to determine the total heat 
transfer rate from two sides 
of two ears with and without 
flapping. In addition compute 
the enhancement in heat 
transfer for the two cases. 
Define enhancement as

              
oq

q
,

           where 
 heat transfer rate from ear q

                  heat transfer rate from ear with no blood perfusion and no      oq
                          flapping 

10.16 Cryosurgical probes are used in medical procedures to selectively 
freeze and destroy diseased tissue. The cryoprobe surface is 
maintained at a temperature below tissue freezing temperature 
causing a frozen front to form at the surface and propagate outward.  
Knowledge of the maximum frozen layer or lesion size is helpful to 
the surgeon in selecting the proper settings for the cryoproble. 
Maximum lesion size corresponds to the steady state temperature 
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distribution. Consider a planar probe which is inserted in a large 
region of tissue. Probe 
thickness is L and its 
surface temperature is
Using the s-vessel tissue 
cylinder model, determine 
the maximum lesion size 
for the following data: 

.oT

0

fT

oT
ix

x
bwunfrozen

frozen

Lprobe

                specific heat of  blood  bc CJ/kg3800 o

                probe thickness L mm4
thermal conductivity of unfrozen tissuek CW/m6.0 o

 thermal conductivity of frozen tissuesk CW/m8.1 o

                metabolic heat production                mq 3W/cm021.0
                artery blood temperature0abT C5.36 o

                tissue freezing temperature fT C0 o

                probe surface temperature oT C42 o

                blood perfusion rate per unit tissue volume   bw
                      33 s)/cm/(cm0032.0
                b blood density 3/mk1050 g
                75.0*T

10.17 A cylindrical cryosurgical probe consists of a tube whose surface 
temperature is maintained below tissue freezing temperature .
The frozen region or lesion around 
the cryoprobe reaches its maximum 
size at steady state. Predicting the 
maximum lesion size is important 
in avoiding damaging healthy tissue 
and in targeting diseased areas. 
Consider a cylindrical probe which 
is inserted in a large tissue region. 
Probe radius is and its surface 
temperature is  Metabolic heat 
production is  and blood perfusion rate is  Let be the 
temperature distribution in the unfrozen tissue and the

fT

or
.oT

mq .bw T
sT

probe
or

r
ir

frozen

unfrozen

oT

bw

fT
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temperature distribution in the frozen tissue. Using the s-vessel 
tissue cylinder model, determine the steady state temperature 
distribution in the two regions and the maximum lesion size. Note 
that the conductivity of frozen tissue is significantly different 
from the conductivity k of unfrozen tissue. Express the result in 
dimensionless form using the following dimensionless quantities: 

sk
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0

abf

ab

TT
TT

,
of

o
s TT

TTs ,
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i r
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2

fab

om

TTk
rq
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10.18 A brain surgical procedure requires the use of a spherical 
cryosurgical probe to create a frozen region (lesion) 6 mm in radius. 
A 3 mm radius spherical cryoprobe is selected for insertion into the 
diseased area. Using the Pennes model, determine the required 
probe surface temperature such that the maximum lesion size does 
not exceed 6 mm. Note that maximum size corresponds to the 
steady state temperature distribution in the frozen and unfrozen 
regions around the probe. The following data is given 

                 specific heat of bloodbc CJ/kg3800 o

thermal conductivity of unfrozen tissuek CW/m6.0 o

 thermal conductivity of frozen tissuesk CW/m8.1 o

                  metabolic heat productionmq 3W/cm011.0
                  artery blood temperature0aT C5.36 o

                  tissue freezing temperature fT C0 o

                  blood perfusion rate per unit tissue volume    bw
                        33 s)/cm/(cm0083.0
                  b blood density 3/mk1050 g

10.19 Analytical prediction of the growth of the frozen region around 
cryosurgical probes provides important guidelines for establishing 
probe application time. Consider the planar probe described in 
Problem 10.16. Use the s-vessel tissue cylinder model and assume a 
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quasi-steady approximation to show that the dimensionless interface 
location i is given by: 
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           where  is the latent heat of fusion and 
 is the density of frozen tissue. How long should 

the probe of Problem 10.16 be applied so that the frozen layer is 3.5 
mm thick? 

J/kg333,690
3kg/m1040s

10.20 Consider the cylindrical cryosurgical described in Problem 10.17. 
Using the s-vessel tissue cylinder model and assuming quasi-steady 
interface motion, determine lesion size as a function of time. 

10.21 The spherical cryosurgical probe of Problem 10.18 is used to create a 
lesion corresponding to 95% of its maximum size. Using the Pennes 
model and assuming quasi-steady interface motion, determine the 
probe application time. Probe temperature is  latent 
heat of fusion is 

C,6.29 o
oT

J/kg333,690  and the density of frozen tissue 
is .3kg/m1040s

10.22  Prolonged exposure to cold environment of elephants can result in 
frost bite on their ears. Model the elephant ear as a sheet of total 
surface area (two sides) A and uniform thickness .  Assume 
uniform blood perfusion and uniform metabolic heat  The 
ear loses heat by convection. The ambient temperature is and
the heat transfer coefficient is  Using lumped capacity 
approximation and the Pennes model, show that the dimensionless 
transient heat equation is given by 

bw .mq
T

.h

L 

L 

L 
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Here is tissue density and tissue specific heat. The subscript b
refers to blood. Determine the maximum time a zoo elephant can 
remain outdoors on a cold winter day without resulting in frost bite 
when the ambient temperature is lower than freezing temperature 

.  Assume that initially the ears are at uniform temperature 

c

fT .iT
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11.1 Introduction 

Heat conduction at the microscale can be dramatically different than at the 
macroscale.  The differences become clear by comparing the thermal 
conductivity of a “bulk” material (that is, a large sample that is by 
definition free of microscale effects) to the effective thermal conductivity 
of a microscopic sample of the same material.  The values of thermal 
conductivity that are readily available in textbooks and standard reference 
books (so-called “handbook values”) apply to bulk samples, but must be 
used with great caution for microscale samples.  As one example, 
according to a standard reference [1], the thermal conductivity k of pure 
silicon at room temperature is C-W/m148 .  This value is appropriate for 
silicon samples with characteristic lengths ranging from meters to 
millimeters to microns.  However, a silicon nanowire of diameter 56 nm 
( m10nm1 -9= ) has thermal conductivity of only C-W/m26  [2], a reduction 
by more than a factor of five compared to the bulk value.  The reductions 
are even more dramatic at low temperature: at 20 K the values are 

C- W/m4940  for bulk Si [1], and C-W/m0.72  for the Si nanowire [2], a 
difference of more than a factor of 6000!  By the end of this chapter, 
readers should understand the physical reasons for this tremendous 
reduction, and be able to evaluate it numerically with approximate 
calculations.   

Although the great majority of microsystems follow this same pattern of 
having thermal conductivity less than their bulk counterparts, there are also 
certain materials that exhibit nanoscale thermal conductivity greater than 



348       11 Microscale Conduction 

their bulk forms.  Carbon is the most prominent example.  At 300 K the 
thermal conductivity of bulk diamond is C- W/m2310 , and the value for 
graphite (in-plane) is C- W/m2000  [1], whereas single-walled carbon 
nanotubes have been measured with thermal conductivity of C- W/m3500

and up [3,4]. 

These dramatic variations in the thermal conductivity between macro- and 
micro-systems are of great importance for many modern applications.  The 
feature sizes in microelectronics (transistors and memory) and some 
optoelectronics (certain solid-state lasers) are now in the range of 100 nm 
or less, and the corresponding reduction in the thermal conductivity of the 
constituent materials presents a serious obstacle to dissipating heat away 
from the device regions.  Of course, there are also applications where 
reduced thermal conductivity is desirable, for example, in thermoelectric 
energy converters [5] and thermal barrier coatings. 

11.1.1 Categories of Microscale Phenomena 

Heat transfer at the microscale is a rich and challenging research field that 
encompasses many different phenomena [6-9].  The classical Fourier law 
of diffusive heat conduction will break down for processes that are too fast, 
or systems that are too small.  In this chapter we will limit ourselves to the 
second category, by focusing exclusively on steady-state problems.  The 
essential questions are:  

• What are the physical mechanisms by which the classical macroscopic 
Fourier’s law will fail for small systems? 

• At what length scales does this happen?   

• How can we modify the macroscopic Fourier’s law to still be useful at 
the microscale?  What is the effective thermal conductivity k for a 
microstructure such as a nanowire or thin film?  

Our framework for answering these questions is shown in Fig. 11.1.  A 
useful concept for discussing the fundamentals of microscale heat transfer 
is the “wavepacket.”  As shown in Fig. 11.1(a), a wavepacket is a wave-
like disturbance that is localized within a small volume of space.  The 
wavepacket represents an energy carrier propagating through a medium.  A 
wavepacket is like a particle in that it has a small size and propagates in a 
certain direction, and a wavepacket is like a wave in that it has an average 
wavelength λ.  For heat conduction in an insulator like diamond, the 
wavepacket can be thought of as a small pulse of a sound wave, whereas 
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for heat conduction in a metal like copper the wavepacket can be thought of 
as the wavefunction of an electron.  (These energy carriers, and others, will 
be discussed in detail later in the chapter.)  Figure 11.1(b) depicts the 
wavepacket traveling through a medium for an extended period of time.  
The characteristic length of the medium is denoted by L, which might be 
the thickness of a thin film, or the diameter of a nanowire.  Occasionally 
the wavepacket collides with something in the medium (for example, an 
impurity atom, a grain boundary, or even another wavepacket) which 
causes the packet to scatter and change direction.  These collisions impede 
the packet’s progress through the medium, thereby slowing down the 
energy transport from bottom to top in Fig. 11.1.  The average distance 
between such scattering events is known as the “mean free path,” denoted 
by Λ.  As long as L<<Λ<<λ , we can generally ignore the wave nature of 
the packet, and treat it simply as a particle [10].   

In Fig. 11.1(c) the characteristic length has been decreased to be smaller 

Fig. 11.1  (a)  A wavepacket of wavelength λ propagating from bottom to top.  (b) 
Bulk behavior: wavepacket in a large system with characteristic length L.  The 
average distance between collisions is the mean free path, Λ.  (c)  Classical size effect
(the focus of this chapter): If the characteristic length is reduced to be comparable to
or smaller than Λ, the frequency of collisions is greatly increased by scattering on the 
boundaries of the system.  The wavepacket can be treated as a particle.  (d)  Quantum
size effect: If the characteristic length is further reduced to be comparable to the
wavelength, the wavepacket can no longer be treated as a particle, and a more 
sophisticated analysis is required.     

λ

Λ

collision

Characteristic length, L
Smaller L

λ

λ>>Λ>>L λ~Lλ>>Λ L~> λ>>Λ L~>~>

(a) (b) (c) (d)
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than Λ.  In this case the wavepacket has numerous collisions with the 
boundaries of the system (for example, with the surfaces of a thin film), 
and these collisions further impede the energy flow from bottom to top.  
This is the essence of the “classical size effect,” which is the focus of this 
chapter.  Because the wavelength is still small compared to L and Λ, we 
again ignore the wave nature of the packet and approximate it as a particle.  
(The reader is advised that there are certain systems where this particle 
approximation breaks down even though L,Λ<<λ  [6].  The most common 
failure is transport perpendicular to multilayer structures with interfaces 
that are very sharp compared to λ, most notably the constructive and 
destructive interference of light rays in thin film optics.  The propagation of 
sound waves through multilayer thin-film “superlattices” is less commonly 
a concern, because the roughness of the layer interfaces is usually not 
negligible compared to λ.  When the particle approximation does break 
down, such systems require a more careful treatment of multiple coherent 
scattering events [6,7], which is beyond the scope of this chapter.) 

Finally, Fig. 11.1(d) depicts the “quantum size effect.”  If the system length 
is so small as to be comparable to the wavelength of the energy carrier, 
then the wave nature of the wavepackets cannot be ignored.  For example, 
due to the boundary conditions at the surfaces of a thin film, the 
wavelengths may be quantized into discrete allowed values.  In this case 
the calculations become much more complicated than for the classical size 
effect [6,7].  The quantum size effect is not discussed in this chapter.     

11.1.2 Purpose and Scope of this Chapter 

The purpose of this chapter is to introduce the key concepts of the classical 
size effect in steady-state heat conduction at the microscale, in a manner 
accessible to readers coming from a background in classical engineering 
heat transfer.  In particular, we do not assume any background in solid state 
physics, quantum mechanics, or statistical thermodynamics.   

It is hoped that this chapter will help the dedicated reader develop the skills 
to think critically about the major issues in the field, to be confident 
reading a specialized journal paper, and to make realistic numerical 
estimates for the heat transfer in a range of microscale systems.  

Readers interested in pursuing this subject at a more advanced level can 
choose from several excellent resources, including comprehensive 
textbooks by Chen [6] and Zhang [7] and a volume edited by Volz [8].  
Also of particular value are an extensive chapter by Majumdar [9], and a 
review article by Cahill et al. [11].  Truly dedicated students may also want 
to strengthen their background in the supporting subjects of solid state 
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physics [12-14], quantum mechanics [15,16], and statistical 
thermodynamics [17,18]. 

The chapter is organized as follows.  In Section 11.2 we introduce the 
framework of kinetic theory and derive a key equation for the thermal 
conductivity of a substance in terms of other, more fundamental properties.  
These fundamental properties are outlined in Section 11.3 for four 
important types of energy carriers, with coverage of ideal gases, metals, 
insulators, and radiation.  Finally, in Section 11.4 we introduce theoretical 
tools to model the thermal conductivity reduction in nanostructures 
including nanowires and thin films.   

11.2 Understanding the Essential Physics of Thermal Conductivity 
Using the Kinetic Theory of Gases 

Microscale heat transfer in solids can be understood using a variety of 
theoretical approaches, including the Boltzmann transport equation, 
molecular dynamics, the Landauer formalism, the Green-Kubo formalism, 
radiation analogies, and other techniques [6-9,11].  In this chapter we focus 
on the theoretical framework of kinetic theory, because this approach offers 
maximum physical insight for minimal complexity, and can be applied 
fruitfully to a wide range of realistic problems in microscale conduction.  
Furthermore, we shall see that in many cases even the results of more 
complicated analyses (e.g. Boltzmann equation, Landauer formalism) can 
still be understood and explored using kinetic theory.   

11.2.1 Derivation of Fourier’s Law and an Expression for the 
Thermal Conductivity 

Figure 11.2(a) depicts a gas of particles, such as the individual molecules in 
an ideal gas.  Later we will generalize this derivation to other types of 
particles, such as free electrons in a solid piece of metal.  Some particles 
travel faster than others, but their representative speed is denoted by v.
Consider the particle labeled “1” in Fig. 11.2(a,b).  At the instant in time 
depicted in Fig. 11.2(a), it is clear that particle 1 is on a collision course 
with particle 2.  Thus, a short time later these two particles collide, as 
indicated in Fig. 11.2(b).  The collision changes the direction of both 
particles, and also causes some energy to be exchanged between them.  
Thus, if particle 1 was initially “hot” compared to particle 2, after the 
collision in Fig. 11.2(b), particle 1 will have given up some of its energy to 
particle 2.  This energy exchange is an essential feature of the kinetic 
theory framework.     



352       11 Microscale Conduction 

Such collisions happen repeatedly over time, causing each particle to 
undergo a “random walk” between collisions (Fig. 11.2(c)), exchanging 
energy in every collision.  The distance that a particle travels between any 
two consecutive collisions is called the free path, and the average value of 
this free path over many collisions is called the “mean free path,” which we 
denote by Λ.  It is sometimes helpful to consider the corresponding “mean 
free time” between collisions, denoted by τ, and defined through the simple 
relation 

τv=Λ . (11.1) 

Now let this gas of particles be placed in a large box with a negative 
temperature gradient in the x-direction.  That is, the particles are hotter 
towards the left (small x) and colder towards the right (large x).  As shown 
in Fig. 11.2(d), we will evaluate the net energy flow crossing an imaginary 
control surface defined by the plane 0xx = , by evaluating the difference 
between energy flows from left-to-right and from right-to-left. 

Consider two control volumes each of thickness Λ in the x-direction, and 
with some large and arbitrary area A in the zy −  direction.  The “left” 
control volume extends from 0x  to Λ−0x , and the “right” control volume 

Fig. 11.2  (a) Schematic of a gas of particles.  (b) A collision between two
particles.  (c) Each particle undergoes many random collisions over time.
The average distance between these collisions is known as the "mean free 
path."  (d) Control volumes used to analyze heat transfer. 
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extends from 0x  to Λ+0x .  If we wait a time v/Λ=τ , approximately half 
of the particles in the left control volume will exit that control volume 
through the plane 0xx = , and the other half will exit through the plane 

Λ−= 0xx .  Similarly, in that same time τ  approximately half of the 
particles in the right control volume will exit through 0xx = , and the other 
half will exit through Λ+= 0xx .

Due to the imposed temperature gradient, the particles crossing 0xx =  from 
the left control volume are hotter on average than those particles crossing 

0xx =  from the right control volume.  Thus there is a net energy exchange 
from left to right.  We estimate the energy exchange as follows.  The total 
energy contained in the left control volume is  

avgleftleft UAU ,
ˆ Λ= ,

where Û  is the internal energy in J (joules), and avgleftU ,  is the internal 

energy density per unit volume, in J/m3, averaged over the left control 
volume.  (Note that it will prove more convenient to work with energy per 
unit volume [J/m3] rather than energy per unit mass [J/kg], even though the 
latter quantity is more common in engineering thermodynamics.  Properties 
per kg are easily converted to a per m3 basis simply by multiplying by the 
mass density ρ.  For example, avgleftavgleft uU ,, ˆρ= .)  Similarly, the energy in 

the right control volume is  

avgrightright UAU ,
ˆ Λ= .

As a result of the energy leaving each control volume, the net energy 
crossing 0xx =  is thus 

( )avgrightavgleftrightleftLR UUAUUU ,,2
1

2
1

2
1 ˆˆˆ −Λ=−≈Δ .

We next assume that U is a smoothly-varying function of x which can be 
approximated as a straight line over very small distances of the order of Λ.
This means that  

)(
2
1

0, Λ−≈ xUU avgleft ,

namely, U evaluated at the location Λ− 2
1

0x .  Similarly,  
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)(
2
1

0, Λ+≈ xUU avgright .

Now we use a Taylor series expansion to write 

Λ−≈−
0

,,
x

avgrightavgleft dx

dU
UU . (11.2) 

Our assumption that the energy density of the particles conforms to the 
local temperature, even at the microscale, is also known as the assumption 
of local thermodynamic equilibrium.   

The exact analysis of this problem shows that the correct expression is only 

3
2  as large as eq. (11.2),  

Λ−=−
0

3
2

,,
x

avgrightavgleft dx

dU
UU .

This 3
2  coefficient is found from a more careful treatment of the full three-

dimensional problem including the varying locations of the particles’ most 
recent collisions.  For the rest of this chapter we proceed using the correct 

3
2  coefficient.   

We wish to present our results in terms of temperature rather than internal 
energy, so we use the chain rule of calculus to write 

dx

dT
C

dx

dT

dT

dU

dx

dU == ,

where vcC ρ=  is the specific heat capacity at constant volume, per unit 
volume, in CJ/m o3 − . Notice again the normalization per unit volume 
rather than per unit mass.   

Finally, we collect our results, and divide by the area and the elapsed time 
to evaluate the heat flux in W/m2:

dx

dT
Cv

A

U
q LR Λ−=Δ= 3

1
ˆ

''
τ

. (11.3) 

Notice the proportionality between ''q  and dxdT / : here we have derived 
Fourier’s law of heat conduction, an equation which is usually presented as 
an empirical experimental observation.  Furthermore, we have derived an 
equation for the thermal conductivity of a gas of particles: 
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Λ= Cvk 3
1 . (11.4) 

These last two equations are the most important theoretical results in the 
study of heat conduction by kinetic theory.  Equation (11.4) in particular 
forms the framework for the rest of this chapter.   To understand heat 
conduction in any system, we need to methodically evaluate each term in 
eq. (11.4): what are the specific heat capacity, the particle velocity, and the 
mean free path?  In microscale systems, we will see that the small size of 
the microstructure will generally reduce Λ without affecting C or v, thus 
leading to reductions in the thermal conductivity.   

11.3 Energy Carriers 

Having derived the kinetic theory expression eq. (11.4), we now discuss the 
relevant properties C, v, and Λ for a range of heat-conducting materials.  
We will begin with an ideal gas, the system for which kinetic theory is 
most easily understood.  However, one of the most powerful aspects of our 
kinetic theory derivation is that the key results, eqs. (11.3) and (11.4), are 
also directly applicable to heat conduction in solids, as long as we can 
identify the corresponding “particles” that carry the heat.  Thus we will 
extend our analysis to metals, such as gold and copper, as well as insulators 
and semiconductors, such as diamond and silicon.  Finally, we will further 
extend this kinetic theory approach to heat transfer by radiation.  In all 
cases (ideal gas, metal, insulator, radiation), we first identify the important 
energy carrier, and then ask the same three questions: For these carriers, 
what is C?  What is v?  And what is Λ?

11.3.1 Ideal Gases: Heat is Conducted by Gas Molecules 

The kinetic theory of ideal gases has been thoroughly studied and is well-
understood [19-22].  As a starting point, the reader is certainly familiar 
with the ideal gas law, 

RTmpV tot= , (11.5) 

where p is absolute pressure, V is volume, totm  is the total mass of the gas, 
T is absolute temperature in Kelvin, and R is the gas constant for the 
particular gas being studied, found from  

MRR U /= , (11.6) 
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where K-J/mol314.8=UR  is the universal gas constant, and M is the 
molecular weight of the gas molecule.  It will also prove convenient to 
express UR  as 

BAU kNR = , (11.7) 

where 123 mol10022.6 −×=AN  is Avogadro’s number, and 
J/K10381.1 23−×=Bk  is Boltzmann’s constant.   

Note that in eq. (11.5) it is essential to express T in units of Kelvin (K) 
rather than centigrade ( C ).  This need to use absolute units is a recurring 
theme in this chapter, for all types of energy carriers.  In this chapter the 
reader is strongly encouraged to use absolute units throughout, although 
conversion back to centigrade units can be made as the final step if desired 
when solving any particular problem.  In particular note that C-W/m  and 

K-W/m  are equivalent, as are CJ/m3 −  and KJ/m3 − .

In the rest of this section we summarize the main results that are useful for 
understanding the thermal conductivity of ideal gases.  It is important to 
distinguish between monatomic gases (such as Ar and He) and 
diatomic/polyatomic gases (such as N2, O2, CO2, and H2O).  The key 
distinction between these two categories is that a molecule of a monatomic 
gas can only store energy in its translational kinetic energy, whereas a 
molecule of diatomic/polyatomic gas has additional mechanisms for energy 
storage, namely rotational kinetic energy and interatomic vibrations within 
the molecule.  These additional mechanisms make an exact theory much 
more complicated.  Therefore, for simplicity we will focus our discussion 
on monatomic gases, while briefly commenting on the connections to 
diatomic/polyatomic gases.      

Specific heat. Recall from the basic thermodynamics of an ideal gas that 
the specific heats at constant pressure ( pc ) and constant volume ( vc ), 
expressed on a per-unit-mass basis, are always related through 

C]-[J/kgRcc vp += .

To convert to a per-unit-volume basis, we multiply by the density 
RTp /=ρ  to find 

]C-[J/m/ 3TpCC vp += . (11.8) 
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For a monatomic ideal gas, the specific heat has the particularly simple 
form 

Rcv 2
3= ,

T

p
Cv 2

3= . (11.9) 

The specific heats of diatomic and polyatomic gases have a similar form 
but the numerical coefficient is in general a function of temperature that is 
larger than or equal to 2

3 , a reflection of the additional modes of energy 

storage. 

Speed.  Even at fixed pressure and temperature, the molecular speeds are 
distributed over a broad range of values.  The distribution of speeds 
depends on the temperature and is known as the Maxwellian velocity 
distribution.  For simplicity we would like to represent that entire 
distribution by a single representative “thermal velocity” vth, for use in the 
kinetic theory framework of eq. (11.4).  We will represent vth by the root-
mean-square (rms) velocity vrms, given by  

RTvv rmsth 3== . (11.10) 

Other relevant velocities that are sometime used to characterize a 

Maxwellian distribution are the most-probable speed ( RTvmp 2= ), the 

mean speed ( RTvmean π
8= ), and the speed of sound ( RTvsound γ= ), 

where vp cc /=γ .  Note that all of these velocities are proportional to 

RT , with numerical prefactors varying by only tens of percent.    

Mean free path.  For ideal gas molecules the mean free path between 
collisions is  

22

1

d
coll ηπ

=Λ ,    

where TkpMN BA // == ρη  is the average number of molecules per unit 
volume and d is the effective diameter of the gas molecule.  This 
expression accounts for the relative motion between the different molecules 
[19].  However, when molecules collide, they do not exchange 100% of 
their energy.  The effectiveness of the energy exchange depends on 
whether the molecules are monatomic or diatomic, and how the 
intermolecular forces are modeled.  Based on several different detailed 
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calculations for a monatomic ideal gas modeled as elastic spheres [19,22], 
the mean free path for energy exchange is given to within about 2% by       

22 35

12

35

12

pd

Tk

d
B

en ==Λ
πηπ

  . (11.11) 

Note that enΛ  is about 3.5× larger than collΛ , and that it is enΛ  (not collΛ )
that is the correct choice for evaluating thermal conductivity using eq. 
(11.4).  For diatomic and polyatomic ideal gases, the energy-exchange 
mean free path has a similar form as eq. (11.11), but there is no such tidy 
theory for the numerical coefficient.   

Example 11.1: Thermal Conductivity of an Ideal Gas. 

The molecular diameter of He at 0°C and atmospheric pressure was 
determined to be nm2193.0=d  using viscosity measurements [22].
Calculate the corresponding thermal conductivity, and compare with the 
experimental value listed in Appendix D.

(1)  Observations.  Helium is a monatomic gas, so we expect the theory 
outlined above to work well here.  

(2)  Formulation.   
(i) Assumptions.  (1) Helium can be modeled as a monatomic ideal gas.  
(2) Helium atoms can be treated as elastic spheres.      

(ii) Governing Equation.  We will evaluate the kinetic theory expression 
eq. (11.4) using the expressions for C, v, and Λ given above in eqs. (11.9), 
(11.10), and (11.11).    

(3)  Solutions.   
Specific heat.  Application of eq. (11.9) at 273.15 K and 101,300 Pa gives 

Cm

J
3.556

K273.15

Pa300,101

2

3

2

3
3 −

===
T

p
Cv ,

where we have used the convenient identity that 3J/m1Pa1 = .

Speed.  The atomic weight of He is g/mol4.003=M , so from eq. (11.7) we 
have K-J/kg2077/ == MRR U .  Thus, using eq. (11.10) we have  

( )( ) m/s1305K273.15K-J/kg207733 === RTvth .

Mean free path.  Applying eq. (11.11), we have  
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( )( )
( )( )29-

23

2
m100.2193Pa300,101

K273.15J/K10381.1

35

12

35

12

×

×==Λ
−

ππ pd

TkB
en     

nm605
m-Pa

J
10605

2
9- =×=Λen .

Thermal conductivity.  Combining these values for C, v, and Λ, we find  

( )
Cm

W
1464.0605nm

s

m
1305

-m

J
3.556

33
1

3
1

−
==Λ=

C
Cvk .

For comparison, from Appendix D the experimental value of k at 0°C is 
C- W/m0.142 .  The error in our calculation is therefore  

%1.3
142.0

142.01464.0
error =−= .

(4) Checking.  Dimensional check.  The units of ΛCv  are 
)(m)s(m)C-m-(J 1-1-3 −− , correctly giving C-W/m , the required units of k.

(5) Comments.   (1) The observed 3.1% error in k is only slightly larger 
than the 2% uncertainty stated in our equation (11.11) for Λ, and also 
reflects experimental uncertainty in the values we used for d and k from 
Appendix D.  Overall this agreement between theory and experiment is 
very good.   (2) This mean free path of 605 nm may appear quite small, but 
because helium’s d is smaller than all other gases, this value of Λ is 
actually a relatively large value for an ideal gas.  As revealed by eq. 
(11.11), molecules with larger diameters will necessarily have smaller Λ.
(3) You may wonder what would happen if this helium gas were used to 
conduct heat between parallel plates with a gap much less than the 
calculated mean free path of 605 nm.  This very important question refers 
to a “classical size effect,” which is discussed later in the chapter.  (4) See 
also the end-of-chapter Problems 11.1-11.3.  

11.3.2 Metals: Heat is Conducted by Electrons 

For the purposes of heat conduction, the defining feature of a metal is that 
it has a very large concentration of electrons that are free to roam 
throughout the material.  These “free electrons” are responsible for the very 
high electrical conductivity of metals such as copper and gold.  In addition, 
besides carrying charge, these free electrons also carry energy, and thus are 
the dominant transporter of heat in metals.   
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A theoretical discussion of the thermal properties of electrons in metals 
requires some knowledge of solid-state physics and thus is beyond the 
scope of this chapter.  However, the key theoretical results are simple and 
compact, and are now presented below.   

Speed.  The electrons that contribute to heat conduction in a given metal all 
travel at virtually the same speed, known as the Fermi velocity, Fv , for that 

metal.  These electrons are very fast indeed: as shown in Table 11.1, typical 
values of Fv  are around m/s1021 6×− .  The Fermi velocity for many 

metals can be found tabulated in handbooks and textbooks from the field of 
solid state physics.  It is also common to characterize the free electrons by 
their Fermi energy, FE , which is related to Fv  simply through 

2
2
1

FeF vmE = , where kg10110.9 31−×=em  is the mass of an electron.  Thus, 

the Fermi energy is simply the kinetic energy associated with an electron 
traveling at the Fermi velocity.  The Fermi energy is often reported in units 
of electron volts, denoted eV, with the conversion J10602.1eV1 19−×= .  The 
Fermi velocity can also be related to the concentration of free electrons eη ,

through 

( ) 3/123 e
e

F m
v ηπ=                                 (11.12) 

where s-J10055.1 34−×=  is the reduced Planck’s constant.  

Table 11.1 Free electron properties of selected metals

Metal Concentration 
of free 

electrons, eη
][m 3−

Fermi 
Velocity, 

Fv

[m/s]

Fermi 
Energy, 

FE  [eV] 

Fermi 
Tempera-

ture,  

FT  [K] 

Specific heat 
coefficient, γ

]K[J/m 23 −

Li 4.70 × 1028 1.29 × 106 4.75 5.52 × 104 58.1 

Na 2.65 × 1028 1.07 × 106 3.24 3.76 × 104 48.0 

K 1.40 × 1028 8.63 × 105 2.12 2.46 × 104 38.8 

Cu 8.45 × 1028 1.57 × 106 7.03 8.15 × 104 70.6 

Ag 5.85 × 1028 1.39 × 106 5.50 6.38 × 104 62.5 

Au 5.90 × 1028 1.39 × 106 5.53 6.42 × 104 62.6 

Al 1.81 × 1029 2.03 × 106 11.66 1.35 × 105 90.9 

Pb 1.32 × 1029 1.82 × 106 9.46 1.10 × 105 81.9 

Source: Kittel [14]  
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Specific heat.  The specific heat of free electrons eC  also follows a very 
simple equation, which we express in three equivalent ways: 

.

/

/

2
2
1

22
2
1

TC

TTkC

ETkC

e

FBee

FBee

γ
ηπ

ηπ

=

=

=

 (11.13) 

The second form of eq. (11.13) defines a characteristic “Fermi 
Temperature”,  

BFF kET /=  (11.14) 

and the third form expresses the fact that the specific heat is simply 
proportional to temperature, where the coefficient γ  has the units 23 K-J/m

and is also summarized in Table 11.1.  Note that the electron specific heat 

eC  is typically several orders of magnitude smaller than the standard 
handbook values of C for metals, even though the electrons dominate the 
thermal conductivity [23].   

Mean free path.  The physics of electron scattering in metals is more 
complicated than our current treatment allows.  Around room temperature 
and above, for most metals of reasonable purity the dominant mechanism 
of electron scattering is collisions with sound waves [12].  In practice the 
electron mean free path in many metals at 300 K and above is 
approximately proportional to 1−T , the inverse of absolute temperature.  As 
explored in Problem 11.5 at the end of the chapter, the electron mean free 
path in metals is typically of the order of tens of nm at room temperature.   

11.3.3 Electrical Insulators and Semiconductors: Heat is Conducted 
by Phonons (Sound Waves)          

The defining feature of electrical insulators (also known as dielectrics) is 
the extreme scarcity of free electrons as compared to metals.  Of course, 
many electrons are still present in such crystals, but due to the nature of the 
atomic bonding, essentially all of these electrons are tightly bound to the 
vicinity of their parent atomic nucleus: virtually no electrons are free to 
roam around the crystal.  Note that it is also possible to intentionally add a 
small percentage of free electrons to materials that are normally insulating, 
by incorporating impurity atoms known as “dopants” into the crystal.  
Although technologically very important for modifying the electrical 
properties of semiconductors, the additional free electrons due to doping 
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are usually only a minor contribution to the thermal conductivity, and thus 
are ignored in our treatment below [24].     

If free electrons are unimportant, how is thermal energy stored and 
transported in dielectric crystals?  The answer: atomic vibrations.  For heat 
transport, the simplest and most important class of atomic vibrations is 
sound waves.  Sound waves by definition have wavelengths that are much 
larger than the typical spacing between individual atoms (this interatomic 
spacing is intimately related to, but not always equal to, the “lattice 
constant”). In this limit, the wavelength λ and oscillation frequency ω (in 
rad/s ) follow a particularly simple relationship: 

λ
πω sv2

= .  (11.15) 

Here sv  is the speed of sound, which is tabulated in Table 11.2 for several 
dielectric materials.  You may recognize eq. (11.15) as being analogous to 
the equation for the frequency of a light wave from elementary physics.  
Indeed, the analogy is quite relevant, and in particular we now introduce 
the concept of a “phonon,” referring to the quantum of a sound wave, in the 
same way that a “photon” is the quantum of a light wave.   

Table 11.2 Acoustic phonon properties of selected solids 

Material Number 
density of 

primitive unit 
cells, PUCη

][m 3−

Atoms 
per 

primitive 
unit cell 

Sound 
velocity 

(effective 
average), sv

[m/s]

Debye 
temp-

erature, 

Dθ  [K] 

Thermal 
conductivity 
of solid at 
300 K, k

C]-[W/m

C 8.80×1028 2 13400 1775 2310 

Si 2.50×1028 2 5880 512 148 

Ge 2.21×1028 2 3550 297 53 

Ar 2.66×1028 1 1030 92 (gas) 

Kr 2.17×1028 1 867 72 (gas) 

Xe 1.64×1028 1 846 64 (gas) 

Notes:  Debye temperature is based on number density of primitive unit cells.  
Carbon is diamond phase.  Ar, Kr, and Xe are only solids below 84 K, 116 K, 
and 161 K, respectively.  Sources: Purdue University Thermophysical 
Properties Research Center [1], Kittel [14].   
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Phonons are the key to thermal energy storage and transport in insulators.  
Although a detailed discussion of phonons is beyond the scope of this 
chapter, we now give the essential concepts.  As summarized in Table 11.3, 
there are two broad classes of phonons: acoustic and optical.     

Acoustic phonons can largely be thought of as sound waves following eq. 
(11.15), with the modification that there is an upper limit on the allowed 
frequencies.  That there should be such a limit is evident by noting that the 
phonon wavelengths in eq. (11.15) become shorter at higher frequencies.  
At sufficiently high frequency, the wavelengths become so short as to be 
comparable to the lattice constant.  It is unphysical to speak of wavelengths 
shorter than twice the interatomic spacing, thus placing an upper limit on 
the allowed frequencies.  Typical values of the maximum frequency are 

rad/s10-10 1413 , depending on the material.  In fact, eq. (11.15) itself breaks 
down near these limiting frequencies.  If the details of phonon behavior at 
high frequencies are important, eq. (11.15) is replaced with a more general 
function )(λωω = , which can be found simply by solving Newton’s 
equations of motion for a collection of masses and springs (representing the 
atomic nuclei and interatomic forces, respectively), a technique known as 
“lattice dynamics.”  Even a full lattice dynamics solution for )(λω  will 
always reduce to the linear form of eq. (11.15) in the limit of small ω
(large λ).   

Table 11.3 Comparison between acoustic and optical phonons

 Acoustic Phonons Optical Phonons 

Present in simplest crystals (only 
1 atom per primitive unit cell) 

Yes No 

Present in crystals with more than 
1 atom per primitive unit cell 

Yes Yes 

Relationship between frequency 
and wavelength 

λπω /2 sv=
(approximately) 

Minimum frequency 0 

Maximum frequency 
Typically 

rad/s10-10 1413

ω≈const., 
typically 

rad/s10-10 1413

Speed 
Sound velocity 
(approximately) 

Zero (common 
approximation) 

Important for energy storage 
(specific heat) 

Yes Yes 

Important for thermal 
conductivity 

Yes Usually neglected 
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Optical phonons are present in all but the simplest materials.  Specifically, 
optical phonons are present if and only if the material’s crystal structure 
has more than one atom per “primitive unit cell.”  A primitive unit cell is 
the smallest possible repeating unit that can be used to build up an entire 
crystal.  In simple crystals including those that are “simple cubic”, “body-
centered cubic”, and “face-centered cubic”, the number of primitive unit 
cells is simply equal to the number of atoms.  All of the metals in Table 
11.1 fall in this category, as do solid Ar, Kr, and Xe (Table 11.2).  
However, many important materials (such as Si, Ge, GaAs, and NaCl) have 
two atoms per primitive unit cell, and some complicated materials (for 
example, Bi2Te3) have even more than two atoms per primitive unit cell. 

In contrast to acoustic phonons, the dynamics of optical phonon vibrations 
are generally dominated by the oscillations of atoms locally against their 
nearest neighbors [12-14].  For example, in the simplest case of two atoms 
per primitive unit cell, in the limit of long wavelengths every atom 
oscillates 180° out of phase with its neighbors.  If adjacent atoms have 
opposite electric charges (as in an ionic crystal like sodium chloride, made 
up of Na+ and Cl– ions), these oscillations lead to a local electromagnetic 
field inside the crystal that oscillates over time, making these crystals 
capable of interacting strongly with light of certain frequencies.  This is the 
reason for the name “optical” phonon.   

The oscillation frequencies of optical phonons are slightly higher than the 
maximum frequencies of the acoustic phonons, and again typically around 

rad/s10-10 1413 , depending on the material.  Importantly, and in contrast to 
acoustic phonons, the oscillation frequencies of optical phonons for any 
particular crystal are relatively insensitive to changes in the phonon 
wavelength.  This leads to the very important fact that optical phonons 
propagate through the crystal at velocities that are far slower than the speed 
of sound – so slow, in fact, that the velocity of optical phonons is 
commonly set to zero.  Referring to eq. (11.4), this approximation of zero 
velocity is of great significance: it implies that optical phonons make a 
negligible contribution to the thermal conductivity.   

For the purposes of this chapter, when discussing thermal conductivity we 
will ignore optical phonons to focus exclusively on acoustic phonons and 
use the following approximations, which are generally known as the Debye 
approximation.     

Speed.  All acoustic phonons will be approximated as traveling at the speed 
of sound, sv .  Real crystals have different sound speeds for transverse 
waves (waves with atomic displacements perpendicular to the direction of 
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wave propagation) and longitudinal waves (atomic displacements are 
parallel to the direction of wave propagation).  There are always twice as 
many transverse waves as longitudinal waves.  We will designate the 
former speed as Tsv ,  and the latter as Lsv , .  For calculations of the thermal 

conductivity of nanostructures, it is convenient to combine Tsv ,  and Lsv ,

into a single effective sound velocity, in which case the best averaging 
method is 

( ) 2/12
,3

12
,3

2 −−− += LsTss vvv . (11.16) 

Averaging in this inverse-squares sense ensures that the result becomes 
exact at low temperature (see problems 11.10 and 11.11 at the end of the 
chapter).    

Specific Heat.  The specific heat in the Debye model is given by an 
integral expression (not presented here) which in general must be evaluated 
using numerical methods [12-14].  Although the numerical integration is 
not difficult, a convenient and practical approximation to the exact Debye 
calculation is  

3

4
5

41

3

+

=

T

k
C

D

BPUC

θ
η

π

, (11.17) 

which is exact in the limits of low and high temperature.  In the 
intermediate temperature range, eq. (11.17) can be used with less than 12% 
error compared to the exact Debye calculation.  In eq. (11.17) PUCη  is the 
number of primitive unit cells per unit volume, and Dθ  is the “Debye 
temperature,” defined through 

( ) 3/126 PUC
B

s
D k

v ηπθ = . (11.18) 

Both PUCη  and Dθ  are included in Table 11.2.   

Readers are advised that a slightly different definition of Dθ  is also in 
common use [14], which is identical to eq. (11.18) except that PUCη  is 
replaced by the number density of atoms, atomsη .  For simple crystals with 
one atom per primitive unit cell, the two definitions are equivalent.  For 
more complicated crystals, the alternate definition results in a higher value 
of Dθ .  For example, referring to Table 11.2, because silicon has two atoms 
per primitive unit cell it must have PUCatoms ηη 2= .  Thus, the alternate 
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definition would lead to a Dθ  that is larger by a factor of 3/12 , namely, 
645 K [14].  Although this alternate Debye approach defining Dθ  using 

atomsη  is convenient for calculating the total specific heat, it is inappropriate 
for modeling the thermal conductivity because it treats optical phonons as 
if they were traveling at sv .  Therefore, in this chapter we will use 
exclusively Dθ  as defined in eq. (11.18) and listed in Table 11.2.   

In the limits of low and high temperature, eq. (11.17) reduces correctly to 
the well-known limiting expressions 

)(
20
3

3

5
12 4

D
D

BPUC T
T

kC θ
θ

ηπ <= ,  (11.19) 

)(3 2
1

DBPUC TkC θη >=  . (11.20) 

Equation (11.19) is exact for 0/ →DT θ , and can be used up to DT θ20
3≈

with errors less than 20% compared to the exact Debye calculation.  
Similarly, eq. (11.20) is exact for →DT θ/ , and can be used down to 

DT θ
2
1≈  with errors less than 20%.  The transition between low and high 

temperature regimes occurs around 3/DT θ≈ .  The low-temperature result 

eq. (11.19) is known as the “Debye 3T  law”, and the high-temperature 
result eq. (11.20) is known as the “Law of Dulong and Petit.”       

Note that all of the results in eqs. (11.16) – (11.20) are only for the specific 
heat of acoustic phonons.  Optical phonons, if present, make their own 
contribution, which is commonly described using an “Einstein model” (not 
discussed here).  The values of specific heat reported in handbooks are for 
the total specific heat, including optical and acoustic phonons.   

Mean Free Path.  The physics of phonon scattering is beyond our present 
treatment.  At room temperature and above, the thermal resistance is 
usually dominated by phonons scattering with other phonons in such a way 
that the overall energy flux is impeded, a process known as “Umklapp” 
scattering.  Like electrons, in practice the phonon mean free path in many 
insulators is approximately proportional to 1−T at room temperature and 
above.  Alloy atoms, if present, can also result in strong phonon scattering 
(for example, the Ge atoms in a crystal with composition Si0.9Ge0.1).  If a 
crystal is “doped” with impurities to generate additional free electrons, the 
dopant atoms can also scatter phonons, an effect which is sometimes 
significant in reducing the phonon thermal conductivity, especially if the 
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dopant concentration is larger than )m10(~cm10~ -323-317  [25].  At 
temperatures around 300 K and below it may also be important to consider 
the effects of phonons scattering off of impurities, isotopes, defects, and 
grain boundaries.  Phonons may also scatter off of the boundaries of the 
sample itself, an effect which is revisited later in the chapter as the 
“classical size effect.”  

Example 11.2: Thermal Conductivity Trend with Temperature for 
Silicon. 

In many situations the temperature-dependence of the thermal conductivity 
of a material can be approximated with a power law of the form 

baTTk =)( , where a and b are constants.  Assuming that the mean free 
path is proportional to 1−T , use data from Table 11.2 to propose a power-
law approximation for the thermal conductivity of bulk silicon for 
temperatures from 300 K to 1000 K. 

(1)  Observations.   Silicon is extremely important for applications in the 
microelectronics industry, and its thermal conductivity has been very well 
studied over a broad range of temperatures.  However, in this example we 
will limit ourselves to the information given in Table 11.2.   

(2)  Formulation.    

(i) Assumptions.  (1) The thermal conductivity is dominated by acoustic 
phonons, for which the Debye model is an adequate approximation.  (2) 
The specific heat can be approximated by the T-high  limit, because the 
temperatures of interest are always greater than 2/Dθ .  (3) The mean free 
path will be assumed to vary inversely proportional to temperature.   

(ii) Governing Equations.   We will approximate the specific heat of 
acoustic phonons using eq. (11.20).  

(3)  Solutions.   

Speed.  From Table 11.2, the sound velocity in silicon is 5880 m/s, which is 
assumed independent of temperature.   

Specific heat.  Using eq. (11.20) and the values from Table 11.2, we have  

( )( )
C,-J/m101.04

J/K10381.1m105.233
36

23328

×=

××== −−
BPUCkC η

which is assumed constant from 300 K to 1000 K.  
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Thermal conductivity at 300 K.  From Table 11.2 we have C- W/m148=k

at 300 K.       

Mean free path.  Combining these values for k, C, and v, we find at 300 K 

( )
( )( ) nm73

m/s5880C-J/m1004.1

C-W/m14833
36

=
×

==Λ
Cv

k
.

Because the mean free path is assumed to vary in proportion to 1−T , we 
have 

K300)K300()(

.

.

×Λ=×Λ
=Λ

=Λ

TT

constT
T

const

Thermal conductivity power law.  Consider the ratio )K300(/)( kTk . From 
kinetic theory we have 

)K300(

)(

)K300(
)(

3
1

3
1

Λ
Λ

=
Cv

TCv

k

Tk

Because we assume .constC ≈ ,

)K300(
)(

)K300(
)(

Λ
Λ= T

k

Tk
,

and using our result for Λ,

1K300K- W/m148

K300
)K300()(

K300
)K300(

)(

−××=

×=

=

T

T
kTk

Tk

Tk

Thus we have our final result 

( ) 1 W/m400,44)( −×= TTk

Comparing to the given form baTTk =)( , we identify  W/m400,44=a  and 
1−=b , where T must be expressed in Kelvin.     
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(4) Checking.  Dimensional check.  The right-hand side of the last equation 
has units of W/m-K-1 , which is equivalent to the expected units of 

C-W/m . Magnitude check.  Our calculation can be compared to the 
standard reference values listed in Appendix D as follows 

(5) Comments.  (1) Once again the mean free path is best measured in 
nanometers.  Values in the range of tens to hundreds of nm are typical for 
phonons in dielectric crystals at room temperature.  As discussed later in 
Example 11.5, a more realistic estimate for the average mean free path of 
acoustic phonons in Si at 300 K is around 200-300 nm. (2) Using the 
density of silicon 3kg/m2330=ρ  from Appendix D, we can convert the 
acoustic phonon specific heat to a mass basis, finding C-J/kg446 .  For 
comparison, the handbook value listed in Appendix D is C-J/kg712 .  This 
indicates that the optical phonons are making a significant contribution to 
the total specific heat.  (Indeed, a more exact calculation gives the Debye 
acoustic specific heat as C-J/kg380  and the optical contribution as 

C-J/kg298 , for a total of C-J/kg678 , within 5% of the value from 
Appendix D.)   (3) Clearly the 1−T  power law is only approximate.  Over 
this temperature range the actual thermal conductivity varies by a factor of 
4.74, compared to our expected variation by a factor of 3.33.   A better 
power law in this temperature range would be 3.1−Tk .  (4) The power 
law is strongly dependent on temperature.  For example, below 10 K the 
power law for bulk silicon is approximately 3Tk .

Example 11.3: Bulk Mean Free Paths as a Function of Temperature.   

Estimate Λ for acoustic phonons in bulk silicon as a function of 
temperature.  Consider T ranging from 1 K to 1000 K.  Use the 
approximate Debye model for the specific heat and sound velocity.  The 
thermal conductivity of bulk Si is given in Appendix D.  

T k (our model) k (reference) Error = (model-ref)/(ref) 

300 K 148 148 0% 

600 K 74 61.9 20% 

1000 K 44.4 31.2 42% 

∝

∝
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(1) Observations.  This problem spans a large temperature range both far 
above and far below Dθ .  Above room temperature we expect the mean 
free path to be dominated by phonon-phonon scattering with a power law 
of approximately 1−Λ T , or, based on the results of Example 11.2, 

3.1−Λ T .  We are not sure what to expect at low temperature, but clearly 
there is something interesting because the thermal conductivity climbs as T
is reduced from 300 K down to 20 K, but then k falls rapidly as T is further 
reduced below 20 K.     

(2) Formulation.   
(i) Assumptions.  (1) The thermal conductivity is dominated by acoustic 
phonons over this entire temperature range.  (2) The Debye model is an 
adequate approximation for the acoustic phonons.        

(ii) Governing Equations.  For the specific heat we will use eq. (11.17).  
The sound velocity will be taken from Table 11.2.     

(3)  Solutions.   
The mean free path is given by 

Cvk /3=Λ .

From eq. (11.17), 

3
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η

π

,   

where from Table 11.2 we have -328 m102.5×=PUCη  and K512=Dθ .  The 
sound velocity is m/s5880=v .  Combining these expressions we can 
calculate the mean free path from the data for k in Appendix D.  The results 
are depicted in Fig. 11.3 and Table 11.4 on the following page. 

(4) Checking.  Limiting behavior check.  The specific heat transitions from 
3T  at low temperature to constant at high temperature, as expected from 

eqs. (11.19) and (11.20).  Furthermore, the transition occurs at 
approximately 120 K, which is near the expected transition of 

K1703/ ≈Dθ .  The trends of mean free path and thermal conductivity are 
both approximately 1−T  at high temperature, as expected from Example 
11.2. Value check.  At 300 K we can compare our values to those from 
Example 11.2.    Our C is C-J/m1073.9 35× ,  which is close to the value of  

∝
∝
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Fig. 11.3 Analysis of the mean free paths of acoustic phonons in bulk silicon, 
                using the Debye model. 

Table 11.4. 

Bulk mean free paths 
for acoustic phonons in 
Si, using Debye model 

T

[K] 

bulkΛ
[m] 

1 3.80×10-3

2 3.36×10-3

3 3.14×10-3

5 2.88×10-3

10 1.79×10-3

15 9.90×10-4

20 5.26×10-4

30 1.54×10-4

40 4.85×10-5

60 9.33×10-6

80 2.88×10-6

100 1.19×10-6

150 3.04×10-7

200 1.58×10-7

300 7.76×10-8

400 5.00×10-8

600 3.07×10-8

800 2.09×10-8

1000 1.54×10-8

(a)

(b) 

(c)
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C-J/m1004.1 36×  found in Example 11.2 using the high-temperature 
approximation.  Our Λ is 78 nm, which is also close to the value of 73 nm 
found in Example 11.2 using the high temperature approximation. 

(5) Comments.  The low-temperature behavior is quite distinctive.  The 
mean free path at low temperature appears to saturate at an almost constant 
value of around 4 mm.  Because the low-T specific heat goes as 3T , this 
causes the low-T thermal conductivity to also go as 3T .  This cubic trend is 
quite general for phonon thermal conductivity at very low temperature.  As 
will become clear in Section 11.4 and Example 11.6, the reason is that even 
this nominally “bulk” sample transitions to behavior dominated by the 
classical size effect at sufficiently low temperatures.  In fact, the low-
temperature value of mm4≈Λ  corresponds to the characteristic length of 
the sample measured to generate the values of “bulk” k reported in 
Appendix D.  It is important to recognize that other references for “bulk” 
silicon may report different values at low temperature, if their sample size 
is different, but the reported values at high temperature should be in very 
close agreement amongst different references.      

11.3.4 Radiation: Heat is Carried by Photons (Light Waves)           

Radiation heat transfer is usually studied as a phenomenon completely 
unrelated to conduction heat transfer.  However, part of the beauty of the 
microscale perspective using kinetic theory is that radiation and conduction 
can be seen simply as two limiting cases of a single general phenomenon.  
This equivalence will become clearer in the sections below on boundary 
scattering and the classical size effect.  For now we will simply review 
several major features of radiation heat transfer, focusing on the example of 
radiation between two parallel plates in a vacuum.  We treat the radiation 
as a gas of photons.     

Speed.  The speed of light in vacuum is a physical constant, 
m/s10998.2 8×=c .

Specific Heat.  Although  not  usually  discussed  in  engineering 
thermodynamics or heat transfer, photons store energy just as do 
molecules, electrons, and phonons.  Consider a vacuum chamber at 
absolute temperature T.  The higher the temperature, the greater the number 
of photons inside the chamber, and the greater the energy per photon on 
average.  Assuming a perfect vacuum inside the chamber, the specific heat 
of this photon gas is given by  

cTC /16 3σ= , (11.21)  

regardless of the emissivity of the walls of the chamber.  Here 
428 K- W/m10670.5 −×=σ  is the Stefan-Boltzmann constant.  (Note that 



11.3 Energy Carriers       373 

photons have no mass, so it would not be meaningful to attempt to convert 
the photon specific heat from K-J/m3  to K-J/kg .)

Mean Free Path.  The mean free path of photons varies tremendously but 
is usually much longer than the mean free path of molecules, electrons, and 
phonons.  For example, photons emitted from the surface of the Sun travel 
over 90 million miles to reach the Earth without any scattering.  In a typical  
vacuum chamber, on the other hand, the walls may be approximated as 
parallel plates with a gap of perhaps 10-100 mm.  In this case the 
corresponding photon mean free path should also be of this approximate 
magnitude.  Finally, heat transfer in crystals that are practically transparent 
in the infrared, such as glasses, may also have important contributions from 
the photons within the crystal itself, especially at high temperatures.  In this 
case the photon mean free path usually depends strongly on the wavelength 
and material, with typical values of Λ in the range of microns to 
millimeters. 

Example 11.4:  Effective  Thermal  Conductivity for  Radiation  Heat     
Transfer between Two Parallel Plates (One Black, One 
Gray). 

From elementary heat transfer, we know that the net radiation heat 
transfer from a gray plate “1” to a parallel black plate “2” is given by  

( )4
2

4
1 TTAQ −= εσ , (11.22)  

where ε is the emissivity of plate 1, both plates have the same area A, and 
the gap L between the plates is much smaller than their length and width.  
Using the kinetic theory framework, re-express the heat transfer in terms of 
a “conduction thermal resistance” AkLR rad/= , where radk  will represent 

the effective thermal conductivity of the photon gas.  Also derive an 
effective mean free path for the photons.  You may assume that the 
temperature differences are much smaller than the average temperature.  
Evaluate your results numerically for a pair of plates with 2m1.0=A ,

m001.0=L , 2.0=ε , and K6001 =T , K5002 =T .

(1)  Observations.

It is initially surprising that we might be able to express radiation as 
conduction,  but considering that we have an expression for the speed and 
specific heat of photons, it should be possible.  We will proceed carefully.   
Because in vacuum there are no photon scattering mechanisms other than at 
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the plates themselves, we expect that the photon mean free path should be 
somehow proportional to the gap L.

(2)  Formulation.    
(i) Assumptions.  (1) Small temperature differences: 

( )212
1

21 TTTT +<<− .    

(2) Properties like the specific heat can be evaluated at the average 
temperature, ( )212

1 TTT += .

(ii) Governing Equations.  We will use the radiation heat transfer equation 
(11.22), the kinetic theory equation (11.4), and the specific heat of photons 
from eq. (11.21).   

(3)  Solutions.   
Conduction resistance.  We need to rearrange eq. (11.22) into the familiar 
form 

( ) RQTT =− 21 ,   

and the resulting coefficient R will be the desired conduction resistance.  
The challenge is obtaining an equation in )( 21 TT −  from our starting point 

of ( )4
2

4
1 TT − .  First define the temperature difference 21 TT −=Δ .  Thus, 

Δ+= 2
1

1 TT , and Δ−= 2
1

2 TT .   Substituting these into eq. (11.22), we have 

Δ−−Δ+=
4

2

14

2

1
TTAQ εσ .

Factoring out 4T , we have 

( ) ( )−−+= ΔΔ 4

2

4

2
4 11

TT
ATQ εσ .   

From the binomial theorem, or equivalently, a Taylor series expansion, we 

know that ( ) nxx n +≈+ 11 , if 1<<x .  Thus,  because T<<Δ , we have 

( )
TT
ΔΔ +≈+ 24

2
11 .  Then 

( ) ( )[ ]
TT

ATQ ΔΔ −−+= 224 11εσ .   

Simplifying, 

34 ATQ εσΔ= .   
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or

                   
321

4 AT

Q
TT

εσ
=− .   

Thus, we have found the “conduction resistance” 

3
21

4

1

ATQ

TT
R

εσ
=−= . (11.23)  

Effective thermal conductivity.  By comparing eq. (11.23) to the standard 
form kALR /= , we can solve for radk :

.4

4

1

3

3

LTk

Ak

L

AT

rad

rad

εσ

εσ

=

=

   

Effective mean free path.  We now compare radk  to the standard form 

effCvk Λ= 3
1 , to solve for effΛ :

                   

Cv

LT

CvLTk

eff

effrad

3

3
13

12

4

εσ

εσ

=Λ

Λ==

Substituting eq. (11.21) for C and recognizing that cv = , we have 

( ) L
vcT

LT
eff ε

σ
εσ

4
3

3

3

/16

12 ==Λ .  (11.24) 

Numerical calculation.  From the exact radiation equation, we find that 
 W1.76=Q .  From the conduction resistance equation, using K550=T , we 

find K/W33.1=R , resulting in  W5.75=Q , within 1% of the exact value.     

(4) Checking.  Dimensional check.  Our conduction resistance has units of 
)])(K)(mW-m-[(K -3-2-124 , correctly yielding the expected units of [K/W] .

The effective mean free path has dimensions of length.  Trend check: 
conduction resistance.  The equivalent conduction resistance is inversely 
proportional to area, which makes sense because reducing the area must 
reduce the heat transfer, thus increasing the thermal resistance.  We also 
note that the conduction resistance is inversely proportional to the 
emissivity ε.  This also makes sense, because from eq. (11.22) we know 
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that reducing the emissivity should reduce the heat transfer in equal 
proportion. Trend check: mean free path.  We see that the effective photon 
mean free path is simply proportional to the gap L: Doubling the gap will 
double the effective mean free path, which is physically satisfying. 

(5) Comments.   (1) This example reveals how classical radiation heat 
transfer through a vacuum can sometimes be viewed as heat conduction, if 

radk  is defined appropriately.  (2) The effective thermal conductivity of this 

photon gas is proportional to the cube of temperature.  This can be 
understood by recalling that higher temperatures result in many more 
photons, of higher energy, which are available to transport the heat.  You 
may also have heard the assertion in introductory heat transfer classes that 
“radiation is only important at high temperature,” which is qualitatively 
consistent with our result here.  (3) The effective mean free path requires 
further consideration.  We see from eq. (11.24) that effΛ  is proportional to 

the emissivity.  How can a shinier plate result in a shorter effΛ  even though 

the gap L remains constant?  The answer to this apparent paradox is that 
effΛ  is not only a function of the geometry of the system (in this case the 

gap between plates), but it also describes how effectively energy is 
exchanged between the two plates, per photon collision.  Thus the 
distinction here between L and effΛ  is analogous to the distinction between 

collΛ  and enΛ  made in Section 11.3.1 in the context of gas molecules.  We 

know from eq. (11.22) that reducing the plate emissivity must reduce the 
radiation energy exchange.  In the conduction framework, reducing the 
energy exchange must correspond to reducing the effective thermal 
conductivity.  Because the specific heat and speed of light are independent 
of the plate emissivity, we are left with the effective mean free path as the 
only term which can capture the emissivity effect.  (4) It is interesting to 
evaluate the numerical values of C and k separately.  From eq. (11.21), 

C-J/m1003.5 37−×=C .  Apparently the specific heat of photons is 

extremely small, which is why photons are usually ignored for energy 
storage.  However, when evaluating heat transfer, we must recall that this 
small specific heat is countered by the very large speed, m/s1000.3 8×=c .
For this particular problem, the effective mean free path is mm150.0 ,
resulting in an effective thermal conductivity of 

C- W/m00754.03
1 =Λ= effCvk .  This is about 5 times lower than the 

thermal conductivity of air.  However, the effective krad can vary by many 
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orders of magnitude depending on the temperature and geometry of a 
particular problem.  (5) The result of eq. (11.24) that Leff 4

3=Λ  for 1=ε

(that is, for perfectly absorbing, plane-parallel boundaries) will come up 
again later in the chapter in the context of heat conduction by electrons or 
phonons perpendicular to thin solid films.  (6) If the vacuum between the 
plates is replaced by a dense gas or other medium that scatters the photons 
significantly, effΛ  will be reduced, and so will the radiation heat transfer.    

11.4 Thermal Conductivity Reduction by Boundary Scattering:  
The Classical Size Effect 

With the exception of Example 11.4, our discussion thus far has focused on 
“bulk” materials: systems that are much larger than the mean free path of 
the energy carrier.  In bulk materials the thermal conductivity is a property 
of the material, but is independent of the exact size and shape of the 
sample.  In this case we can write 

bulkbulk Cvk Λ= 3
1 .

As we have seen above, typical bulkΛ  for molecules, electrons, and 
phonons are in the range of nm100010 −  at 300 K.  For traditional 
applications with sample sizes ranging from millimeters to meters, the bulk 
mean free path is several orders of magnitude smaller than the sample, and 
the handbook values of thermal conductivity are appropriate.  However, in 
many modern technologies the characteristic length of a structure may 
easily be as small as nm10010 − .  In this case the energy carriers will 
collide frequently with the boundaries of the structure.  This is the essence 
of the “classical size effect” depicted in Fig. 1(c): the boundary collisions 
impede the transport of heat, which may lead to dramatic reductions in the 
thermal conductivity.  The remainder of this chapter is dedicated to further 
exploring the classical size effect.      

11.4.1 Accounting for Multiple Scattering Mechanisms:   
Matthiessen’s rule 

For a micro- or nano-structure where the classical size effect is important, 
we will still express the effective thermal conductivity k as 

effCvk Λ= 3
1 ,

where effΛ  is the effective mean free path.  Note the very important fact 

that the speed and specific heat of the energy carriers in the nanostructure 
will be approximated as identical to the values in a bulk sample.  That is, 
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bulkeff CC ≈  and bulkeff vv ≈ , allowing us to focus our efforts purely on 

determining effΛ  (which will be smaller than bulkΛ ).  This tremendous 

simplification requires that quantum size effects be negligible, which 
means that situations such as Fig. 11.1(d) are forbidden.   

An exact calculation of effΛ  is a demanding task, usually involving the 

Boltzmann transport equation, that depends on the details of the geometry, 
boundary conditions, and other scattering mechanisms.  Fortunately a 
powerful approximation is available that has good accuracy, provides 
excellent physical insight, is widely used, and can be adapted to represent 
the results of the more detailed solutions found from the Boltzmann 
equation.  This approximation is known as Matthiessen’s rule: 

−− Λ=Λ
i

ieff
mechanism

11 . (11.25) 

Matthiessen’s rule simply states that the effective mean free path effΛ  is 

made up of a sum of the mean free paths corresponding to each of the 
various scattering mechanisms, all summed in a reciprocal sense.  The sum 
will include as many terms as there are distinct scattering mechanisms in 
the system.  For example, phonons may scatter on impurities, on grain 
boundaries, on electrons, on other phonons, and on the sample boundaries, 
in which case there would be five terms in the sum of eq. (11.25): 

However, for the purposes of this chapter we can partition all possible 
scattering mechanisms into two simple categories: all of those mechanisms 
that are present in a large, bulk sample (denoted bulkΛ , representing for 

example the effect of the first 4 terms on the right-hand side of the above 
equation), and the additional scattering mechanism(s) due to “boundary 
scattering” (denoted bdyΛ ) which is only present in small samples.

Therefore, we will focus on Matthiessen’s rule expressed as 

( )
bdybulk

bdybulk
bdybulkeff Λ+Λ

ΛΛ
=Λ+Λ=Λ

−−− 111 .      (11.26) 

1111
..

1
.

1 −−
−

−
−

−−− Λ+Λ+Λ+Λ+Λ=Λ bdyphphephbgimpeff .

1−Λbulk
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We have already seen in Section 11.3 how to evaluate bulkΛ  for various 
types of energy carriers.  Thus, the major remaining task is to determine 

bdyΛ  for various nanostructures, such as nanowires and thin films.  We will 
break the discussion into two common cases (Fig. 11.4): heat transport 
parallel to boundaries, such as heat flow along the plane of a thin film, and 
heat transport perpendicular to boundaries, such as heat flow perpendicular 
to a thin film.   

11.4.2 Boundary Scattering for Heat Flow Parallel to Boundaries 

As shown in Fig. 11.4(a), standard configurations for heat flow parallel to 
boundaries include nanowires and thin films.   

Nanowires 

For heat transport along a nanowire of diameter D, the mean free path due 
to boundary scattering is given by [13]  

−
+=Λ

p

p
Dbdy 1

1
, (11.27) 

where p is the specularity, defined as follows (Fig. 11.5): 

diffuse)(1andspecularisscattering:10

surfaces)(smoothspecular100%isscattering:1

surfaces)(roughdiffuse100%isscattering:0

ppp

p

p

−<<
=
=

Fig. 11.4 

Thin film
Superlattice

Nanowire

(a) Heat flow parallel
to boundaries / interfaces

(b) Heat flow perpendicular
to boundaries / interfaces

Thin film
Superlattice
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In this definition, “specular” scattering refers to mirror-like reflections, 
where the angle of incidence equals the angle of reflection.  “Diffuse” 
scattering refers to reflections off of a very rough surface, such that 
incident particles are reflected with equal intensity in all directions (also 

known as “Lambertian” or “cosine-law” reflection), regardless of the angle 
of incidence. 

The specularity depends strongly on the surface roughness as compared to 
the wavelength of the energy carrier (molecule, electron, phonon, photon).  
For surface roughness much smaller than the wavelength, reflections will 
be specular )1( =p .  For roughness larger than the wavelength, reflections 
will be diffuse )0( =p .  For intermediate roughness, the specularity is 
commonly estimated using the following expression from Ziman [13]: 

−=
2

2316
exp

λ
δπ

p , (11.28) 

where δ  is the root-mean-square (rms) roughness, and λ  is the wavelength 
of the energy carrier [13,26].   At low temperatures, the wavelengths of 
most energy carriers become significantly longer than their 300 K values 
(see Problem 11.8). 

Thin films (Diffuse: p=0) 

Analysis of heat transport along a thin film of thickness L is best done 
using the Boltzmann transport equation.  Fortunately, the results are easily 
expressed in the framework of kinetic theory by using equivalent mean free 
paths.  For purely diffuse scattering )0( =p , the standard result is known as 
the Fuchs-Sondheimer solution [6,7,27-29]: 

Fig. 11.5  Specularity.  (a) Diffuse reflection (p=0): Reflection intensity is equal 
in all directions.  (b) Specular reflection (p=1): Angle of reflection equals angle 
of incidence.   

Incident Reflected

Boundary

Incident
Reflected

Boundary
(b)(a)
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Λ
+

Λ
−

Λ
−=

Λ
Λ

bulkbulk

bulk

bulk

eff L
E

L
E

L 53 441
8

3
1 , (11.29) 

where 3E  and 5E  are “exponential integrals,” special functions defined 
through 

−= −1

0

2 )/exp()( μμμ dxxE n
n ,

where μ is a dummy variable of integration.  
The exponential integrals 3E  and 5E  are 

depicted in Fig. 11.6, and these functions are 
also available tabulated and as functions in 
mathematical software packages such as 
Maple and Mathematica.  Although eq. 
(11.29) can be combined with Matthiessen’s 
Rule and solved for an effective boundary 
scattering mean free path bdyΛ , it is usually 

more convenient to work with eq. (11.29) 
directly.  For thick and thin films, the 
following asymptotic forms are also useful 
[28]

bulk
bulk

bulk

eff
L

L
Λ>>

Λ
+=

Λ
Λ −1

8

3
1 , (11.30a) 

( )
bulk

bulk

bulk

bulk

eff
L

LL
Λ<<

Λ
Λ

=
Λ
Λ

4

/ln3
.  (11.30b) 

Compared to the exact solution, eq. (11.30a) has errors less than 10% for 

bulkL Λ> 5.0 , and errors less than 20% for L as small as bulkΛ025.0 .
Similarly, eq. (11.30b) has errors less than 10% for bulkL Λ< 019.0 , and 
errors less than 20% for L as large as bulkΛ125.0 .  Thus, for many practical 
calculations (tolerant of errors up to 20%), if evaluating the exponential 
integrals is inconvenient it would always be reasonable to use one of the 
limiting forms of eqs. (11.30).        

0
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( )53 EE −

x
Fig. 11.6  Exponential integrals.
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Thin films (Some specularity: p>0) 

When the film specularity becomes significant, the effective thermal 
conductivity increases.  For 0>p , the effective mean free path is given by 
the following integral [6,7]:   

( )
Λ−−

Λ−−−−Λ−=
Λ
Λ 1

0

3

)/exp(1

)/exp(1

2

)1(3
1 μ

μ
μμμ d

Lp

L

L

p

bulk

bulkbulk

bulk

eff .   (11.31) 

This integral is readily evaluated numerically.  The resulting effΛ  are 

shown in Fig. 11.7 for a range of specularities.  Note that the 0=p  case 
reduces correctly to eq. (11.29), while in the 1=p  case there is no 
reduction in k compared to bulk regardless of the value of L.

Example 11.5: Thermal conductivity of a silicon nanowire. 

A silicon nanowire has diameter D=56 nm.  What are the specularity, p, 
and the effective thermal conductivity, k, at K300=T ?  You may assume 
that the surface roughness is approximately nm0.5=δ , and the average 
phonon wavelength at this temperature is nm1=λ .

(1)  Observations.   (1) The roughness is slightly smaller than the 
wavelength, so we expect that the specularity may be somewhere in the 
transition regime 10 << p .  (2) From Table 11.4 we know that the mean 
free path of acoustic phonons in bulk silicon using our Debye 
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Fig. 11.7 The Fuchs-Sondheimer solution for heat transfer along a thin film, as a
               function of film thickness L and interface specularity p.
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approximation is nm78)K300( ≈Λbulk .  Because the diameter of the 
nanowire is comparable to bulkΛ , we expect that the thermal conductivity 
may be significantly reduced compared to bulk.   

(2)  Formulation.    

(i) Assumptions.  (1) The thermal conductivity is dominated by acoustic 
phonons, which are adequately represented by our Debye model.  (2) The 
specific heat and phonon speed in the nanowire are identical to those in 
bulk.     

(ii) Governing Equations.   The specularity will be calculated using eq. 
(11.28), the boundary scattering mean free path from eq. (11.27), and the 
effective mean free path found from Matthiessen’s Rule, eq. (11.26).  

(3)  Solutions.   
Specularity.  From eq. (11.28), for 5.0/ =λδ , we have  

( ) 5423
2

23

1037.1)124exp()5.0(16exp
16

exp −×=−=−=−= π
λ

δπ
p

which for all practical purposes is zero.      

Boundary scattering mean free path.  From eq. (11.27), with 0=p  we 
have  

nm56
01

01

1

1 ==
−
+=

−
+=Λ DD

p

p
Dbdy .   

Effective mean free path.  From Matthiessen’s Rule, eq. (11.26), we have  

nm33
nm56nm78

56nm)(nm)78( =
+

=
Λ+Λ

ΛΛ
=Λ

bdybulk

bdybulk
eff .       

Thermal conductivity.  Although we could evaluate k from C, v, and effΛ , it 

is insightful to first consider the ratio of bulkkk / :

bulk

eff

bulk Cv

Cv

k

k

Λ
Λ

=
3
1
3
1

 .   

Because we assume that C and v are independent of the structure size, we 
have simply  
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( )bdybulkbdybulk

bdy

bulk

eff

Bulkk

k

ΛΛ+
=

Λ+Λ
Λ

=
Λ
Λ

=
/1

1
 ,   

or, using Dbdy =Λ ,

( )Dk

k

bulkbulk /1

1

Λ+
= .   (11.32) 

Thus, 42.0/ =bulkkk , or C- W/m62=k .

(4) Checking.  Dimensional check.  Because we have expressed all 
equations as dimensionless ratios, there are no dimensions to check 
separately.  Limiting behaviors.  When the diameter is much larger than the 
bulk mean free path, eq. (11.32) reduces to bulkkk = , correctly showing that 

the diameter no longer matters in such case.  In the opposite limit, 

bulkD Λ<< , we have bulkbulk Dkk Λ= / , which can be written CvDk
3
1= .  In 

this case further reductions in the nanowire diameter should reduce the 
thermal conductivity in direct proportion.  This also makes sense: a smaller 
diameter results in increased scattering, reducing thermal conductivity.    

(5) Comments.   (1) A nanowire like this has actually been measured by Li 
and co-workers [2], and selected values of their k(T) have been reproduced 
in Appendix D.  Their result at 300 K is C- W/m25.7 , which is less than 
half of our estimate.  The reason for the discrepancy is that our Debye 
approach to estimating the bulk mean free path of acoustic phonons 
(78 nm) is too conservative.  (2) A better estimate for the average bulk 
mean free path in Si at 300 K is nm300-200≈Λbulk  [30-32], which takes 
into account the frequency dependence of the C and v contributions from 
the various acoustic phonons.  Taking nm250=Λbulk  as a representative 
average value and repeating the calculation, we would find C- W/m27=k ,
in remarkably good agreement with the experimental value (in fact, it is 
fortuitous that the agreement should be this good).  (3) It is common that 
the Debye estimate for the bulk mean free path is too low by a factor of 2 
or more.  A better analytical approach is the Born-von Karman 
approximation [32], which in this case gives nm210=Λbulk  and 

C- W/m31=k .  However, the Born-von Karman approach requires a 
(simple) numerical integration to evaluate Cv , so we do not pursue it here.   
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Example 11.6: Temperature Dependence of the Thermal Conductivity 
of a Nanowire.

For Si nanowires of several diameters, plot the thermal conductivity as a 
function of temperature.  Consider T from 1 K to 1000 K.  Use the 
approximate Debye model for the specific heat.  You will also need the bulk  
mean  free path as a function of temperature: use the results from Example 
11.3. Assume purely diffuse scattering.  Consider three different diameters:  

  Macro-wire(D=1 mm)

  Micro-wire (D=1 μm)

  Nanowire (D=56 nm) 

Compare your calculations for the 56 nm wire with the experimental 
measurements of Ref. [2], some of which are included in Appendix D .  

(1) Observations.  Based on the results of Example 11.3, we know that 
boundary scattering dominates the thermal conductivity at low temperature.  
For small samples, boundary scattering becomes even stronger, so we 
expect the thermal conductivity to be reduced as D is reduced.    

(2) Formulation.   
(i) Assumptions.  (1) The thermal conductivity is dominated by acoustic 
phonons, which are adequately represented by our Debye model.  (2) The 
specific heat and phonon speed in the nanowire are identical to those in 
bulk.  (3) Boundary scattering is perfectly diffuse )0( =p .

(ii) Governing Equations. For the specific heat we will use eq. (11.17).  
The sound velocity will be taken from Table 11.2.  The boundary scattering 
mean free path will be calculated from eq. (11.27), the bulk mean free 
paths will be taken from Table 11.4, and the effective mean free path 
calculated using Matthiessen’s rule, eq. (11.26).      

(3)  Solutions.   
From eq. (11.27), as in Example 11.5, with 0=p  we have Dbdy =Λ .  The 

bulk mean free paths were tabulated as part of Example 11.3, allowing us 
to calculate effΛ  from Matthiessen’s Rule as 

1

1
−Λ+Λ=
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Λ+Λ
ΛΛ

=Λ
DD

D bulk
bulk

bulk

bulk

bdybulk
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eff .

Similarly, multiplying both sides by Cv3
1 , we have 
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1
−Λ+=

D
kk bulk

bulkeff .
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The resulting mean free paths and thermal conductivities are shown in Fig. 
11.8.

(4) Checking.  Trend check.   The calculated thermal conductivities of the 
nanowires have the same general shape as a function of T as the 
recommended data for bulk Si: increasing as 3T  at low temperature, 
reaching a peak value, and then decreasing at high temperature.  Similarly, 
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Fig. 11.8  Calculations using the Debye model for acoustic phonons in silicon 
wires of various diameters.  (a) Phonon mean free paths.  (b) Thermal 
conductivity.  Also included in (b) are: reference values (squares) for bulk [1] 
from Appendix D; measured values (dots) for a 56 nm nanowire from [2] (given 
in Appendix D); and the result of an improved calculation (dashed line) for the 
56 nm diameter wire [33]. 

(a)

(b)
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the effective mean free paths become constant ( Deff ≈Λ ) at low 

temperature, and decrease at high temperature.  As expected, reducing the 
diameter leads to lower thermal conductivity.  At very low temperature, we 
can see that Dk , as expected.       

(5) Comments.   (1) Note that the diameter effect is much more dramatic at 
low T than high T.  This is because the bulk mean free paths are short at 
high T, so boundary scattering is relatively less important. (2) Reducing the 
diameter reduces the peak value of the )(Tk  curve and also shifts the peak 
to a higher temperature.  (3) It is interesting to consider the limiting 
behavior for even smaller diameters.  At 1000 K the bulk mean free path in 
our Debye approximation for silicon is around 15 nm.  If we consider a 
diameter 10× smaller than this, namely D=1.5 nm, then boundary scattering 
dominates over the entire temperature range from K10001− .  In this case 
the effective mean free path simply becomes a constant over the entire 
temperature range.  Returning to eq. (11.4), if Λ and v are now both 
constants, then the shape of )(Tk  would simply reproduce the shape of 

)(TC : cubic at low temperature, and constant at high temperature (Fig. 
11.3b).  (4) On the other hand, the limiting behavior for infinitely large 
diameters is that the thermal conductivity will diverge (“blow up”) at low 
temperatures, because all of the bulk scattering mechanisms become 
continually weaker as K0→T .  That is, if →D , by reducing T we find 
that bulkΛ  becomes larger even “faster” than C becomes smaller.  (5) The 
comparison in Fig. 11.8(b) with the experimental results of Li et al. [2]  
(points) shows that our simple Debye model (solid lines) explains all the 
major trends of the experiments, including the reduction in k by more than 
a factor of 6000 at low T.  However, the disagreement between model and 
experiment can be more than a factor of 2 at higher temperatures.  As 
explained in the comments of Example 11.5, a more careful analysis using 
the Born-von Karman approach gives better agreement with experiment, 
especially if the frequency-dependence of the mean free paths is taken into 
account (dashed line in Fig. 11.8(b) [33].)   

11.4.3 Boundary Scattering for Heat Flow Perpendicular to 
Boundaries  

As shown in Fig. 11.4(b), the standard configurations for heat flow 
perpendicular to boundaries include a thin film or a superlattice (a stack of 
thin films with some repeating unit).  Although the kinetic theory 
framework is in general less appropriate for these configurations (as 
compared to transport parallel to boundaries), kinetic theory still gives 

∝
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useful physical insight which, in simple cases such as a thin film with no 
heat generation, is also accurate.     

Thin films with no heat generation 

For heat transport perpendicular to a thin film of thickness L with no heat 
generation, the heat flow can be described using an effective thermal 
conductivity obtained from kinetic theory and Matthiessen’s Rule, as long 
as the boundary scattering mean free path is expressed as 

11
2

1
1

4
3

−+
=Λ −− αα

L
bdy , (11.33) 

where 1α  and 2α  represent the absorptivities of the two bounding surfaces.  
Note that the concept of emissivity and absorptivity has been generalized 
from photon radiation to other types of energy carriers (recall also Example 
11.4).  The absorptivity must range from 1 (“black” surface) to 0 (perfectly 
reflecting surface), and represents the fraction of incident energy that is 
absorbed at the surface.  In the context of heat conduction by gases, the 
absorptivities can be replaced by the “energy accommodation coefficients” 
[19-21]. We assume that emissivity and absorptivity are approximately 
equal after averaging over wavelength and direction (Kirchhoff’s Law [34-
36]).   

Equation (11.33) is one expression of the so-called Rosseland diffusion 
approximation with Deissler jump boundary conditions, which is 
commonly derived in the field of radiation heat transfer in a participating 
medium [34-36], or using the Boltzmann transport equation [6,7].  We have 
simplified the result here to be expressed in the form of a mean free path 
for boundary scattering.   

Example 11.7: Thermal Conductivity Perpendicular to a Silicon Thin   
Film. 

Consider a silicon film at 300 K and with thickness L, sandwiched between 
two heat sinks.  Assuming that the phonon absorptivities of the two contacts 
are both perfect, plot the effective thermal conductivity as a function of film 
thickness, for L ranging from 1 nm to 1 mm.  Also plot the conduction 
thermal resistance for a sample of (1 cm x 1 cm) cross sectional area.    

(1)  Observations.  Based on Table 11.4, we know that nm78=Λbulk  for 
Si in our Debye approximation at 300 K, although the comments of 
Example 11.5 suggest that nm250=Λbulk  would be a better choice.  In 
either case, because the thinnest films of the problem nm)10( =L  are 
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significantly thinner than bulkΛ , we expect that the effective thermal 
conductivity will be significantly reduced compared to the bulk value of k.

(2)  Formulation.   

(i) Assumptions.  (1) The thermal conductivity is dominated by acoustic 
phonons, which can be approximated using the Debye model.  (2) The 
specific heat and phonon speed in the thin film are identical to those in 
bulk.  (3) Phonon absorptivities and emissivities at both contacts can be 
approximated as unity.  No other contact resistance effects will be 
considered.  (4) The bulk mean free path at 300 K will be approximated as 

nm250=Λbulk .

(ii) Governing Equations.  The specific heat is found from eq. (11.17).  
The boundary scattering mean free path is given by eq. (11.33), and the 
effective mean free path by Matthiessen’s rule, eq. (11.26).     

(3)  Solutions.  The functional dependencies of various quantities on the 
film thickness L are summarized in the plots of Fig. 11.9. 

Specific heat.  Same as bulk.  Using eq. (11.17), with K512=Dθ  and 
-328 m1050.2 ×=PUCη  from Table 11.2, at 300 K we have 

C-J/m109.73

K300

K512
1

J/K10381.1m105.23

1

3 35
3

4
5

23328

3

4
5

44

×=

+

×⋅×⋅=

+

=
−−

ππ

θ
η

T

k
C

D

BPUC .

Speed.  Same as bulk.  From Table 11.2, m/s5880=v .

Effective mean free path.  For 121 == αα , eq. (11.33) simplifies to 

L
LL

bdy 4
34

3

1
2

1
1

4
3

1111
=

−+
=

−+
=Λ −− αα

.

Substituting this into eq. (11.26),  we have 

L
L

L

bulk

bulk

bulk

bulk
eff

3
4

14
3

4
3

Λ+

Λ=
+Λ

Λ
=Λ .       
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Thermal conductivity.  Combining C, v, and effΛ  using eq. (11.4), we 

arrive at (Fig. 11.9) 
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Fig. 11.9 Analysis of the thermal conductivity and thermal resistance 
           perpendicular to a silicon thin film. 
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which can be rewritten  

L

k

Lk

bulkbulk

3

4
1

1)(

Λ
+

= . (11.35) 

Thermal resistance.  The conduction thermal resistance is defined as 
kALR /= .  Substituting from eq. (11.34), we have (Fig. 11.9)     

Ak

L

kA

L
LR

bulk

bulkΛ+
== 3

4

)( . (11.36) 

(4) Checking.  Dimensional check.  All terms in eq. (11.35) are 
dimensionless, as they must be.  In eq. (11.36), both terms in the numerator 
have units of (m), and the denominator has units of )m)(C-mW / ( 2 , so that 
overall units are those of a conduction resistance: (K/W) .   Limiting 
behavior.  In the limit bulkL Λ>> , eq. (11.35) correctly reduces to 

C- W/m148== bulkkk  and eq. (11.36) correctly reduces to AkLR bulk/= .

(5) Comments.   (1) The general sequence of plots in Fig. 11.9 is an 
excellent summary of the classical size effect.  Although these plots were 
developed for heat conduction perpendicular to a thin film, the qualitative 
behavior and trends are quite general.  For example, a calculation for the 
diameter-dependence of k in a copper nanowire would yield a similar 
collection of plots, except that the abscissa would be the nanowire diameter 
rather than the film thickness.  (2) A subtle detail is that by eliminating the 
Cv product in eqs. (11.35) and (11.36), we have made the results for )(Lk

and )(LR  more accurate.  Because we know that the simplest Debye model 
estimate of nm78≈Λbulk  is too small, using the forms of eqs. (11.35) and 
(11.36) allows us to use the improved estimate nm250≈Λbulk , without 
worrying about the details of correcting for an effective C and v. (3) The 
thick-film limit, bulkL Λ>> , is also known as the “diffusive” regime,
because the thermal resistance is dominated by the diffusion of energy 
carriers from the hot side to the cold side.  In this case the thermal 
resistance is linearly proportional to the film thickness.   (4)  It is equally 
important to study the limiting behavior for a thin film, bulkL Λ<< .  In this 
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case eq. (11.35) shows that k is proportional to L.  This is correct because 
further reducing the film thickness will increase the phonon scattering rate 
at the boundaries, thereby reducing the effective mean free path in equal 
proportion.  Just as important is the fact that R becomes independent of L in 
the thin-film limit.  This is known as the “ballistic” regime.  In this limit 
there are effectively no scattering events within the film itself, and instead 
the thermal resistance is dominated by emission and absorption at the 
surfaces.  This is identical to the traditional blackbody radiation resistance 
for photons traveling between two parallel plates in vacuum (recall 
Example 11.4).  (5) In this example the transition between diffusive and 
ballistic regimes occurs when the film thickness is approximately equal to 
the bulk mean free path.  More generally, it is clear from Matthiessen’s 
rule, eq. (11.26), that the transition occurs when the bulk mean free path is 
comparable to the boundary scattering mean free path.    

11.5 Closing Thoughts 

Summary.  We have used the kinetic theory framework of eq. (11.4) to 
introduce the essential concepts of conduction heat transfer by various 
energy carriers (gas molecules, electrons, phonons, and photons) in both 
bulk and nanostructures.  For any choice of energy carrier and 
nanostructure the key tasks are always the same: we must determine the 
specific heat C, the carrier velocity v, and the effective mean free path effΛ .

We have limited ourselves to the classical size effect: problems where the 
wavepacket of the energy carrier can be approximated as a particle, and the 
characteristic length L of the sample may be larger than, comparable to, or 
much smaller than the bulk mean free path bulkΛ  (Fig. 11.1(c)).  In such 
problems we can use Matthiessen’s Rule (eq. 11.26) to analyze the 
conduction heat transfer in terms of an effective thermal conductivity based 
on the effective mean free path effΛ .  As summarized in Fig. 11.9(c-e) and 

Table 11.5 an important recurring theme is the transition from diffusive to 
ballistic behavior.  

Suggestions for further study.  This chapter has only addressed a tightly-
focused subset of the rich pool of topics in microscale heat transfer 
[6-9,11].  Interested readers may like to pursue one or more of the 
following directions with natural links to the content of this chapter: 

Improving kinetic theory by integrating over frequency.  By expressing 
kinetic theory in the form of eq. (11.4), we have treated C, v, and Λ as 
lumped, frequency-independent quantities.  This assumption captures the 
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most important physics and all of the major trends.  However, depending 
on the particular nanostructure and energy carrier, this assumption can 
sometimes lead to significant errors: it would not be surprising for this 
approach to result in an error of a factor of two or more when calculating 
the effective k.  For example, one common scenario leading to significant 
errors is if the value of C for acoustic phonons is obtained from a handbook 
rather than by calculation.  The problem arises because the handbook value 
of C includes the contribution of optical phonons as well as acoustic 
phonons, even though the former have a far slower velocity than the latter.  
This leads to a calculated bulkΛ  which is too small, which causes the 
effective k calculated for a nanostructure to be too big.   

Fortunately, a simple solution exists: kinetic theory can be generalized to 
account for the frequency dependence of the properties of the energy 
carriers.  In this way eq. 11.4 can be written as an integral over frequency:  

ωωωωω dTvTCTk eff ),()(),()(
3
1 Λ= , (11.37) 

where the arguments in parentheses indicate the functional dependencies of 
the various quantities, and now ωC  is the specific heat per unit volume per 
unit frequency, with units of ]C)/(rad/s)-[(J/m3 .  Equation (11.37) can be 

Table 11.5  Comparison between diffusive and ballistic limits

Diffusive 
Behavior 

Ballistic 
Behavior 

Sample size 
Large:  

bulkL Λ>>
Small:  

bulkL Λ<<

Thermal conductivity compared to handbook 
values bulkk

bulkkk =
bulkkk <

Heat transfer along a nanowire: Dependence of 
thermal conductivity on diameter D

k independent 
of D Dk

Heat transfer along a thin film: Dependence of 
thermal conductivity on film thickness L

k independent 
of L

k increases 
with L

Heat transfer across a thin film: Dependence of 
thermal conductivity on film thickness L

k independent 
of L Lk

Heat transfer across a thin film: Dependence of 
thermal resistance on film thickness L LR

R independent 
of L

∝

∝

∝
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further generalized by treating the longitudinal and transverse waves 
separately.   The quantities ),( TC ωω  and )(ωv  are readily determined by 
studying the physics of each type of energy carrier, and Matthiessen’s Rule 
can be applied on a frequency-dependent basis:  

)(),(),( 111 ωωω −−− Λ+Λ=Λ bdybulkeff TT .    

Typically ),( Tbulk ωΛ  is parameterized by one or several fitting parameters, 
and bdyΛ  is calculated using the methods already discussed in this chapter.  

As shown by the dashed line in Fig. 11.8(b), calculations using the 
frequency-dependent eq. (11.37) are significantly more accurate than the 
calculations using the lumped eq. (11.4).      

Alternative theoretical techniques.  Several of the expressions given above 
for bdyΛ  have their origins in solutions of the Boltzmann transport 

equation, which is widely used in solid state physics [12,13].  Readers from 
a traditional engineering background may find it easier to approach these 
concepts from the perspective of radiation heat transfer in a participating 
medium, such as radiation through the atmosphere or through a cloud of 
soot [34-36].  One explicit link between these two similar approaches is the 
“equation of radiative transfer.”     

Superlattices.  Solutions for the heat transfer in superlattices (Fig. 11.4) are 
generally derived using the Boltzmann transport equation [6,7], although 
again the results can sometimes be cast in the simple language of kinetic 
theory, especially if the superlattice interfaces are approximated as purely 
diffuse [32].   

Ultrafast phenomena.  Recall that classical size effects are important if the 
characteristic length of a sample is smaller than, or comparable to, the 
mean free path bulkΛ  of energy carriers in the bulk.  In a very similar way, 
ultrafast effects are important if the characteristic time of a process is 
shorter than, or comparable to, the mean free time τ  of the energy carriers 
(recall eq. 11.1).  The time scale τ  is also sometimes known as a relaxation 
time.  The order-of-magnitude of τ  depends on the energy carrier and 
temperature.  For example, for phonons in Si at 300 K, using 

nm250≈Λbulk  and m/s5880≈sv , we have s103.4 11−×≈τ .  These 
timescales are readily studied experimentally using pulsed lasers, with 
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pulse widths typically measured in picoseconds s)10ps(1 -12=  or 
femtoseconds s)10fs(1 -15= .  In most cases the energy carriers can still be 
treated as particles.  
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                                                  PROBLEMS 

11.1   Power-law dependencies for the thermal conductivity of an ideal 
gas in bulk.  Use the ideal gas equations for C, v, and Λ to derive 
an equation expressing thermal conductivity in the form 

γβα pTk = , where α, β, and γ are constants (β and γ are 
dimensionless, while α is not).  What happens to k if we increase 
temperature while holding pressure constant?  What happens if we 
increase pressure while holding temperature constant?       

11.2 Heat transfer through a gas at low pressure.  Vacuum chambers are 
widely used to reduce the air pressure inside an experimental or 
processing chamber, in order to reduce undesirable heat losses by 
convection / air conduction.  Consider the pressure-dependence of 
the heat transfer through helium gas between two parallel plates.  
The plates are separated by a gap cm10=L  and have 
accommodation coefficients 121 ≈≈ αα .  The gas is at a 
temperature T=300 K.  Calculate the thermal conductivity as a 
function of pressure for p ranging from one atmosphere down to 
10-5 Pa (typical of a good high-vacuum pump).  Repeat for a gap of 
1 mm and 10 μm.  In each case, what vacuum level is necessary to 
reduce the thermal conductivity to below 1% of its value at 1 atm?       

11.3 Effect of accommodation coefficients.  Repeat the previous 
problem assuming 1.021 ≈≈ αα .

11.4 Estimate the mean free path of phonons in fused silica glass 
(polycrystalline silicon dioxide: SiO2) at 300 K.  How does this  
compare to the mean free path of phonons in silicon?  

11.5  Estimate the mean free path for heat conduction by electrons in 
copper at 300 K.  How does this compare to the mean free path of 
phonons in silicon?   

11.6 Compare the specific heat of acoustic phonons in silicon at 300 K 
to the specific heat of electrons in copper at 300 K.  Why is your 
calculated specific heat of copper so much smaller than the 
handbook value?   If the specific heat of electrons in copper is so 
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much smaller than that of phonons in silicon, how can the thermal 
conductivity of copper be higher than that of silicon?   

11.7 Diameter-dependence of the thermal conductivity of a nanowire.  
For Si and Ge nanowires at 300 K, plot the thermal conductivity as 
a function of diameter.  Consider D ranging from 1 mm down to 
1 nm.   Assume the specularity is approximately zero. 

11.8  Temperature-dependence of effective diameter.  Equation (11.27) 
can be thought of as defining an “effective diameter” effD  in terms 

of the true diameter D and the specularity p, namely 

−
+

=
p

p
DDeff

1

1
.  The specularity equation (11.28) links p to the 

roughness and average wavelength λ of an energy carrier.  At 
lower temperatures, the average wavelengths become longer, so we 
anticipate that the specularity and effective diameter will both 
increase at low temperature.  In analogy to Wien’s displacement 
law of photon radiation, for phonons the average wavelength avλ  at 
a given temperature can be estimated from [33] 

×≈
m/s5000

K-nm50
v

Tavλ       (λav > 2b), (11.38) 

    bav 2≈λ                                      (otherwise), (11.39) 

 where v is the sound velocity and b is the spacing between nearest-
neighbor atoms (typically nm0.3  to2.0≈b  for most solids).  
Consider a silicon nanowire of diameter nm100=D .  Assuming 

nm25.0=b  and rms roughness of nm1.0=δ , plot the specularity p
and effective diameter effD  as functions of temperature, from 
1000 K down to 1 K.    For simplicity in analysis it is usually 
desirable to approximate the boundary scattering as being perfectly 
diffuse 0)( =p .  What is the lowest temperature for which this 
approximation is valid?  That is, find the lowest temperature for 
which effD  differs from D by less than 10%.  Repeat for nm1=δ .

11.9 Single-walled carbon nanotubes (SWCNTs) are one-dimensional 
conductors with extremely high thermal conductivity, with 
reported values of  C-W/m3500  or higher at 300 K [3,4].  A 
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SWCNT of length L transporting heat between two contacts is in 
some ways similar to heat conduction perpendicular to a thin film 
of thickness L.  Specifically, in both cases the presence of the 
contacts results in boundary scattering.  (Note that, unlike a 
nanowire, an isolated SWCNT does not have boundary scattering 
at the sidewalls.) The simplest way to model the effective phonon 
mean free path is with Matthiessen’s Rule.  Assuming perfect 
contacts ( 121 ≈≈ αα ), the mean free path for boundary scattering 

bdyΛ  can be approximated simply as L.  At 300 K, assume the 

“bulk” phonon mean free path is m5.1 μ≈Λbulk , where here “bulk” 
refers to a nanotube with →L . (Estimates for bulkΛ  range from 

around 0.25 μm to 3 μm [3,4,37,38]).  Make log-log plots of the 
thermal conductivity and thermal resistance of a SWCNT as 
functions of length, for L ranging from 1 mm down to 10 nm.  The 
diameter of the tube is nm2.4=d , and the most common definition 
for the cross-sectional area for heat conduction is dbA π= , where 
the thickness of a single wall is nm0.34=b .  Assume that the 
thermal conductivity of a very long SWCNT at 300 K is 

C- W/m5000≈k .  You can compare your results with the results 

of a more comprehensive theoretical analysis by Mingo and Broido 
[38], selected values of which are given in Appendix D.   

11.10 Velocity averaging for thermal conductivity.  Equation (11.16) 
states that the correct way to calculate an average sound velocity 
from Tsv ,  and Lsv ,  is to average them in an inverse-squares sense.  

Why don’t we just do the simple average LsTss vvv ,3
1

,3
2 += ?

Answer this question by focusing on the low temperature limit.  
Considering the three subsystems separately (there are always two 
polarizations of transverse acoustic waves and one polarization of 
longitudinal acoustic wave), use the low-temperature specific heat 
of eq. (11.19), and assume that const.→Λeff  at low T (for 

example, phonons traveling along a wire with diffuse boundaries 
will all experience Deff ≈Λ ).  The total phonon thermal 

conductivity is simply the sum of the thermal conductivities of the 
three subsystems.  By equating your result to the analogous lumped 
expression for the total k assuming a single averaged velocity, 
show that eq. (11.16) is indeed the correct averaging rule.  If 
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m/s5200, ≈Tsv  and m/s8840, ≈Lsv  (approximate average values for 

Si), what is sv ?

11.11  Velocity averaging for specific heat.  Derive an averaging rule 
analogous to eq. (11.16) to combine Tsv ,  and Lsv ,  into a single 

value of .., htspsv  that gives the correct low-temperature specific heat 

for the combined system of longitudinal plus transverse acoustic 
phonons.  Evaluate the numerical value of your .., htspsv  for 

m/s5200, ≈Tsv  and m/s8840, ≈Lsv  (approximate average values for 

Si), and compare to the value of vs found from eq. (11.16) as well 

as to the simple weighted average LsTss vvv ,3
1

,3
2 += .

11.12 Equation (11.30a) gives the effective mean free path for the Fuchs-
Sondheimer solution in the asymptotic limit of a thick film.  
Combine this result with Matthiessen’s rule, eq. (11.26), to derive 
an expression for the boundary scattering mean free path bdyΛ  in 

this limit, as a function of L and/or bulkΛ .

11.13 Equation (11.30b) gives the effective mean free path for the Fuchs-
Sondheimer solution in the asymptotic limit of a thin film.  
Combine this result with Matthiessen’s rule, eq. (11.26), to derive 
an expression for the boundary scattering mean free path bdyΛ  in 

this limit, as a function of L and/or bulkΛ .
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APPENDIX A:  ORDINARY DIFFERENTIAL 
EQUATIONS 

(1)   Second Order Ordinary Differential Equations with Constant 
Coefficients 

Second order ordinary differential equations with constant coefficients 
occur often in conduction problems. Common equations and their solutions 
are presented below. Detailed treatment can be found in the literature [1,2]. 

(i) Example 1:  

                                             cym
dx

yd 2
2

2
.                                   (A-1) 

Solution:       

221 )exp()exp(
m
cmxCmxCy ,                (A-2a) 

or

221 coshsinh
m
cmxCmxCy .                 (A-2b) 

(ii) Example 2: 

                                          cym
dx

yd 2
2

2
.                                  (A-3) 

Solution:      

                            
221 cossin

m
cmxCmxCy .                      (A-4) 

(iii) Example 3: 

cym
dx
dyb

dx
yd 2
2

2
2 .                             (A-5) 

The solution to this equation depends on the magnitude of  relative to 
:

2b
2m

(a) <           2b 2m

.)cos()exp()sin()exp(
2

22
2

22
1

m
cxbmbxCxbmbxCy

(A-6a)
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(b) 22 mb

221)exp(
m
cCxCbxy .                       (A-6b)                                                 

(c) >2b 2m

2
22

2
22

1 )exp()exp(
m
cxmbbxCxmbbxCy .(A-6c)

(iv) Example 4: 

)(2 2
2

2
xfym

dx
dyb

dx
yd .                           (A-7) 

The solution to this equation depends on the magnitude of  relative to 
:

2b
2m

(a) <2b 2m

.)sin()exp()()cos(

)cos()exp()()sin()exp(

)cos()exp()sin()exp(

2222

2222
22

22
2

22
1

dxxbmbxxfxbm

dxxbmbxxfxbm
bm

bx

xbmbxCxbmbxCy

 (A-8a)

(b) 22 mb

dxbxxfxdxbxxfxCxCbxy )exp()()exp()()exp( 21 . (A-8b) 

(c) >2b 2m

.exp)(
2

exp

exp)(
2

exp

expexp

)()(

)()(
)()(

22
22

22

22
22

22

22
2

22
1

dxxbx
xbx

dxxbx
xbx

bxbx

mbxf
mb

mb

mbxf
mb

mb

xmbCxmbCy

  (A-8c) 
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(2)   First Order Ordinary Differential Equations with Variable 
Coefficients 

A linear differential equation of the form 

                         )()( xQyxP
dx
dy ,                                   (A-9) 

has the following solution: 

CdxxQy dxxPdxxP ee )()(
)( ,                  (A-10) 

where is constant of integration, C
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APPENDIX B 

INTEGRALS OF BESSEL FUNCTIONS 

In the following formulas  represents  or  Note that 

the integral can not be evaluated in closed form. 

)(xZn )(xJ n ).(xYn

dxxZ )(0

1. )()( 01 xZdxxZ

2. )()( 10 xxZdxxxZ

3. dxxZxxZdxxxZ )()()( 001

4. dxxZxxZxZxdxxZx )()()()( 001
2

0
2

5. dxxZxmxZxmxZxdxxZx mmmm )()1()()1()()( 0
22

0
1

10

6. dxxZxmxZxdxxZx mmm )()()( 0
1

01

7. dxxZ
x

xZxZdx
x

xZ )()()()(
0

0
12

0

8. dx
x

xZ
mxm

xZ
xm

xZdx
x

xZ
mmmm 2
0

21
0

22
10 )(

)1(
1

)1(
)(

)1(
)()(

9. dxxZxZdx
x

xZ )()()(
01

1

10. dx
x

xZ
mmx

xZdx
x

xZ
mmm 1

0
1

11 )(1)()(

11. )()(1 xZxdxxZx n
n

n
n

12. )()(1 xZxdxxZx n
n

n
n

13. dxxZxnmxZxdxxZx n
m

n
m

n
m )()1()()( 1

1
1
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APPENDIX C:  Values of Bessel Functions

x )(0 xJ )(1 xJ x )(0 xJ )(1 xJ
0.0 1.0000 0.0000 4.0 - 0.3971 - 0.0660 
0.1 0.9975 0.0499 4.1 - 0.3887 - 0.1033 
0.2 0.9900 0.0995 4.2 - 0.3766 - 0.1386 
0.3 0.9776 0.1483 4.3 - 0.3610 - 0.1719 
0.4 0.9604 0.1960 4.4 - 0.3423 - 0.2028 
0.5 0.9385 0.2423 4.5 - 0.3205 - 0.2311 
0.6 0.9120 0.2867 4.6 - 0.2961 - 0.2566 
0.7 0.8812 0.3290 4.7 - 0.2693 - 0.2791 
0.8 0.8463 0.3688 4.8 - 0.2404 - 0.2985 
0.9 0.8075 0.4059 4.9 - 0.2097 - 0.3147 
1.0 0.7652 0.4401 5.0  - 0.1776 - 0.3276 
1.1 0.7196 0.4709 5.1  - 0.1443 - 0.3371 
1.2 0.6711 0.4983 5.2  - 0.1103 - 0.3432 
1.3 0.6201 0.5220 5.3  - 0.0758 - 0.3460 
1.4 0.5669 0.5419 5.4  - 0.0412  - 0.3453 
1.5 0.5118 0.5579 5.5  - 0.0068  - 0.3414 
1.6 0.4554 0.5699 5.6    0.0270  - 0.3343 
1.7 0.3980 0.5778 5.7    0.0599  - 0.3241 
1.8 0.3400 0.5815 5.8    0.0917  - 0.3110 
1.9 0.2818 0.5812 5.9    0.1220  - 0.2951 
2.0 0.2239 0.5767 6.0    0.1506  - 0.2767 
2.1 0.1666 0.5683 6.1    0.1773  - 0.2559 
2.2 0.1104 0.5560 6.2    0.2017  - 0.2329 
2.3 0.0555 0.5399 6.3    0.2238  - 0.2081 
2.4 0.0025 0.5202 6.4    0.2433  - 0.1816 
2.5 - 0.0484 0.4971 6.5    0.2601  - 0.1538 
2.6 - 0.0968 0.4708 6.6    0.2740  - 0.1250 
2.7 - 0.1424 0.4416 6.7    0.2851  - 0.0953 
2.8 - 0.1850 0.4097 6.8    0.2931  - 0.0652 
2.9 - 0.2243 0.3754 6.9    0.2981  - 0.0349 
3.0 - 0.2601 0.3391 7.0    0.3001  - 0.0047 
3.1 - 0.2921 0.3009 7.1    0.2991    0.0252 
3.2 - 0.3202 0.2613 7.2    0.2951     0.0543 
3.3 - 0.3443 0.2207 7.3    0.2882    0.0826 
3.4 - 0.3643 0.1792 7.4    0.2786    0.1096 
3.5 - 0.3801 0.1374 7.5    0.2663    0.1352 
3.6 - 0.3918 0.0955 7.6    0.2516    0.1592 
3.7 - 0.3992 0.0538 7.7    0.2346 0.1813 
3.8 - 0.4026 0.0128 7.8    0.2154 0.2014 
3.9 - 0.4018 - 0.0272 7.9    0.1944 0.2192 
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APPENDIX C:  Values of Bessel Functions (Continued)

x )(0 xJ )(1 xJ x )(0 xJ )(1 xJ
8.0   0.1717 0.2346 11.5  - 0.0677  - 0.2284 
8.1   0.1475 0.2476 11.6  - 0.0446  - 0.2320 
8.2   0.1222 0.2580 11.7  - 0.0213  - 0.2333 
8.3   0.0960 0.2657 11.8 0.0020  - 0.2323 
8.4   0.0692 0.2708 11.9 0.0250  - 0.2290 
8.5   0.0419 0.2731 12.0 0.0477  - 0.2234 
8.6   0.0146 0.2728 12.1 0.0697  - 0.2157 
8.7  - 0.0125 0.2697 12.2 0.0908  - 0.2060 
8.8  - 0.0392 0.2641 12.3 0.1108  - 0.1943 
8.9  - 0.0653 0.2559 12.4 0.1296  - 0.1807 
9.0  - 0.0903 0.2453 12.5 0.1469  - 0.1655 
9.1  - 0.1142 0.2324 12.6 0.1626  - 0.1487 
9.2  - 0.1367 0.2174 12.7 0.1766  - 0.1307 
9.3  - 0.1577 0.2004 12.8 0.1887  - 0.1114 
9.4  - 0.1768 0.1816 12.9 0.1988  - 0.0912 
9.5  - 0.1939 0.1613 13.0 0.2069  - 0.0703 
9.6  - 0.2090 0.1395 13.1 0.2129  - 0.0489 
9.7  - 0.2218 0.1166 13.2 0.2167  - 0.0271 
9.8  - 0.2323 0.0928 13.3 0.2183  - 0.0052 
9.9  - 0.2403 0.0684 13.4 0.2177 0.0166 

10.0  - 0.2459  0.0435 13.5 0.2150 0.0380 
10.1  - 0.2490 0.0184 13.6 0.2101 0.0590 
10.2  - 0.2496 - 0.0066 13.7 0.2032 0.0791 
10.3  - 0.2477 - 0.0313 13.8 0.1943 0.0984 
10.4  - 0.2434 - 0.0555 13.9 0.1836 0.1165 
10.5  - 0.2366 - 0.0789 14.0 0.1711 0.1334 
10.6  - 0.2276 - 0.1012 14.1 0.1570 0.1488 
10.7  - 0.2164 - 0.1224 14.2 0.1414 0.1626 
10.8  - 0.2032 - 0.1422 14.3 0.1245 0.1747 
10.9  - 0.1881 - 0.1603 14.4 0.1065 0.1850 
11.0  - 0.1712 - 0.1768 14.5 0.0875 0.1934 
11.1  - 0.1528 - 0.1913 14.6 0.0679 0.1999 
11.2  - 0.1330 - 0.2039 14.7 0.0476 0.2043 
11.3  - 0.1121 - 0.2143 14.8 0.0271 0.2066 
11.4  - 0.0902 - 0.2225 14.9 0.0064 0.2069 
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APPENDIX C:  Values of Bessel Functions (Continued)

x )(0 xY )(1 xY x )(0 xY )(1 xY

0.0 - - 4.0 - 0.0169   0.3979 
0.1 - 1.5342 - 6.4590 4.1 - 0.0561   0.3846 
0.2 - 1.0811 - 3.3238 4.2 - 0.0938    0.3680 
0.3 - 0.8073 - 2.2931 4.3 - 0.1296   0.3484 
0.4 - 0.6060 - 1.7809 4.4 - 0.1633   0.3260 
0.5 - 0.4445 - 1.4715 4.5 - 0.1947   0.3010 
0.6 - 0.3085 - 1.2604 4.6 - 0.2235   0.2737 
0.7 - 0.1907 - 1.1032 4.7 - 0.2494   0.2445 
0.8 - 0.0868 - 09781 4.8 - 0.2723   0.2136 
0.9   0.0056 - 0.8731 4.9 - 0.2921   0.1812 
1.0  0.0883 - 0.7812 5.0 - 0.3085   0.1479 
1.1  0.1622 - 0.6981 5.1 - 0.3216   0.1137 
1.2  0.2281 - 0.6211 5.2 - 0.3313   0.0792 
1.3  0.2865 - 0.5485 5.3 - 0.3374   0.0445 
1.4  0.3379 - 0.4791 5.4 - 0.3402   0.0101 
1.5  0.3824 - 0.4123 5.5 - 0.3395 - 0.0238 
1.6  0.4204 - 0.3476 5.6 - 0.3354 - 0.0568 
1.7  0.4520 - 0.2847 5.7 - 0.3282 - 0.0887 
1.8  0.4774 - 0.2237 5.8 - 0.3177 - 0.1192 
1.9  0.4968 - 0.1644 5.9 - 0.3044 - 0.1481 
2.0  0.5104 - 0.1071 6.0 - 0.2882 - 0.1750 
2.1  0.5183 - 0.0517 6.1 - 0.2694 - 0.1998 
2.2  0.5208   0.0015 6.2 - 0.2483 - 0.2223 
2.3  0.5181   0.0523 6.3 - 0.2251 - 0.2422 
2.4  0.5104   0.1005 6.4 - 0.1999 - 0.2596 
2.5   0.4981   0.1495 6.5 - 0.1732 - 0.2741 
2.6   0.4813   0.1884 6.6 - 0.1452 - 0.2857 
2.7   0.4605   0.2276 6.7 - 0.1162 - 0.2945 
2.8   0.4359   0.2635 6.8 - 0.0864 - 0.3002 
2.9   0.4079       0.2959 6.9 - 0.0563 - 0.3029 
3.0   0.3769   0.3247 7.0 - 0.0259 - 0.3027 
3.1   0.3431   0.3496 7.1   0.0042 - 0.2995 
3.2   0.3071   0.3707 7.2   0.0339 - 0.2934 
3.3   0.2691   0.3879  7.3   0.0628 - 0.2846 
3.4   0.2296   0.4010 7.4   0.0907 - 0.2731 
3.5   0.1890   0.4102 7.5   0.1173 - 0.2591 
3.6   0.1477   0.4154 7.6   0.1424 - 0.2428 
3.7   0.1061   0.4167 7.7   0.1658 - 0.2243 
3.8   0.0645   0.4141 7.8   0.1872 - 0.2039 
3.9   0.0234    0.4078 7.9   0.2065 - 0.1817 
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APPENDIX C:  Values of Bessel Functions (Continued)

X )(0 xY )(1 xY x )(0 xY )(1 xY
8.0  0.2235 - 0.1581 11.5 - 0.2252   0.0579 
8.1  0.2381 - 0.1331 11.6 - 0.2299   0.0348 
8.2  0.2501 - 0.1702 11.7 - 0.2322   0.0114 
8.3  0.2595 - 0.0806 11.8 - 0.2322 - 0.0118 
8.4  0.2662 - 0.0535 11.9 - 0.2298 - 0.0347 
8.5  0.2702 - 0.0262 12.0 - 0.2252 - 0.0571 
8.6  0.2715   0.0011 12.1 - 0.2184 - 0.0787 
8.7   0.2700   0.0280 12.2 - 0.2095 - 0.0994 
8.8   0.2659   0.0544 12.3 - 0.1986 - 0.1189 
8.9   0.2592   0.0799 12.4 - 0.1858 - 0.1371 
9.0   0.2499   0.1043  12.5 - 0.1712 - 0.1538 
9.1   0.2383   0.1275 12.6 - 0.1551 - 0.1689 
9.2   0.2245   0.1491 12.7 - 0.1375 - 0.1821 
9.3   0.2086   01691 12.8 - 0.1187 - 0.1935 
9.4   0.1907   0.1871 12.9 - 0.0989 - 0.2028 
9.5   0.1712   0.2032 13.0 - 0.0782 - 0.2101 
9.6   0.1502   0.2171 13.1 - 0.0569 - 0.2152 
9.7   0.1279   0.2287 13.2 - 0.0352 - 0.2181 
9.8   0.1045   0.2379 13.3 - 0.0134 - 0.2190 
9.9   0.0804   0.2447 13.4 0.0085 - 0.2176 

10.0   0.0557    0.2490 13.5 0.0301 - 0.2140 
10.1   0.0307    0.2508 13.6 0.0512 - 0.2084 
10.2   0.0056    0.2502 13.7 0.0717 - 0.2007 
10.3 - 0.0193    0.2471 13.8 0.0913 - 0.1912 
10.4 - 0.0437    0.2416 13.9 0.1099 - 0.1798 
10.5 - 0.0675    0.2337 14.0 0.1272 - 0.1666 
10.6 - 0.0904    0.2236 14.1 0.1431 - 0.1520 
10.7 - 0.1122    0.2114 14.2 0.1575 - 0.1359 
10.8 - 0.1326    0.1973 14.3 0.1703 - 0.1186 
10.9 - 0.1516    0.1813 14.4 0.1812 - 0.1003 
11.0 - 0.1688    0.1637 14.5 0.1903 - 0.0810 
11.1 - 0.1843    0.1446 14.6 0.1974 - 0.0612 
11.2 - 0.1977    0.1243 14.7 0.2025 - 0.0408 
11.3 - 0.2091    0.1029 14.8 0.2056 - 0.0202 
11.4 - 0.2183    0.0807 14.9 0.2065  0.0005 
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APPENDIX C:  Values of Bessel Functions (Continued)

x )(0 xI )(1 xI x )(0 xI )(1 xI

0.0 1.0000 0.0 4.0 11.302 9.7595 
0.1 1.0025 0.0501 4.1 12.324 10.688 
0.2 1.0100 0.1005 4.2 13.442 11.706 
0.3 1.0226 0.1517 4.3 14.668 12.822 
0.4 1.0404 0.2040 4.4 16.010 14.046 
0.5 1.0635 0.2579 4.5 17.481 15.389 
0.6 1.0920 0.3137 4.6 19.093 16.863 
0.7 1.1263 0.3719 4.7 20.858 18.479 
0.8 1.1665 0.4329 4.8 22.794 20.253 
0.9 1.2130 0.4971 4.9 24.915 22.199 
1.0 1.2661 0.5652 5.0 27.240 24.336 
1.1 1.3262 0.6375 5.1 29.789 26.680 
1.2 1.3937 0.7147 5.2 32.584 29.254 
1.3 1.4693 0.7973 5.3 35.648 32.080 
1.4 1.5534 0.8861 5.4 39.009 35.182 
1.5 1.6467 0.9817 5.5 42.695 38.588 
1.6 1.7500 1.0848 5.6 46.738 42.328 
1.7 1.8640 1.1963 5.7 51.173 46.436 
1.8 1.9896 1.3172 5.8 56.038 50.946 
1.9 2.1277 1.4482 5.9 61.377 55.900 
2.0 2.2796 1.5906 6.0 67.234 61.342 
2.1 2.4463 1.7455 6.1 73.633 67.319 
2.2 2.6291 1.9141 6.2 80.718 73.886 
2.3  2.8296 2.0978 6.3 88.462 81.100 
2.4 3.0493 2.2981 6.4 96.962 89.026 
2.5 3.2898 2.5167 6.5 106.29 97.735 
2.6 3.5533 2.7554 6.6 116.54 107.30 
2.7 3.8417 3.0161 6.7 127.79 117.82 
2.8 4.1573 3.3011 6.8 140.14 129.38 
2.9 4.5027 3.6126 6.9 153.70 142.08 
3.0 4.8808 3. 9534 7.0 168.59 156.04 
3.1 5.2945 4.3262 7.1 184.95 171.38 
3.2 5.7472 4.7343 7.2 202.92 188.25 
3.3 6.2426 5.1810 7.3 222.66 206.79 
3.4 6.7848 5.6701 7.4 244.34 227.17 
3.5 7.3782 6.2058 7.5 268.16 249.58 
3.6 8.0277 6.7927 7.6 294.33 274.22 
3.7 8.7386 7.4357 7.7 323.09 301.31 
3.8 9.5169 8.1404 7.8 354.68 331.10 
3.9 10.369 8.9128 7.9 389.41 363.85 
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APPENDIX C:  Values of Bessel Functions (Continued)

x )(0 xK )(1 xK x )(0 xK )(1 xK
0.0       4.0   0.01160   0.012484 
0.1   2.4271   9.8538 4.1   0.009980   0.011136 
0.2   1.7527   4.7760 4.2   0.008927   0.009938 
0.3   1.3725   3.0560 4.3   0.007988   0.008872 
0.4   1.1145   2.1844 4.4   0.007149   0.007923 
0.5   0.9244   1.6564 4.5   0.006400   0.007078 
0.6   0.7775   1.3028 4.6   0.005730   0.006325 
0.7   0.6605   1.0503 4.7   0.005132   0.005654 
0.8   0.5653   0.8618 4.8   0.004597   0.005055 
0.9   0.4867   0.7165 4.9   0.004119   0.004521 
1.0   0.4210   0.6019 5.0   0.003691   0.004045 
1.1   0.3656   0.5098 5.1   0.003308   0.003619 
1.2   0.3185   0.4346 5.2   0.002966   0.003239 
1.3   0.2782   0.3725 5.3   0.002659   0.002900 
1.4   0.2437   0.3208 5.4   0.002385   0.002597 
1.5   0.2138   0.2774 5.5   0.002139   0.002326 
1.6   0.1880   0.2406 5.6   0.001918   0.002083 
1.7   0.1655   0.2094 5.7   0.001721   0.001866 
1.8   0.1459   0.1826 5.8   0.001544   0.001673 
1.9   0.1288   0.1597 5.9   0.001386   0.001499 
2.0   0.11389   0.13987 6.0   0.0012440   0.0013439 
2.1   0.10078   0.12275 6.1   0.0011167   0.0012050 
2.2   0.08926   0.10790 6.2   0.0010025   0.0010805 
2.3   0.07914   0.09498 6.3   0.0009001   0.0009691 
2.4   0.07022   0.08372 6.4   0.0008083   0.0008693 
2.5   0.06235   0.07389 6.5   0.0007259   0.0007799 
2.6   0.05540   0.06528 6.6   0.0006520   0.0006998 
2.7   0.04926   0.05774 6.7   0.0005857   0.0006280 
2.8   0.04382   0.05111 6.8   0.0005262   0.0005636 
2.9   0.03901   0.04529 6.9   0.0004728   0.0005059 
3.0   0.03474   0.04016 7.0   0.0004248   0.0004542 
3.1   0.03095   0.03563 7.1   0.0003817   0.0004078 
3.2   0.02759   0.03164 7.2   0.0003431   0.0003662 
3.3   0.02461   0.02812 7.3   0.0003084   0.0003288 
3.4   0.02196   0.02500 7.4   0.0002772   0.0002953 
3.5   0.01960   0.02224 7.5   0.0002492   0.0002653 
3.6   0.01750   0.01979 7.6   0.0002240   0.0002383 
3.7   0.01563   0.01763 7.7   0.0002014   0.0002141 
3.8   0.01397   0.01571 7.8   0.0001811   0.0001924 
3.9   0.01248   0.01400 7.9   0.0001629   0.0001729 
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APPENDIX D 

FUNDAMENTAL PHYSICAL CONSTANTS AND 
MATERIAL PROPERTIES 

D-1 Fundamental Physical Constants 
Quantity   Symbol  Value 
Ideal gas constant    UR K-J/mol 314.8

Avogadro’s number    AN -123 mol 10022.6

Boltzmann’s constant    Bk J/K10381.1 23

Planck’s constant (reduced)    s-J 10055.1 34

Speed of light in vacuum    c m/s 10998.2 8

Stefan-Boltzmann constant    428 K- W/m10670.5

Electron mass      em kg 10110.9 31

D-2 Unit conversions 
Electron volts [eV] to Joules [J]:   J10602.1eV 1 19

D-3 Properties of Helium Gas 
Atomic weight:   M = 4.003 g/mol 
Thermal conductivity at atmospheric pressure: 

T [K] 100 200 273.15 300 400 500 700 1000

k C]-[W/m 0.0730 0.1151 0.142 0.152 0.187 0.220 0.278 0.354

D-4 Properties of Copper at 300 K 
Density:  3kg/m 8933

Thermal conductivity: C- W/m401k

Specific heat:  C-J/kg 385pc
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D-5   Properties of Fused Silica (Amorphous Silicon Dioxide, 
SiO2) at  300 K

Molecular weight: M = 60.1 g/mol 

Density:  3kg/m 2220

Thermal conductivity: C- W/m38.1k

Specific heat:  C-J/kg 745pc

Sound velocities m/s 5968   m/s, 3764, s,LTs vv

D-6 Properties of Silicon
Density ( ):K 300T 3kg/m 2330

Specific heat ( ):K 300T C-J/kg 712pc

Thermal conductivity of bulk silicon [4] 
Note: Low-temperature values are 

      dependent on sample size. 

T k

[K] C]-[W/m

1 4.48
2 31.7
3 99.8
5 424

10 2110
15 3930
20 4940
30 4810
40 3530
60 2110
80 1340

100 884
150 409
200 264
300 148
400 98.9
600 61.9
800 42.2

1000 31.2
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D-7   Measured Thermal Conductivity of a 56 nm Diameter 
Silicon Nanowire at Selected Temperatures [5] 

[K] 320 300 250 200 150 100 60 40T 30 20

k C]-[W/m 25.0 25.7 27.5 29.0 28.5 25.5 18.9 6.75 2.77 0.72

D-8 Calculated Thermal Conductivity of Single-Walled Carbon
Nanotubes, Selected Values [6] 

T = 316 K T = 31.6 K

L k L k 

m C-W/m m C-W/m

1.06E-08 3.53E+01 9.97E-09 1.94E+00 

2.25E-08 7.16E+01 3.77E-08 7.41E+00 

4.13E-08 1.17E+02 2.91E-07 5.07E+01 

8.48E-08 2.16E+02 1.64E-06 2.82E+02 

1.61E-07 3.43E+02 5.95E-06 1.07E+03 

4.16E-07 6.15E+02 3.67E-05 5.77E+03 

9.20E-07 1.01E+03 2.16E-04 2.61E+04 

3.09E-06 1.92E+03 6.85E-04 5.37E+04 

8.25E-06 2.86E+03 2.71E-03 9.62E+04 

1.83E-05 3.54E+03 9.78E-03 1.22E+05 

4.70E-05 4.25E+03 4.22E-02 1.35E+05 

1.00E-04 4.52E+03 2.48E-01 1.40E+05 

3.23E-04 4.80E+03 1.07E+00 1.35E+05 

1.70E-03 4.94E+03 

3.51E-02 4.93E+03 

1.01E+00 4.91E+03 
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A
Acoustic phonon, 363 
Asymptotic expansion, 270 

B
Ballistic, 392 
Basic problem, 269 
Basic solution, 269 
Bessel:  
   differential equation, 52 
   derivatives, 56 
   forms, 54 
   functions, 52 
   integrals, 56, 404  
   special relations, 55 
   tabulation, 56 405-411 
Biot number, 29, 30, 120 
Binomial expansion, 296 
Boltzmann transformation, 224 
Boundary conditions:    
   examples of, 12 
   fins, 34 
   homogeneous, 73 
   Moving interface, 185   
   Non-homogenous, 74, 109 
   non-linear, 185 
   porous media, 163 
Boundary-value problem, 74 
Bulk, 347 

C
Characteristic functions, 75 
Chen-Holmes equation, 312 
Characteristic values, 78 
Classical size effect 
Composite: 
   Cylinder, 27 
   wall, 31 
Conservation of energy, 5 
Control volume formulation, 237 
Coordinate perturbation, 270 
Corrected length, 44 
Correction coefficient, 328 

D
Debye approximation, 364 
Debye  law, 366 3T
Debye temperature, 365 
Derivatives of Bessel functions, 

56
Duhamel’s superposition integral, 

119, 141 
Differential equations: 
   first order, 403 
   homogeneous, 73 
   non-homogeneous, 74, 103 
   non-linear, 215 
   partial, 72 
   second order ordinary, 401 
Differential formulation, 5 
   diffusivity, 8 
   boundary conditions, 73 
   differential equations, 73 
Diffuse, 380 
Diffusive, 391 
Dopants, 361 
Dulong and Petit, 366 

E
Effect of density change, 204 
Eigenfunctions, 79 
Eigenvalues, 78 
Electron, free, 360 
Emissivity, 11 
Energy generation, 5,7 
Error function, 153 
Equidimensional equation, 58 
Euler equation, 58 
Exponential expansion, 296 
Exponential integral function, 

209, 381 
Extended surfaces, 34 

F
Fermi energy, 360 
Fermi temperature, 361 
Fermi velocity, 360 
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Fins:
   annular, 35 
   approximation, 36 
   Biot number, 36 
   boundary conditions, 40 
   constant area, 41-49 
   convection and radiation, 283 
   corrected length, 44 
   efficiency, 44, 59 
   function of, 34 
   graphically presented solutions, 

59, 60  
   heat equation, 37 
   heat transfer rate, 40, 59 
   moving, 45 
   porous, 178-182  
   temperature distribution, 35 
   types, 34 
   variable area, 49 
Formulation: 
   differential, 5 
   integral, 237 
Fourier’s law of conduction, 2 
Free boundary, 184 
Fuchs-Sondheimer solutions, 380 

H
Heat conduction equation: 
   cylindrical coordinates, 9 
   porous media, 165 
   rectangular coordinates, 5 
   spherical coordinates, 9 
Heat flux, 4 
Heat transfer coefficient, 11 
Homogeneous, 73 

I
Ideal gas constant, 355 
Interface boundary conditions, 

185 
Integral Formulation, 237 
Integral method: 
   accuracy, 237 
   Cartesian coordinates, 238 

 control volume formulation,  
237 

   cylindrical coordinates, 246 
   integration of differential  

equation, 237    
   mathematical simplification,  

236 
   penetration depth, 243 
   thermal layer, 243 
Isotropic material, 4 

K
Kinetic theory, 351 
Kirchhoff transformation, 220 

L
Latent heat of fusion, 188 
Leibnitz’s rule, 257 

Lumped-capacity analysis, 119, 
121 
Local thermodynamic  

equilibrium, 354 
M

Matthiessen’s rule, 397 
Mean free path, 349 
Mean free time, 352 
Moving boundary problems: 
   interface boundary conditions, 

185 
   non-linearity, 189 

N
Nanowire, 347  
Neumann’s solution: 
   melting, 203    
   Solidification, 200 
Newton’s law of cooling, 10 
Non-homogeneous:  
   boundary conditions, 74, 109 
   differential equations, 73, 103 
Non-linear:  
   boundary conditions, 216 
   differential equations, 215 
   problems, 215, 251 
Normalization integrals, 102 
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O
One-dimensional conduction, 24 
Optical phonon, 364 
Orthogonality, 74 

P
Penetration depth, 243 
Pennes bioheat equation, 305 
Perturbation: 
   coordinate, 270 
   parameter, 270 
   problems in conduction,  271 
   quantity, 269 
   regular, 269  
  singular, 269 
Phase change, 184 
Phonon, 361 
Photon, 362 
Porous media 
   applications, 168    
   boundary conditions, 167 
   heat conduction equation, 165,   

168 
   porosity, 164 
   simplified heat transfer model, 

164 
   transient conduction, 171 
Problem solving format, 15 
Primary unit cell, 364 

Q
Quantum size effect, 350 
Quasi-steady approximation, 190 

R
Random walk, 352 

S
Separation constant, 78 
Separation of variables: 
   method, 73 
   procedure, 76 
Similarity transformation method, 

119, 150, 197 
Specular, 379  
Specularity, 379 
Superlattice, 350 
Stefan-Boltzmann constant, 11 

Stefan’s:
   Number, 183 
   problem, 288 
   solutions, 197 
Sturm-Liouville:  
   equation, 74 
   problem, 74 
Superposition method, 109 
Surface convection, 109 
Surface radiation, 11   
s-vessel tissue cylinder model, 

323 
T

Taylor series method, 216 
Temperature dependent 

properties, 251 
Temperature distribution, 2 
Thermal conductivity, 3 
Thermal layer, 243 
Thermal velocity, 357 
Thin film, 348 
Time dependent boundary 

conditions, 141 
Transient conduction in: 
   cylinders, 133 
   plates, 124 
   spheres, 138 
   semi-infinite regions, 150 
Trigonometric expansion, 296 
Two-dimensional conduction: 
   Cartesian coordinates, 83 
   cylindrical coordinates, 97 

U
Umklapp scattering, 366  
Units, 16 

V
Variable area fins, 49 
Variable conductivity, 24, 17, 

222, 224 
W

Wave effect,  
Wavepacket, 348 
Weinbaum-Jiji, 315 


	front-matter
	Chapter 01
	BASIC CONCEPTS
	Examples of Conduction Problems
	Focal Point in Conduction Heat Transfer
	Fourier's Law of Conduction
	Conservation of Energy: Differential Formulation of the Heat Conduction Equation in Rectangular Coordinates
	The Heat Conduction Equation in Cylindrical and Spherical Coordinates
	Boundary Conditions
	Surface Convection: Newton's Law of Cooling
	Surface Radiation: Stefan-Boltzmann Law
	Examples of Boundary Conditions

	Problem Solving Format
	Units
	REFERENCES


	Chapter 02
	ONE-DIMENSIONAL STEADY STATE CONDUCTION
	Examples of One-dimensional Conduction
	Extended Surfaces: Fins
	The Function of Fins
	Types of Fins
	Heat Transfer and Temperature Distribution in Fins
	The Fin Approximation
	The Fin Heat Equation: Convection at Surface
	Determination of $\frac{dA_{s}}{dx}$
	Boundary Conditions
	Determination of Fin Heat Transfer Rate $q_{f}$ 
	Steady State Applications: Constant Area Fins with Surface Convection
	Corrected Length $L_{c}$
	Fin Efficiency $\eta_{f}$
	Moving Fins
	Application of Moving Fins
	Variable Area Fins

	Bessel Differential Equations and Bessel Functions
	General Form of Bessel Equations
	Solutions: Bessel Functions
	Forms of Bessel Functions
	Special Closed-form Bessel Functions:$n = \frac{odd integer}{2}$
	Special Relations for n = 1, 2, 3, ….
	Derivatives and Integrals of Bessel Functions [2,3]
	Tabulation and Graphical Representation of Selected Bessel Functions

	Equidimensional (Euler) Equation
	Graphically Presented Solutions to Fin Heat Transfer Rate [5]
	REFERENCES


	Chapter 03
	TWO-DIMENSIONAL STEADY STATE CONDUCTION
	The Heat Conduction Equation
	Method of Solution and Limitations
	Homogeneous Differential Equations and Boundary Conditions
	Sturm-Liouville Boundary-Value Problem: Orthogonality [1]
	Procedure for the Application of Separation of Variables Method
	Cartesian Coordinates: Examples
	Cylindrical Coordinates: Examples
	Integrals of Bessel Functions
	Non-homogeneous Differential Equations
	Non-homogeneous Boundary Conditions: The Method of Superposition
	REFERENCES


	Chapter 04
	TRANSIENT CONDUCTION
	Simplified Model: Lumped-Capacity Method
	Criterion for Neglecting Spatial Temperature Variation
	Lumped-Capacity Analysis

	Transient Conduction in Plates
	Non-homogeneous Equations and Boundary Conditions
	Transient Conduction in Cylinders
	Transient Conduction in Spheres
	Time Dependent Boundary Conditions: Duhamel’s Superposition Integral
	Formulation of Duhamel’s Integral [1]
	Extension to Discontinuous Boundary Conditions
	Applications

	Conduction in Semi-infinite Regions: The Similarity Method
	REFERENCES


	Chapter 05
	CONDUCTION IN POROUS MEDIA
	Examples of Conduction in Porous Media
	Simplified Heat Transfer Model
	Porosity
	Heat Conduction Equation: Cartesian Coordinates
	Boundary Conditions
	Heat Conduction Equation: Cylindrical Coordinates

	Applications
	REFEENCES


	Chapter 06
	CONDUCTION WITH PHASE CHANGE: MOVING BOUNDARY PROBLEMS
	Introduction
	The Heat Equations
	Moving Interface Boundary Conditions
	Non-linearity of the Interface Energy Equation
	Non-dimensional Form of the Governing Equations: Governing Parameters
	Simplified Model: Quasi-Steady Approximation
	Exact Solutions
	Stefan’s Solution
	Neumann’s Solution: Solidification of Semi-Infinite Region
	Neumann’s Solution: Melting of Semi-infinite Region

	Effect of Density Change on the Liquid Phase
	Radial Conduction with Phase Change
	Phase Change in Finite Regions
	REFERENCES


	Chapter 07
	NON-LINEAR CONDUCTION PROBLEMS
	Introduction
	Sources of Non-linearity
	Non-linear Differential Equations
	Non-linear Boundary Conditions

	Taylor Series Method
	Kirchhoff Transformation
	Transformation of Differential Equations
	Transformation of Boundary Conditions

	Boltzmann Transformation
	Combining Boltzmann and Kirchhoff Transformations
	Exact Solutions
	REFERENCES


	Chapter 08
	APPROXIMATE SOLUTIONS: THE INTEGRAL METHOD
	Integral Method Approximation: Mathematical Simplification
	Procedure
	Accuracy of the Integral Method
	Application to Cartesian Coordinates
	Application to Cylindrical Coordinates
	Non-linear Problems [5]
	Energy Generation
	REFERENCES


	Chapter 09
	PERTURBATION SOLUTIONS
	Introduction
	Solution Procedure
	Examples of Perturbation Problems in Conduction
	Perturbation Solutions: Examples
	Useful Expansions
	REFERENCES


	Chapter 10
	Heat Transfer in Living Tissue
	Introduction
	Vascular Architecture and Blood Flow
	Blood Temperature Variation
	Mathematical Modeling of Vessels-Tissue Heat Transfer
	Pennes Bioheat Equation [1]
	Chen-Holmes Equation [5]
	Three-Temperature Model for Peripheral Tissue [7]
	Weinbaum-Jiji Simplified Bioheat Equation for Peripheral Tissue [8]
	The $s$-Vessel Tissue Cylinder Model [16]

	REFERENCES


	Chapter 11
	MICROSCALE CONDUCTION
	Introduction
	Categories of Microscale Phenomena
	Purpose and Scope of this Chapter

	Understanding the Essential Physics of Thermal Conductivity Using the Kinetic Theory of Gases
	Derivation of Fourier’s Law and an Expression for the Thermal Conductivity

	Energy Carriers
	Ideal Gases: Heat is Conducted by Gas Molecules
	Metals: Heat is Conducted by Electrons
	Electrical Insulators and Semiconductors: Heat is Conducted by Phonons (Sound Waves)
	Radiation: Heat is Carried by Photons (Light Waves)

	Thermal Conductivity Reduction by Boundary Scattering: The Classical Size Effect
	Accounting for Multiple Scattering Mechanisms: Matthiessen’s rule
	Boundary Scattering for Heat Flow Parallel to Boundaries
	Boundary Scattering for Heat Flow Perpendicular to Boundaries

	Closing Thoughts
	REFERENCES


	back-matter


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




