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This book is dedicated to my wife Vera for opening
many possibilities and providing balance in my life.



PREFACE

This book is designed to:

e Provide students with the tools to model, analyze and solve a
wide range of engineering applications involving conduction heat
transfer.

e Introduce students to three topics not commonly covered in
conduction heat transfer textbooks: perturbation methods, heat
transfer in living tissue, and microscale conduction.

e Take advantage of the mathematical simplicity of one-
dimensional conduction to present and explore a variety of
physical situations that are of practical interest.

e Present textbook material in an efficient and concise manner to
be covered in its entirety in a one semester graduate course.

e Drill students in a systematic problem solving methodology with
emphasis on thought process, logic, reasoning and verification.

To accomplish these objectives requires judgment and balance in the
selection of topics and the level of details. Mathematical techniques
are presented in simplified fashion to be used as tools in obtaining
solutions. Examples are carefully selected to illustrate the application
of principles and the construction of solutions. Solutions follow an
orderly approach which is used in all examples. To provide
consistency in solutions logic, I have prepared solutions to all
problems included in the first ten chapters myself. Instructors are
urged to make them available electronically rather than posting them
or presenting them in class in an abridged form.

This edition adds a new chapter, “Microscale Conduction.” This is a
new and emerging area in heat transfer. Very little is available on
this subject as textbook material at an introductory level. Indeed the
preparation of such a chapter is a challenging task. I am fortunate
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that Professor Chris Dames of the University of California,
Riverside, agreed to take on this responsibility and prepared all the
material for chapter 11.

Now for the originality of the material in this book. Much that is
here was inspired by publications on conduction. I would like to
especially credit Conduction Heat Transfer by my friend Vedat S
Arpaci. His book contains a wealth of interesting problems and
applications. My original notes on conduction contained many
examples and problems taken from the literature. Not having been
careful in my early years about recording references, I tried to
eliminate those that I knew were not my own. Nevertheless, a few
may have been inadvertently included.
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BASIC CONCEPTS

1.1 Examples of Conduction Problems

Conduction heat transfer problems are encountered in many engineering
applications. The following examples illustrate the broad range of
conduction problems.

(1) Design. A small electronic package is to be cooled by free convection.
A heat sink consisting of fins is recommended to maintain the electronic
components below a specified temperature. Determine the required
number of fins, configuration, size and material.

(2) Nuclear Reactor Core. In the event of coolant pump failure, the
temperature of a nuclear element begins to rise. How long does it take
before meltdown occurs?

(3) Glaciology. As a glacier advances slowly due to gravity, its front
recedes due to melting. Estimate the location of the front in the year 2050.

(4) Re-entry Shield. A heat shield is used to protect a space vehicle during
re-entry. The shield ablates as it passes through the atmosphere. Specify
the required shield thickness and material to protect a space vehicle during
re-entry.

(5) Cryosurgery. Cryoprobes are used in the treatment of certain skin
cancers by freezing malignant tissue. However, prolonged contact of a
cryoprobe with the skin can damage healthy tissue. Determine tissue
temperature history in the vicinity of a cold probe subsequent to contact
with the skin.
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(6) Rocket Nozzle. One method for protecting the throat of a supersonic
rocket nozzle involves inserting a porous ring at the throat. Injection of
helium through the ring lowers the temperature and protects the nozzle.
Determine the amount of helium needed to protect a rocket nozzle during a
specified trajectory.

(7) Casting. Heat conduction in casting is accompanied by phase change.
Determine the transient temperature distribution and the interface motion of
a solid-liquid front for use in thermal stress analysis.

(8) Food Processing. In certain food processing operations conveyor belts
are used to move food products through a refrigerated room. Use transient
conduction analysis to determine the required conveyor speed.

1.2 Focal Point in Conduction Heat Transfer

What do all these examples have in common? If you guessed temperature,
you are on the right track. However, what drives heat is temperature
difference and not temperature. Refining this observation further, we state
that conduction heat transfer problems involve the determination of
temperature distribution in a region. Once temperature distribution is
known, one can easily determine heat transfer rates. This poses two
questions: (1) how is the rate of heat transfer related to temperature
distribution? And (2) what governs temperature distribution in a region?
Fourier’s law of conduction provides the answer to the first question while
the principle of conservation of energy gives the answer to the second.

1.3 Fourier's Law of Conduction

Our experience shows that if one end of a metal bar is heated, its
temperature at the other end will eventually begin to rise. This transfer of
energy is due to molecular activity. Molecules at the hot end exchange their
kinetic and vibrational energies with neighboring layers through random
motion and collisions. A temperature gradient, or slope, is established with
energy continuously being transported in the direction of decreasing
temperature. This mode of energy transfer is called conduction.
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We now turn our attention to [<L>]

formulating a law that will help us
determine the rate of heat transfer by A

conduction. Consider the wall shown

inFig.1.1. The temperature of one > (.
surface (x = 0) is 7; and of the other />
surface (x = L) is Ty,. The wall

thickness is L and its surface area is TS"G ] by fo
A. The remaining four surfaces are > < dx
well insulated and thus heat is Fig.1.1

transferred in the x-direction only.

Assume steady state and let g, be the rate of heat transfer in the x-
direction. Experiments have shown that g, is directly proportional to A
and (T;; — Ty,) and inversely proportional to L. That is

AT - T,)
7 :

qx

Introducing a proportionality constant k, we obtain

:kA(Tsi _Tso) ,

7 (1.1)

9x

where k is a property of material called thermal conductivity. We must
keep in mind that eq.(1.1) is valid for: (i) steady state, (ii) constant k and
(iii)) one-dimensional conduction. These limitations suggest that a re-
formulation is in order. Applying eq.(1.1) to the element dx shown in
Fig.1.1 and noting that 7; becomes 7T'(x), T, becomes T'(x +dx), and
L is replaced by dx, we obtain

T(x)—T(x+dx) pA T(x+dx)—T(x)
dx dx '

q, =k A4

Since T(x + dx)—T(x) =dT , the above gives
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qx=—kA‘é—i. (1.2)

It is useful to introduce the term heat flux g% , which is defined as the heat
flow rate per unit surface area normal to x. Thus,

" q
gt =" (13)

Therefore, in terms of heat flux, eq.(1.2 ) becomes

q5 =—kfl—§. (14)

Although eq.(1.4) is based on one-dimensional conduction, it can be
generalized to three-dimensional and transient conditions by noting that
heat flow is a vector quantity. Thus, the temperature derivative
in eq.(1.4) is changed to a partial derivative and adjusted to reflect the
direction of heat flow as follows:

oT oT oT

where X, y, and z are the rectangular coordinates. Equation (1.5) is known
as Fourier's law of conduction. Three observations are worth making: (i)
The negative sign indicates that when the gradient is negative, heat flow is
in the positive direction, i.e., towards the direction of decreasing
temperature, as dictated by the second law of thermodynamics. (ii) The
conductivity k need not be uniform since eq.(1.5) applies at a point in the
material and not to a finite region. In reality the thermal conductivity varies
with temperature. However, eq. (1.5) is limited to isotropic material, i.e., k
is invariant with direction. (iii) Returning to our previous observation that
the focal point in conduction is the determination of temperature
distribution, we now recognize that once 7T(x,y,z,t)is known, the heat
flux in any direction can be easily determined by simply differentiating the
function 7 and using eq. (1.5).



1.4 Conservation of Energy 5

1.4 Conservation of Energy: Differential Formulation of the
Heat Conduction Equation in Rectangular Coordinates

What determines temperature distribution in a region? Is the process
governed by a fundamental law and therefore predictable? The answer is
that the temperature at each point is adjusted such that the principle of
conservation of energy is satisfied everywhere. Thus the starting point in
differential formulation must be based on an infinitesimal element. Fig.1.2
shows a region described by rectangular

coordinates in which heat conduction is y

three-dimensional. To generalize the

formulation, the material is assumed to

be moving. In addition, energy is

generated throughout the material at a 5
rate ¢'" per unit volume. Examples of

volumetric energy generation include

heat conduction in nuclear elements,

metabolic heat production in tissue, and

electrical energy loss in transmission Fig. 1.2

lines,

We select an infinitesimal element dxdydz and apply the principle of
conservation of energy (first law of thermodynamics)

Rate of energy added + Rate of energy generated — Rate of energy removed

= Rate of energy change within element

Denoting these terms by the symbolsE L E g9 E ., and E, respectively,

in> out >

we obtain

E,+E, - E,=E. (1.6)

This form of conservation of energy is not helpful in solving conduction
problems.  Specifically, temperature, which is the focal point in
conduction, does not appear explicitly in the equation. The next step is to
express eq.(1.6) in terms of the dependent variable 7. To simplify the
formulation, the following assumptions are made: (1) uniform velocity, (2)
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constant pressure, (3) constant density and (4) negligible changes in
potential energy.

0
T (q; + qy a’y)dxdz

q'dvdz (q ‘IX - dv)dydz
—>{dy
dx
T q,dxdz
(a)
oV (h+ a—hdy)dxdz
dy
. ~ oh
pUhdydz pU(h+—dx)dydz
—> dy - > Ox
dx
T pV};dxdz
(b)
Fig.1.3

Energy is exchanged with the element by conduction and mass motion.
These two modes of energy transfer are shown in Fig. 1.3a and Fig. 1.3b,
respectively. Not shown in these figures are the z-components, which can
be formulated by analogy with the x and y-components. Energy enters the
element by conduction at fluxes g, ¢) and g, in the x, y and z
directions, respectively. Since each flux represents energy per unit area per
unit time, it must be multiplied by the area normal to it. Energy also enters
the element through mass flow. The mass flow rate entering the element in
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the x-direction is pUdydz, where p is density and U is the velocity
component in the x-direction. The rate of energy carried by this mass
is pU hAdde, where £ is enthalpy per unit mass. The corresponding
components in the y and z directions are pVhAdxdz and pW/;dxdy,
where V and W are the velocity components in the y and z directions,
respectively. Thus, Ein is given by

E,=4q" dy dz +q\, dx dz +q’ dx dy +
. . . (a)
pUhdydz+ pV hdxdz+ pW hdxdy.

Energy generation E g I8

S m

E, =q"dxdydz . (b)
Formulation of energy leaving the element is constructed using Taylor
series expansion

14

. 4 8 "
. = (q"+ 20 deydydz + (¢+ 222 dy)ddz +(g!+ %9 gydxdy +
ox oy oz

U+ axyavdz + pv (i X avyadz + pw (h+ O dzyaxay.
ox oy o0z

(©
Note that U, V and W are constant since material motion is assumed
uniform. Energy change within the element E is expressed as

E= p% dxdydz, )

where  is internal energy per unit mass and ¢ is time. Substituting (a)-(d)
into eq. (1.6)
dq" 04y oq" Uaﬁ oh oh

:_ oyttt g
ox oy 0z Plax oy PGt TR ©

Enthalpy h is defined as
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®

S
Il
Y
+
x|

here P is pressure, assumed constant. Substituting (f) into (e) and
rearranging
oq" 94y aq" oh _oh _ oh 612
_ CIX_ qy_ CIz_i_qm:p DAY § SN /Al / /i (g)
ox 0y 0z ot 0x oy 0z

The next step is to express the heat flux and enthalpy in terms of
temperature. Fourier’s law, eq.(1.5), relates heat flux to temperature
gradient. Enthalpy change for constant pressure is given by

dh=c,dT, (h)

where ¢, is specific heat at constant pressure. Substituting egs. (1.5) and
(h) into (g)

0 0, 0T\ .
e G e e R O RS

e ooy Ly ) o)
ot ox oy 0z

Although eq. (1.7) is based on uniform velocity, it can be shown that it is
also applicable to incompressible flow with variable velocity, as long as
dissipation, which is work done due to viscous forces, is negligible [1]. For
constant conductivity and stationary material, eq. (1.7) simplifies to

2 2 2 "

+ + =—, (1.8)
ox* oy* 9z*" pc, Ot
where « is a material property called thermal diffusivity, defined as
a= k (1.9)
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1.5 The Heat Conduction Equation in Cylindrical and Spherical
Coordinates

To analyze conduction problems in cylindrical and spherical geometries
requires the formulation of the heat conduction equation in the cylindrical
and spherical coordinates shown in Fig.1.4. For constant properties and no
dissipation, the heat equation takes the following forms:

) (rj.ﬁo ?)

(a) cylindrical (b) spherical
Fig.1.4

Cylindrical Coordinates (r,0,z):

r or r 200% 022 pc, ot "or r a0 ‘ozl
(1.10)

2 2 m
{__( : 16T+8T}r g {GT o T el VaT}

where V,,Vy and V, are the velocity components in the r, & and z
directions, respectively. For a stationary material this equation simplifies to

2 2 "
Sqy,Lor or), ¢ _of (1.11)
r 8r or rz 00>  0z° pc, Tt

Spherical Coordinates (v,0,9):

2 0T 1 o'r 8. T
0{ 257”( 57) rzsin2¢602+r sm¢5¢(sm¢ ):I

P,

or oT VyoT V, oT
—tV, —t———t+—

r . A A (112)
ot or r O0¢ rsing o6
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where V, is the velocity component in the ¢ direction. For stationary
¢ Y P

material this equation reduces to

10200y, | ’T 1 2. T\ 4"

ol — + —A\Smeo—) |+ =
¥2or  or’ r?sin’g 60  r*sing 0 ¢8¢ pCy
oT
—. (113
ot (1.13)

1.6 Boundary Conditions

Although the heat conduction equation governs temperature behavior in a
region, it does not give temperature distribution. To obtain temperature
distribution it is necessary to solve the equation. However, to construct a
complete solution, boundary and initial conditions must be specified. For
example, eq.(1.8) requires six boundary conditions, two in each of the
variables x, y and z, and one initial condition in time 7. Boundary conditions
are mathematical equations describing what takes place physically at a
boundary. Similarly, an initial condition describes the temperature
distribution at time ¢ = 0.

Since boundary conditions involve thermal interaction with the
surroundings, it is necessary to first describe two common modes of
surface heat transfer: convection and radiation.

1.6.1 Surface Convection: Newton's Law of Cooling

In this mode of heat transfer, energy is exchanged between a surface and a
fluid moving over it. Based on experimental observations, it is postulated
that the flux in convection is directly proportional to the difference in
temperature between the surface and the streaming fluid. That is

q;, OC(TS _Too)’

where ¢! is surface flux, T is surface temperature and 7, is the fluid
temperature far away from the surface. Introducing a proportionality
constant to express this relationship as equality, we obtain

q.=h(T, -T,). (1.14)
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This result is known as Newton's law of cooling. The constant of
proportionality % is called heat transfer coefficient. This coefficient
depends on geometry, fluid properties, motion, and in some cases
temperature difference (7, — 7). Thus, unlike thermal conductivity, 4 is
not a property of material.

1.6.2 Surface Radiation: Stefan-Boltzmann Law

While conduction and convection require a medium to transport energy,
radiation does not. Furthermore, radiation energy is transmitted by
electromagnetic waves, which travel best in a vacuum. The maximum
possible radiation is described by the Stefan-Boltzmann law, which gives
surface radiation flux for an ideal body called blackbody as

g, =oT;, (1.15)

where q,’)’ is blackbody radiation flux, 7 is surface temperature, measured
in absolute degrees, and o 1is the Stefan-Boltzmann constant given by

o =567x10 Wm-K*. (1.16)

To determine the radiation flux ¢, emitted from a real surface, a radiation
property called emissivity, &, is defined as

g=1, (1.17)
dp
Combining (1.15) and (1.17)
qr=so T} (1.18)

From the definition of &, it follows that its maximum value is unity
(blackbody).

Radiation energy exchange between two surfaces depends on the geometry,
shape, area, orientation and emissivity of the two surfaces. In addition, it
depends on the absorptivity a of each surface. Absorptivity is a surface
property defined as the fraction of radiation energy incident on a surface
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which is absorbed by the surface. Although the determination of the net
heat exchange by radiation between two surfaces, ¢;, , can be complex, the
analysis is simplified for an ideal model for which & = «. Such an ideal
surface is called a gray surface. For the special case of a gray surface
which is completely enclosed by a much larger surface, g,, is given by

i, = 6104 (T T3, (1.19)

where &, is the emissivity of the small surface, 4, its area, 7] its absolute
temperature and 7, is the absolute temperature of the surrounding surface.
Note that for this special case neither the area A4, of the large surface nor
its emissivity &, affects the result.

1.6.3 Examples of Boundary Conditions

There are several common physical conditions that can take place at
boundaries. Fig. 1.5 shows four typical boundary conditions for two-
dimensional conduction in a rectangular plate. Fig. 1.6 shows an interface
of two materials. Two boundary conditions are associated with this case.

insulation
S S S S S SSSSSSfSSfS

I
!

/4 — g, Tl T2
L >
0 0 X
convection, h,T,,
Fig. 1.5 Fig. 1.6

Before writing boundary conditions, an origin and coordinate axes must be
selected. Boundary conditions for Fig.1.5 and Fig.1.6 are expressed
mathematically as follows:
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(1) Specified temperature. Along boundary (0, y) the temperature is 7, .
This temperature can be uniform or can vary along y as well as with time.
Mathematically this condition is expressed as

7(0,y)=T, . (1.20)

(2) Specified flux. The heat flux along boundary (L, y) is qg. According
to Fourier’s law this condition is expressed as

q(')':—kM . (1.21)

ox
(3) Convection. Neither the temperature nor the flux are known along
boundary (x,0). Instead, heat is exchanged by convection with the ambient
fluid. The simplest way to formulate this condition mathematically is to
pretend that heat flows in the positive coordinate direction. In this example
the fluid, which is at temperature 7, adds energy by convection to the
boundary (x,0). Conservation of energy requires that the added energy be
conducted to the interior in the positive y-direction. Therefore, equating
Newton's law of cooling with Fourier's law of conduction gives

OT (x,0)

h[T, —T(x,0)]=—k
oy

(1.22)

Note that surface temperature 7'(x,0) is not equal to the ambient

temperature 7, .

(4) Insulated boundary. The boundary at (x,#) is thermally insulated.
Thus, according to Fourier’s law, this condition is expressed as

oT(x,W) _

0. 1.23
oy (1.23)

Note that this is a special case of eq. (1.21) with g, = 0, or of eq. (1.22)
with 2= 0.
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(5) Interface. Fig.1.6 shows a composite wall of two materials with
thermal conductivities k, and k,. For a perfect interface contact, the two

temperatures must be the same at the interface. Thus

1,(0,y)=T,(0,). (1.24)

Conservation of energy at the interface requires that the two fluxes be
identical. Application of Fourier’s law gives

or1.(0,y) X oT,(0,y)
ox 2 ox

k, (1.25)
(6) Interface with a heat source. One example of this case is an electrical
heating element which is sandwiched between two non-electrically
conducting materials as shown in Fig. 1.7. Another example is frictional
heat, which is generated by relative motion between two surfaces. Energy
dissipated at an interface can be conducted through both materials or
through either one of the two. Boundary conditions at the interface are
again based on the continuity of temperature
and conservation of energy. Assuming perfect
contact, continuity results in eq.(1.24). To k, k,

apply conservation of energy at the interface, 1 T T, 2
it is convenient to pretend that heat is
conducted in the positive coordinate direction
through both materials. Referring to Fig. 1.7,
conservation of energy requires that heat flux q +

added to the interface by conduction through Fig.1.7
material 1, plus heat flux generated at the

interface, ¢;, be equal to the flux removed by

conduction through material 2. Thus

o7, (0, y)
Ox !

1.26
o (1.26)

2

(7) Radiation. To illustrate how a radiation boundary condition is
formulated, consider Fig. 1.5. Assume that the boundary (x,0) exchanges
heat by radiation in addition to convection. Again we pretend that net
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radiation energy is added to the surface in the positive y-direction.
Conservation of energy at this boundary requires that energy added at the
surface by convection and radiation be equal to energy conducted in the
positive y-direction. Thus

" "o "
9 conv + Qrad = 9cond -

Using Fourier’s law of conduction for ¢, ,, Newton’s law of cooling for
g, and assuming that Stefan-Boltzmann radiation result for ¢/ ,, eq.
(1.19), is applicable, the above gives

8T (x,0)

h[T, —T(x,0)]+ ce[T} —T*(x,0)] =—k -
y

, (127

where T, is the surroundings temperature. To formulate the boundary
condition for the case of energy exchange by radiation only, set 2 =0 in eq.

(1.27).
1.7 Problem Solving Format

Conduction problems lend themselves to a systematic solution procedure.
The following basic format which builds on the work of Ver Plank and
Teare [2] is used throughout the book.

(1) Observations. Read the problem statement very carefully and note
essential facts and features such as geometry, temperature symmetry, heat
flow direction, number of independent variables, etc. Identify
characteristics that require special attention such as variable properties,
composite domain, non-linearity, etc. Note conditions justifying simplified
solutions. Show a schematic diagram.

(2) Origin and Coordinates. Select an origin and a coordinate system
appropriate to the geometry under consideration.

(3) Formulation. In this stage the conduction problem is expressed in
mathematical terms. Define all terms. Assign units to all symbols whenever
numerical computations are required. Proceed according to the following
steps:



16 1 Basic Concepts

(i) Assumptions. Model the problem by making simplifications and
approximations. List all assumptions.

(ii) Governing Equations. Based on the coordinate system chosen
and the assumptions made, select an appropriate form of the heat equation.
Note that composite domains require a heat equation for each layer.

(iii) Boundary Conditions. Examine the governing equations and
decide on the number of boundary conditions needed based on the number
of independent variables and the order of the highest derivative. Identify
the physical nature of each boundary condition and express it
mathematically. Use the examples of Section 1.6.3 as a guide in
formulating boundary conditions.

(4) Solution. Examine the equation to be solved and select an appropriate
method of solution. Apply boundary conditions to determine constants of
integration.

(5) Checking. Check each step of the analysis as you proceed. Apply
dimensional checks and examine limiting cases.

(6) Computations. Execute the necessary computations and calculations
to generate the desired numerical results.

(7) Comments. Review your solution and comment on such things as the
role of assumptions, the form of the solution, the number of governing
parameters, etc.

1.8 Units
SI units are used throughout this textbook. The basic units in this system

are

Length (L): meter (m)

Time (¢): second (s)

Mass (m): kilogram (kg)
Temperature (7): kelvin (K)

Temperature on the Celsius scale is related to the kelvin scale by

T(°C) = T(K) - 273.15. (1.28)
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Note that temperature difference on the two scales is identical. Thus, a
change of one kelvin is equal to a change of one Celsius. This means that
quantities that are expressed per unit kelvin, such as thermal conductivity,
heat transfer coefficient and specific heat, are numerically the same as per
degree Celsius. That is, W/m?-K = W/ m>-°C.

The basic units are used to derive units for other quantities. Force is
measured in newtons (N). One newton is the force needed to accelerate a
mass of one kilogram one meter per second per second:

Force = mass x acceleration

N =kg.m/s*.

Energy is measured in joules (J). One joule is the energy associated with a
force of one newton moving a distance of one meter.

J=N.m = kg.m?/s%.

Power is measured in watts (W). One watt is energy rate of one joule per
second.

W =J/s = N.m/s = kg.m?/s> .

REFERENCES

[1] Bejan, A., Convection Heat Transfer, 2" Edition, Wiley, New York,
1995.

[2] Ver Planck, D.W., and Teare Jr., B.R., Engineering Analysis: An
Introduction to Professional Method, Wiley, New York, 1952



18

1.1

1.2

1.3

1.4

1.5

1 Basic Concepts

PROBLEMS

Write the heat equation for each of the following cases:

[a] A wall, steady state, stationary, one-dimensional, incompressible
and no energy generation.

[b] A wall, transient, stationary, one-dimensional, incompressible,
constant k with energy generation.

[c] A cylinder, steady state, stationary, two-dimensional (radial and
axial), constant k, incompressible, with no energy generation.

[d] A wire moving through a furnace with constant velocity, steady
state, one-dimensional (axial), incompressible, constant k& and no
energy generation.

[e] A sphere, transient, stationary, one-dimensional (radial),
incompressible, constant k with energy generation.

A long electric wire of radius 7, generates heat at a rate ¢”. The
surface is maintained at uniform temperature 7,. Write the heat

equation and boundary conditions for steady state one-dimensional
conduction.

You are interested in analyzing the rate at which a spherical ice ball
melts. What heat equation should you use for the ice? List all
assumptions.

Consider axial flow of water in a cold tube. Write the heat conduction

equation for the ice forming axisymmetrically on the inside surface
of the tube.

A ice

o—> X water—>

Consider two-dimensional conduction
in the semi-circular cylinder shown.
The cylinder is heated with uniform
flux along its outer surface and is

maintained at a variable temperature h,T,
convection

T=f()

insulation
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along its inner surface. One of the plane surfaces is insulated while
the other exchanges heat by convection with an ambient fluid at 7, .
The heat transfer coefficient is 4. Write the heat equation and
boundary conditions for steady state conduction.

A long hollow cylinder exchanges heat by radiation and convection
along its outside surface with an ambient fluid at 7. The heat
transfer coefficient is A. The surroundings is at 7, and surface
emissivity is &. Heat is removed from the inside surface at a uniform
flux ¢;. Use a simplified radiation model and write the heat equation

and boundary conditions for one-dimensional steady state

conduction.
y 4o
Write the heat equation and boundary tt 4 5
conditions for steady state two-dimensional 7 w
conduction in the rectangular plate shown. 0 I T,
. . . 7777 %
Heat is generated at a rate ¢" in a spherical insulation

shell with inner radius 7; and outer radius
r,. Heat is added at the outer surface at a uniform flux ¢. The
inside surface is maintained at uniform temperature 7;. Write the

heat equation and boundary conditions for steady state conduction.

A long electric cable generates heat at a rate ¢". Half the cable is
buried underground while the other half exchanges heat by radiation

and convection. The ambient and surroundings temperatures are
T, and T,

sur >

respectively. The
heat transfer coefficient is A.
Neglecting the thickness of the

electrical insulation layer and heat
loss to the ground, select a model to
analyze the temperature distribution

in the cable and write the heat
equation and boundary conditions.

A shaft of radius 7, rotates inside a sleeve of thickness J. Frictional
heat is generated at the interface at a rate ¢;. The outside surface of
the sleeve is cooled by convection. The ambient temperature



20

1.12

1.13
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is 7, and the heat transfer coefficient is /4. Consider steady state
one-dimensional conduction in the radial direction. Write the heat
equations and boundary conditions for the temperature distribution in
the shaft and sleeve.

A rectangular plate of length L and
height H slides down an inclined
surface with a velocity U. Sliding
friction results in surface heat flux
q.. The front and top sides of the
plate exchange heat by convection.

The heat transfer coefficient is 4 and
the ambient temperature is 7, . Neglect heat loss from the back side
and assume that no frictional heat is conducted through the inclined
surface. Write the two-dimensional steady state heat equation and
boundary conditions.

Consider a semi-circular section of a tube with inside radius R; and
outside radius R,. Heat is exchanged by convection along the inside
and outside cylindrical surfaces. The
inside temperature and heat transfer
coefficient are 7; and 4. The outside
temperature and  heat transfer
coefficient are 7, and A,. The two

plane surfaces are maintained at

uniform temperature 7,. Write the
two-dimensional steady state heat
equation and boundary conditions.

Two large plates of thicknesses L, and L, are initially at
temperatures 7; and 7,. Their respective conductivities are k, and
k,. The two plates are pressed

together and insulated along their ) L, k, (
exposed surfaces. Write the heat X k
equation and boundary conditions. ! 0 !

4
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arod of radius », and

length L. Half the
cylindrical surface is
insulated while the
other half is heated at

ta

a flux ¢). One end is insulated and the other exchanges heat by

convection. Write the heat equation and boundary conditions for

steady state two-dimensional conduction.

1.15 A
conductivity k and specific

cable of radius 7,
heat ¢, moves through a
furnace with velocity U and
leaves at temperature 7.
Electric energy is dissipated
in the cable resulting in a

h,T,
U j
0 z f
< |
\T, T,
furnace

volumetric energy generation rate of ¢”. Outside the furnace the

cable is cooled by convection and radiation. The heat transfer

coefficient is &, emissivity &,

surroundings temperature is

T

sur*

ambient temperature 7, and
Use a simplified radiation model

and assume that the cable is infinitely long. Write the steady state

two-dimensional heat equation and boundary conditions.

1.16 Radiation is suddenly directed at the surface of

a semi-infinite plate of conductivity k& and
thermal diffusivity &. Due to the thermal

absorption characteristics of the material the

radiation results in

generation rate given by

a variable

-bx

q"(n =gy,

energy

vy by Vo
7 lq'"(x)

where 6];,” and b are constants and x is distance along the plate.

Surface temperature at x = 0 is 7. Initially the plate is at uniform

temperature 7;. Write the heat equation and boundary conditions.
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1.17 A section of a long rotating shaft of radius r, is

buried in a material of very low thermal
conductivity. The length of the buried section is
L. Frictional heat generated in the buried
section can be modeled as surface heat flux.
Along the buried surface the radial heat
flux, q;', is assumed uniform. However, at the
flat end the axial heat flux, ¢, varies with
radius according to

q, = pr,

o

where £ is constant. The exposed surface exchanges heat by

convection with the ambient. The heat transfer coefficient is 4 and
the ambient temperature is 7. Treat the shaft as semi-infinite and
assume that all frictional heat is conducted through the shaft. Write
the steady state heat equation and boundary conditions.

1.18 A plate of thickness 2L moves through a furnace with velocity U and

1.19

leaves at temperature 7). Outside the furnace it is cooled by

convection and radiation. The heat transfer coefficient is #,

emissivity &, ambient temperature 7,
and surroundings temperatures is 7,,,..
Write the two-dimensional steady
state heat equation and boundary
conditions. Use a simplified radiation

model and assume that the plate is

infinitely long. furnace

A cable of radius 7, moves with

velocity U through a furnace of length P

L where it is heated at uniform flux

g, . Far away from the inlet of the

@ N

furnace the cable is at temperature 7.

ZZ
Assume that no heat is exchanged

with the cable before it enters and
after it leaves the furnace. Write the

Zz4
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two-dimensional steady state heat equation and boundary conditions.

1.20 A hollow cylinder of inner radius R; and outer radius R, is heated
with uniform flux ¢/ at its inner surface. The lower half of the
cylinder is insulated and the upper half exchanges heat by convection
and radiation. The heat transfer coefficient is /2, ambient temperature
T,, surroundings temperature 7, and surface emissivity is &.

Neglecting axial conduction and using a simplified radiation model,
write the steady state heat equations and boundary conditions.
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ONE-DIMENSIONAL STEADY STATE

CONDUCTION

One-dimensional conduction, with its simple mathematical level, is used in
this chapter to present the essential steps in the analysis of conduction heat
transfer problems. The objective is to learn to model problems, set up the
applicable governing equations and boundary conditions and construct
solutions. The simplicity of the mathematical treatment of one-dimensional
conduction enables us to explore a variety of practical applications.

2.1 Examples of One-dimensional Conduction

Example 2.1: Plate with Energy Generation and Variable Conductivity

Consider a plate with internal energy generation q" and a variable

thermal conductivity k given by
k=k,(1-yT),

where k, and y are constant and T is
temperature.  Both  surfaces in Fig. 2.1 are
maintained at 0 °C. Determine the temperature
distribution in the plate.

(1) Observations. (i) Thermal conductivity is
variable. (ii)) Temperature distribution is
symmetrical about the center plane. (iii) The
geometry can be described by a rectangular
coordinate system. (iv) The temperature is
specified at both surfaces.

0°C—>

n

< 0°C

< [, —>

Fig. 2.1
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(2) Origin and Coordinates. A rectangular coordinate system is used with
the origin at one of the two surfaces. The coordinate x is oriented as shown
in Fig. 2.1.

(3) Formulation.

(i) Assumptions. (1) One-dimensional, (2) steady state, (3) stationary
and (4) uniform energy generation.

(ii) Governing Equations. Introducing the above assumptions into eq.
(1.7) gives
d . dT
—(k=—)+¢"=0, 2.1)
dx = dx

where

k = thermal conductivity

q" = rate of energy generation per unit volume
T = temperature

x = independent variable

The thermal conductivity k varies with temperature according to
k=k,(1=yT), (a)
where k, and y are constant. Substituting (a) into eq.(2.1) gives

d dT qm
—[a-yn=—]+Z1-=o0. b
dx[( DI+ (b)

o

(iii) Boundary Conditions. Since (b) is second order with a single
independent variable x, two boundary conditions are needed. The
temperature is specified at both boundaries, x =0 and x = L. Thus

r(0)=0, (©)

and
T(L)=0. (d)

(4) Solution. Integrating (b) twice
T—%Tz =—2‘17x2+clx+cz, ©)

o
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where C; and C, are constants of integration. Application of boundary
conditions (c¢) and (d) gives C; and C,

qWL
C,=—, (C,=0.
TS 2 ®
Substituting (f) into (e)
2 (IIL X
r*-~r+4 (1——) 0. ()
yo vk,
Recognizing that (g) is a quadratic equation, its solution is
T=l+\/%-q -2, ()
ry \r~ 7k

To satisfy boundary conditions (c) and (d), the minus sign in (h) must be
considered. The solution becomes

1 1 ”’L

/4 vk,

(5) Checking. Dimensional check: Assigning units to the quantities in (i)
shows that each term has units of temperature.

Boundary conditions check: Setting x = 0 or x = L in (i) gives T = 0.
Thus, boundary conditions (c) and (d) are satisfied.

Limiting check: For the special case of ¢" =0, the temperature distribution
should be uniform given by 7= 0. Setting ¢" =0 in (i) gives

Symmetry check: Symmetry requires that the temperature gradient be zero
at the center, x = L/2. Differentiating (i) with respect to x

1
dr 1| 1 _q"Lx  xy|2q"Ly2x -
- {2 r U L)} COGD- o

dx 20y
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L
Setting x = —in (j) gives — = 0.
g 5 0eg e

Quantitative check: Conservation of energy and symmetry require that half
the total energy generated in the plate leaves in the negative x-direction at
x =0 and half in the positive x-direction at x = L. That is, for a wall of
surface area 4 the heat transfer rate g is

qWAL

q(0)= R (k)
and
”IAL
g(1)=1 — (1)

The heat transfer rate at x =0 and x =L is determined by applying
Fourier’s law

dT(O)

q(0) = —Ak,[1-y T(0)]—— (m)

and

a(L) = Ak, 11—y T(L)) L) (L)

(n)
Evaluating the gradient (j) at x = 0, noting that 7°(0) =0 and substituting
into (m) gives the same result as (k). Similarly, results in (n) agree with (1).

(6) Comments. The solution to the special case of constant thermal
conductivity corresponds to ¥ =0. Since y can not be set equal to zero in
(1), the solution to this case must be obtained from (g) by first multiplying
through by 7 and then setting y = 0.

Example 2.2: Radial Conduction in a Composite Cylinder with
Interface Friction

A shaft of radius R, rotates inside a sleeve of inner radius R, and outer
radius R,. Frictional heat is generated at the interface at a flux q;. The
outside surface of the sleeve is cooled by convection with an ambient fluid
at T,. The heat transfer coefficient is h. Consider one-dimensional steady
state conduction in the radial direction, determine the temperature
distribution in the shaft and sleeve.
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(1) Observations. (i) The shaft and sleeve nT
form a composite cylindrical wall. (ii) The
geometry can be described by a cylindrical
coordinate system. (iii) Heat conduction is 0
assumed to be in the radial direction only.
(iv) Steady state requires that all energy
generated at the interface be conducted
through the sleeve. Thus, no heat is
conducted through the shaft. It follows that /
the shaft must be at a uniform temperature. q; sleeve
(v) The heat flux is specified at the inner Fig. 2.2
radius of the sleeve and convection takes

place at the outer radius.

(2) Origin and Coordinates. A cylindrical coordinate system is used with
the origin at the center of the shaft as shown in Fig. 2.2.

(3) Formulation.

(i) Assumptions. (1) One-dimensional radial conduction, (2) steady
state, (3) constant thermal conductivities, (4) no energy generation, (5)
uniform frictional energy flux at the interface and (6) stationary material
(no motion in the radial direction).

(ii) Governing Equations. Physical consideration requires that the
shaft temperature be uniform. Thus, although this is a composite domain
problem, only one equation is needed to determine the temperature
distribution. Introducing the above assumptions into eq.(1.11) gives

= (=) =0, (2.2)
where
r = radial coordinate

T, = temperature distribution in the sleeve

(iii) Boundary Conditions. Equation (2.2) is second order with a
single independent variable. Thus two boundary conditions are needed.
Since all frictional energy is conducted through the sleeve, it follows that
the heat flux added to the sleeve is specified at the inside radius Rj.
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Conservation of energy at the interface and Fourier’s law of conduction
give

" dT,(R;)
g7 =~k — ==, (a)
dr
where
k,= thermal conductivity of the sleeve
q; = interface frictional heat flux
Convection at the outer surface gives the second boundary condition
dT(R
e SR iRy, ®)
r

(4) Solution. Equation (2.2) is solved by integrating it twice with respect
to 7 to obtain

where C; and C, are constants of integration. Application of boundary
conditions (a) and (b) gives C, and C,

"R
c =2 (d)
kl
and
qi Ry k,
C, =T, + InR +——). e
2 © kl ( 0 hRO) ()

Substituting (d) and (e) into (c) and rearranging gives the dimensionless
temperature distribution in the sleeve

LT Rk o
q; R,/ k, r hR

o
The dimensionless ratio, AR, /k,, appearing in the solution is called the
Biot number. 1t is associated with convection boundary conditions.

The temperature of the shaft, 7,, is obtained from the interface boundary
condition

hL(r)=T,(Ry) = Ti(Ry) . (2)
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Evaluating (f) at » = R, and substituting into (g) gives the dimensionless
shaft temperature
T 2 (I" ) -T 0 _ Ro kl

. =In—2%+—. (h)
gl R, 1k, R, R

A o

(5) Checking. Dimensional check: Each term in solution (f) is
dimensionless

Boundary conditions check: Substituting (f) into boundary conditions (a)
and (b) shows that they are satisfied.

Limiting check: If frictional heat vanishes, both shaft and sleeve will be at
the ambient temperature. Substituting ¢; = 0 into (f) and (h) gives
L(r)=T,()=T,.

(6) Comments. (i) Shaft conductivity plays no role in the solution. (ii) The
solution is characterized by two dimensionless parameters: the Biot
number AR, / k, and the geometric ratio R, /R,. (iii) This problem can
also be treated formally as a composite cylindrical wall. This requires
writing two heat equations and four boundary conditions. The heat equation
for the sleeve is given by eq. (2.2). A second similar equation applies to the
shaft

d .4y _ :
dr(r dr)_o. ®

Boundary condition (b) is still applicable. The remaining three conditions
are: Symmetry of temperature at the center

dr,(0)
dr

Conservation of energy and equality of temperature at the interface give
two conditions

0. )

dTZ(RS) + q(!:_kl

dT(Ry)
dr ! ’

-k
2 dr

(k)

and

T (Ry) =T)(Ry) . )
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where k, is the thermal conductivity of the shaft. This approach yields the
solutions to the temperature distribution in the sleeve and shaft obtained
above.

Example 2.3: Composite Wall with Energy Generation

A plate of thickness L, and conductivity ky generates heat at a volumetric
rate of q". The plate is sandwiched between two plates of conductivity k,
and thickness L, each. The exposed surfaces of the two plates are
maintained at constant temperature T,. Determine the temperature
distribution in the three plates.

(1) Observations. (i) The three
plates form a composite wall. (ii)

The geometry can be described by f
a rectangular coordinate system. >,,, --------
(iii)) Due to symmetry, no heat is
conducted through the center ®_
plane of the heat generating plate. T,
(iv) Heat conduction is assumed to
be in the direction normal to the three plates. (v) Steady state and symmetry
require that the total energy generated be conducted equally through each
of the outer plates.

(2) Origin and Coordinates. To take advantage of symmetry, the origin
is selected at the center of the heat generating plate. The composite wall is
shown in Fig. 2.3.

(3) Formulation.

(i) Assumptions. (1) One-dimensional, (2) steady state, (3) constant
thermal conductivities and (4) perfect interface contact.

(ii) Governing Equations.

Since temperature is symmetrical X, T

about the origin, only half the P
composite system is considered f I (x) ky /7 i
(see Fig. 2.4). Thus two heat [ Ti(x) 4" |o k| [L/2
equations are required. Let SIS LSS LSS
subscripts 1 and 2 refer to the Fig.2.4

center plate and outer plate,
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respectively. Based on the above assumptions, eq.(1.8) gives

dZTI + q—m =0,
dX2 k]
and
d’T, _ 0
dx? .
where

k,= thermal conductivity of the heat generating plate
q" = rate of energy generation per unit volume

T = temperature

x = coordinate

(a)

(b)

(iii) Boundary Conditions. Since equations (a) and (b) are second
order with a single independent variable x, four boundary conditions are

needed. They are:

Symmetry of temperature at the center
dr1,(0)
Cdx

0.

Conservation of energy and equality of temperature at the interface

dT (L, /2) s dT,(L,/2)
1 - 2 5
dx dx

k

and
(L /12)=T,(L,/2),

where

L, = thickness of the center plate
L, = thickness of the outer plate

Specified temperature at the outer surface
T,(L,/2+L,)=T,.

(4) Solution. Integrating (a) twice gives
Tl(x):—q—)c2 +Ax+B.
Integration of (b) gives

(©)

(d)

(e)

()

(2



2.1 Examples of One-dimensional Conduction 33

T,(x)=Cx+D, (h)

where 4, B, C and D are constants of integration. Application of the four
boundary conditions gives the constants of integration. Solutions (g) and
(h), expressed in dimensionless form, become

L-1, :l+lkli_lﬁ (i)

q"* 1k, 8 2kL, 21
and

LT, 1k 1kl 1hx 0
q"I2 'k, 4k, 2k, L, 2k L

(5) Checking. Dimensional check: Each term in solutions (i) and (j) is
dimensionless.

Boundary conditions check: Substitution of solutions (i) and (j) into (c), (d),
(e) and (f) shows that they satisfy the four boundary conditions.

Quantitative check: Conservation of energy and symmetry require that half
the energy generated in the center plate must leave at the interface
x=1L/2
L dT,(L, /2
_lqm:_kl 1( 1 ) )

k
2 dx ®

Substituting (i) into (k) shows that this condition is satisfied. Similarly, half
the heat generated in the center plate must be conducted through the outer
plate

L ., dT,(L,/2+L,)
_q = _k2 .
2 dx

Substituting (j) into (1) shows that this condition is also satisfied.

M

Limiting check: (i) If energy generation vanishes, the composite wall
should be at a uniform temperature 7. Setting ¢” =0 in (i) and (j) gives
L(x)=T,(x)=T,.

(i1) If the thickness of the center plate vanishes, no heat will be generated
and consequently the outer plate will be at uniform temperature 7.
Setting L, =0 ineq. (j) gives T,(x) =T,.
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(6) Comments. (i) The solution is characterized by two dimensionless
parameters: a geometric parameter L, /L, and a conductivity parameter
k,/k,. (ii) An alternate approach to solving this problem is to consider
the outer plate first and note that the heat flux at the interface is equal to
half the energy generated in the center plate. Thus the outer plate has two
known boundary conditions: a specified flux at x = L, /2 and a specified
temperature at x=(L,/2)+ L,. The solution gives the temperature
distribution in the outer plate. Equality of temperatures at the interface
gives the temperature of the center plate at x = L, /2. Thus the center plate
has two known boundary conditions: an insulated condition at x =0 and a
specified temperature at x = L, / 2.

2.2 Extended Surfaces: Fins

2.2.1 The Function of Fins

We begin with Newton's law of cooling for surface heat transfer by
convection

q, =hA (T, -T,). (2.3)

Eq. (2.3) provides an insight as to the options available for increasing
surface heat transfer rate g;. One option is to increase the heat transfer
coefficient /4 by changing the fluid and/or manipulating its motion. A
second option is to lower the ambient temperature 7,,. A third option is to
increase surface area A,. This option is exercised in many engineering
applications in which the heat transfer surface is "extended" by adding fins.
Inspect the back side of your refrigerator where the condenser is usually
placed and note the many thin rods attached to the condenser’s tube. The
rods are added to increase the rate of heat transfer from the tube to the
surrounding air and thus avoid using a fan. Other examples include the
honeycomb surface of a car radiator, the corrugated surface of a motorcycle
engine, and the disks attached to a baseboard radiator.

2.2.2 Types of Fins

Various geometries and configurations are used to construct fins. Examples
are shown in Fig. 2.5. Each fin is shown attached to a wall or surface. The
end of the fin which is in contact with the surface is called the base while
the free end is called the #ip. The term straight is used to indicate that the
base extends along the wall in a straight fashion as shown in (a) and (b). If
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the cross-sectional area of the fin changes as one moves from the base
towards the tip, the fin is characterized as having a variable cross-sectional
area. Examples are the fins shown in (b), (¢) and (d). A spine or a pin fin
is distinguished by a circular cross section as in (c). A variation of the pin
fin is a bar with a square or other cross-sectional geometry. An annular or
cylindrical fin is a disk which is mounted on a tube as shown in (d). Such
a disk can be either of uniform or variable thickness.

C—7

(a) constant area (b) variable area fin
straight fin straight fin
(¢) pin fin (d) annular fin
Fig. 2.5

2.2.3 Heat Transfer and Temperature Distribution in Fins

In the pin fin shown in Fig. 2.6,
heat is removed from the wall at
the base and is carried through
the fin by conduction in both the |
axial and radial directions. At ©
the fin surface, heat is
exchanged with the surrounding
fluid by convection. Thus the
direction of heat flow is two-

dimensional. Examining the
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temperature profile at any axial location x we note that temperature
variation in the lateral or radial direction is barely noticeable near the
center of the fin. However, it becomes more pronounced near its surface.
This profile changes as one proceeds towards the tip. Thus temperature
distribution is also two-dimensional.

2.2.4 The Fin Approximation

An important simplification made in the analysis of fins is based on the
assumption that temperature variation in the lateral direction is negligible.
That is, the temperature at any cross section is uniform. This assumption
vastly simplifies the mathematical treatment of fins since it not only
transforms the governing equation for steady state from partial to ordinary,
but also makes it possible to analytically treat fins having irregular cross-
sectional areas. The question is, under what conditions can this
approximation be made? Let us try to develop a criterion for justifying this
assumption. First, the higher the thermal conductivity is the more uniform
the temperature will be at a given cross section. Second, a low heat
transfer coefficient tends to act as an insulation layer and thus forcing a
more uniform temperature in the interior of the cross section. Third, the
smaller the half thickness O is the smaller the temperature drop will be
through the cross section. Assembling these three factors together gives a
dimensionless ratio, £0/k , which is called the Biot number. Therefore,
based on the above reasoning, the criterion for assuming uniform
temperature at a given cross section is a Biot number which is small
compared to unity. That is

Biot number = Bi = % << 1. (2.4)

Comparisons between exact and approximate solutions have shown that
this simplification is justified when the Biot number is less than 0.1. Note
that O / k represents the internal conduction resistance and 1/h is the
external convection resistance. Rewriting the Biot number in eq.(2.4) as
Bi = (0/k)/(1/h) shows that it represents the ratio of the internal and
external resistances.
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2.2.5 The Fin Heat Equation: Convection at Surface

To determine the rate of heat transfer from fins it is first necessary to obtain
the temperature distribution. As with other conduction problems,
temperature distribution is determined by solving an appropriate heat
equation based on the principle of conservation of energy. Since
conduction in fins is two-dimensional which is modeled mathematically as
one-dimensional, it is necessary to formulate the principle of conservation
of energy specifically for fins.

y
T Vs dx h’TOO
0 I qm
(a)

Fig. 2.7

We consider a general case of a variable area fin with volumetric energy
generation ¢" under transient conditions. The fin exchanges heat with an
ambient fluid by convection. The heat transfer coefficient is /4 and the
ambient temperature is 7. We select an origin at the base and a
coordinate axis x as shown in Fig.2.7. We limit the analysis to stationary
material and assume that the Biot number is small compared to unity and
thus invoke the fin approximation that the temperature does not vary within
a cross section. Since the temperature depends on a single spatial variable
x, our starting point should be the selection of an appropriate element. We
select a fin slice at location x of infinitesimal thickness dx which
encompasses the entire cross section. This element is enlarged in
Fig.2.7b. Conservation of energy for the element requires that

Ein+Eg'Eout :E’ (a)
where

E =rate of energy change within the element
E in

E g = rate of energy generation per unit volume

= rate of energy added to the element
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E,,, = rate of energy removed from the element

Energy enters the element by conduction at a rate ¢, and leaves at a rate
q,+(dq, /dx)dx. Energy also leaves by convection at a rate dg,. Note
that this rate is infinitesimal because the surface area of the element is
infinitesimal. Neglecting radiation, we write

Ey=q,, (b)
and
. 0
Eout: qx + aq; dx+dqc 4 (C)
Substituting (b) and (c) into (a)
. 0q :
E,——*dx—dq,.=E. d
e 4. d

We introduce Fourier's law and Newton’s law to eliminate ¢, and dg_,
respectively. Thus,

oT
-kt O
qx ¢ Bx (e)
and
dqc = h(T - Too )dAs ) (f)

where A. = A.(x) is the cross-sectional area through which heat is
conducted. We should keep in mind that this area may change with x and
that it is normal to x. The infinitesimal area dA, is the surface area of the
element where heat is exchanged by convection with the ambient. The
volumetric energy generation is given by

E, =q"4.(x)dx. (2)
The rate of energy change within the element is given by (see Section 1.4)

E:pcpAc(x)%dx. (h)

Substituting (e)-(h) into (d)
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0
— (k4. (x) Z—T) dx — h(T ~T,,)dAs +q"4,(x)dx = pc , 4 (x) dx (2.52)
X X

or, for constant k

2 "
0 T 1 dA. 8T h (T-T,) dA, L4 i@_T, (2.5b)
Ox2 A (x) dx 6x kAC(x) dx k «a ot

where ¢ is thermal diffusivity. The quantities A,.(x), d4,/dx,and

dA, / dx are determined from the geometry of the fin. Equation (2.5b) is
based on the following assumptions: (1) stationary material, (2) constant £,
(3) no surface radiation and (4) Bi << 1.

dx

Given the geometry of a fin, the coefficient d4, / dx in eq. (2.5b) can be
easily determined. Referring to Fig. 2.7b, the surface area of the element,
dA, is given by

d4, =C(x)ds, (a)

where C(x) is the circumference of the element in contact with the
ambient fluid and ds is the slanted length of the element, shown in Fig. 2.7b
and (c). Equation (a) assumes that ds is constant along C(x). For a right
angle triangle

ds =[dx* +dy,*1"?, (b)

where y is the coordinate normal to x which describes the fin profile.
Substituting (b) into (a) and rearranging gives

dA d 1/2
= C(x){l+(%)2} , (2.6a)

In most applications, the slope dy,/dx is small compared to unity and
may be neglected. Equation (2.6a) simplifies to

da; _ C(x). (2.6b)
dx
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2.2.7 Boundary Conditions

Fin equation (2.5) is second order and therefore it requires two boundary
conditions which must be described mathematically at known values of the
independent variable x. In the majority of cases, one condition is specified
at the base and the other at the tip. Typical conditions may be among those
described in Section 1.6.3. Note that convection along the fin surface is
accounted for in the differential equation itself and is not a boundary
condition.

2.2.8 Determination of Fin Heat Transfer Rate ¢q !

Once a solution is obtained for the
temperature distribution in a fin, the
heat transfer rate can be easily
determined. For steady state, no
energy generation and no radiation,
conservation of energy requires that
energy added by conduction at the
base be equal to the energy removed
at the surface. Referring to Fig. 2.8

q;=40)=gq,, (a)
where
q p = fin heat transfer rate
q(0) = heat conducted at base

q ;= heat convected at surface

Therefore, g , can be determined by one of the following two methods:

(1) Conduction at the fin base. Applying Fourier's law at x = 0 gives ¢(0)
oT(0)

Cox
(2) Convection at the fin surface. Newton's law is applied at the fin surface
to determine the total heat transfer by convection to the ambient fluid.

However, since surface temperature varies along the length of the fin, it is
necessary to carry out an integration procedure. Thus,

gy =q(0)=—kA4.(0) 2.7)
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a=q; = j HT(x)~T, dd, . 2.8)

S

The use of eq.(2.7) is recommended since it is easier to apply than
eq.(2.8). However, care should be exercised in using these equations in
certain applications. (i) If a fin is attached at both ends, eq.(2.7) must be
modified accordingly. (ii) If a fin exchanges heat by convection at the tip,
the integral in eq.(2.8) must include this component of heat loss or gain.
(i) If a fin exchanges heat with the surroundings by convection and
radiation, eq.(2.7) is still applicable if the solution 7'(x) takes into
account radiation. However, eq.(2.8) must be modified to include heat
exchange by radiation.

2.2.9 Steady State Applications: Constant Area Fins with Surface

Convection

Mathematically, the simplest fin
. h,T, C

problems are those with constant
cross-sectional area A4,. Note that O——>X /
the area need not be circular. It can G hT, A
be triangular, rectangular, square or °
any irregular shape as long as it Fig. 2.9

does not vary along its length. An
example of such a fin is shown in Fig. 2.9.

A. Governing Equation. The heat equation for this class of fins for
constant conductivity is given by eq.(2.5b). Since the area A, is constant
it follows that

dA./dx=0. (a)

Furthermore, surface coordinate y, is constant, that is dy,/dx=0,
eq.(2.6a) gives
dAg /dx = C, (b)

where the circumference C is constant. Substituting (a) and (b) into
€q.(2.5b) and noting that for steady state 07 / 0t = 0, gives

d’T hC
dx2 _E(T_Too)zo' (29)
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Equation (2.9) is written in an alternate form by introducing the following
definitions of &and m

0=T-T,, (c)
and
wi= 1 (d)
kA,
Assuming that 7, is constant, substituting (c) and (d) into (2.9), gives
2
20 _we-0. (2.10)
dx

Eq. (2.10) is valid under the following conditions: (1) steady state, (2) no
energy generation, (3) constant &, (4) no radiation, (5) Bi << 1, (6) constant
fin area, (7) stationary fin and (8) constant ambient temperature 7.

B. Solution. The simplest solution to eq. (2.10) is obtained if we further
assume that the heat transfer coefficient /4 is constant. This is a reasonable
approximation which is usually made. Thus m is constant and eq.(2.10)
becomes a second order differential equation with constant coefficients
whose solution is (Appendix A)

0(x) = Ayexp(mx) + A, exp(—mx), (2.11a)
or
0(x) = Bysinhmx + B, coshmx. (2.11b)

where 4y, A,, B; and B, are constants of integration. These constants
depend on the location of the origin, direction of coordinate axis x and on
the boundary conditions.

C. Special Case (i): Finite length fin with specified temperature at the
base and convection at the tip. Fig.(2.10) shows a constant area fin of
length L. At the tip the fin exchanges heat with the ambient fluid through a
heat transfer coefficient 2, which is different from that along the surface.
The two boundary conditions for this

case are h,T,
T0)=T,, (e) EJ—*X L 1 @
and T h,T. A

kD -1, ® Fig. 2.10
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Expressing these boundary conditions in terms of &, we obtain

0(0)=6,, (@
and
do(L
— L =h,0(L). (h)
dx

These two boundary conditions give the constants B; and B,. Equation
(2.11b) becomes

O(x) T(x)-T, coshm(L-x)+(h,/mk)sinh m(L-x)
0 T -T, cosh mL + (h,/mk)sinh mL '

o

(2.12)

Using this solution for the temperature distribution, eq.(2.7) gives the fin
heat transfer rate
—T.,)[sinhmL + (h,/mk)cosh mL]

ay =thck4, 1> .
cosh mL + (h/mk) sinh mL

(2.13)

D. Special Case (ii): Finite length fin with specified temperature at the
base and insulated tip. This is the same as the previous case except that
there is no convection at the tip (insulated). Therefore, boundary condition
(h) is replaced by

do(L) _

0. i
e (@)

Note that this boundary condition is a special case of the more general
condition where heat is exchanged by convection as described by (h). If we
set iy =0 in (h), we obtain the condition for an insulated surface
represented by (i).

To proceed formally we can apply eq.(2.11b) to boundary conditions (g)
and (i) and solve for the constants B; and B,. However, a much simpler
approach is to set 4, =0 in eq.(2.12) and obtain the solution to the
insulated boundary. The result is

O(x) T(x)-T, coshm(L-x)
0 T, -T, coshmL

o

(2.14)

Similarly, setting /2, =0 in eq.(2.13) gives g,
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qs= [hCkA.]"*(T,-T,)tanh mL . (2.15)

It is worth reviewing the conditions leading to this simple fin solution. The
assumptions are: (1) steady state, (2) constant k, (3) no energy generation,
(4) no radiation, (5) Bi << 1, (6) constant fin area, (7) stationary fin, (8)
constant ambient temperature 7, , (9) constant 4, (10) specified base
temperature and (11) insulated tip.

2.2.10 Corrected Length L.

Fins with insulated tips have simpler temperature and heat transfer
solutions than fins with convection at the tip. This is evident when we
compare eq.(2.12) with eq.(2.14) and eq.(2.13) with eq.(2.15). It is
therefore desirable to use the simpler solutions if the error is negligible.
Because tip area is small compared with fin surface area, and because the
temperature difference (7'—17,) is lowest at the tip, heat transfer by
convection from the tip is small compared to heat transfer from the surface
of the fin. Therefore little error is introduced by assuming that the tip is
insulated. In practice this assumption is often made. Nevertheless, to
compensate for ignoring heat loss from the tip by using the insulated
model, the fin length is increased by a small increment AL.. Thus, the
corrected length L is

L.=L+A4L,. (2.16)

The correction increment AL, depends on the geometry of the fin. It is
determined by requiring that the increase in surface area due to AL, is
equal to the tip area. Thus for a circular fin of radius 7,

v} =2mr, AL, .
Therefore
AL, =r,/2.

Similarly, for a square bar of side ¢
AL, =t/4.
2.2.11 Fin Efficiency nf

Fin efficiency ’ is defined as the ratio of heat transfer from the fin to the
maximum heat that can be transferred from the fin, ¢,,,.. That is
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Nyp=——. (2.17)
max

The maximum heat, ¢,,,., is an ideal state in which the entire surface of
the fin is at a uniform temperature equal to the base temperature. Thus

ZhAs(To _Too)ﬂ

qmax

where 4, is the total surface area of the fin. Introducing the above into
eq.(2.17)
s

:—hAS (TO 7) . (2.18)

n,

2.2.12 Moving Fins

There are applications where a material exchanges heat with the
surroundings while moving through a furnace or a channel. Examples
include the extrusion of plastics, drawing of wires and sheets and the flow
of liquids. Such problems can be modeled as moving fins as long as the
criterion for fin approximation is satisfied. Fig.2.11a shows a sheet being
drawn with velocity U through rollers. The sheet exchanges heat with the
surroundings by radiation. It also exchanges heat with an ambient fluid by
convection. Thus its temperature varies with distance from the rollers.

///’G’T_\ er dqc

\ /

. (~ dh
hT mh m(h+—dx)
> dc dx
d
| o q, > >4, +%dx
( j dx

(a) (b)
Fig. 2.11

Formulation of the heat equation for moving fins must take into
consideration energy transport due to material motion. Consider a constant
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area fin moving with constant velocity U. For steady state, conservation of
energy for the element dx of Fig.2.11b gives

A

dq

.~ .~ dh

q, +mh=q,+ dx+mh+md—dx+dqc+dqr, (a)
x

where 4 is enthalpy per unit mass, 77 is mass flow rate and ¢,, ¢, and

q, are heat transfer rates by conduction, convection and radiation,

respectively. Mass flow rate is given by

= pUA, (b)

where A, is the cross-sectional area and p is density. For constant pressure
process the change in enthalpy is

dh=c,dT (©)

where ¢, is specific heat. Using Fourier’s and Newton’s laws, we obtain

dar
gy =—kA.—, (d)
dx

and

dCIc = h(T_Too)dAs9 (e)

where dA, is the surface area of the element and 7, is the ambient
temperature. Surface area is expressed in terms of fin circumference C as

dA, =Cdx. (f)

Considering a simplified radiation model of a gray body, which is
completely enclosed by a much larger surface, radiation heat transfer is
given by

dquSU(T4—T4 )dAs’ (g)

sur

where & is emissivity, o is Stefan-Boltzmann constant and T, is
surroundings temperature. Substituting (b)-(g) into (a) and assuming

constant &

2 c, U
d°T pcpYdl hC(T—TOO)—gGC
dx? k dx kA kA

(T* -T4,)=0. (2.19)

C C
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The assumptions leading to eq.(2.19) are: (1) steady state, (2) no energy
generation, (3) constant &, (4) constant velocity, (5) constant pressure, (6)
gray body, (7) small surface completely enclosed by a much larger surface
and (8) Bi <<'1.

2.2.13 Application of Moving Fins

Example 2.4: Moving Fin with Surface Convection

A thin plastic sheet of thickness t and width W is heated in a furnace to
temperature T, . The sheet moves on a conveyor belt traveling with velocity
U. It is cooled by convection
outside the furnace by an
ambient fluid at T,,. The heat
transfer  coefficient is  h.
Assume steady state, Bi<0.1,
negligible radiation and no
heat transfer from the sheet to
the conveyor belt. Determine Fig. 2.12
the temperature distribution

in the sheet.

(1) Observations. (i) This is a constant area moving fin problem.
Temperature distribution can be assumed one-dimensional. (ii) Heat is
exchanged with the surroundings by convection. (iii) The temperature is
specified at the outlet of the furnace. (iv) The fin is semi-infinite.

(2) Origin and Coordinates. A rectangular coordinate system is used with
the origin at the exit of furnace, as shown in Fig. 2.12.

(3) Formulation.

(i) Assumptions. (1) One-dimensional, (2) steady state, (3) constant
pressure, (4) constant , (5) constant conveyor speed, (6) constant 4, (7) no
radiation and (8) Bi <<1.

(ii) Governing Equation. Introducing assumption (7) into eq.(2.19)

cp U
d’ dT_pPep2dl _hC 1y, (2.20)

dx 2 k dx kA

The cross-sectional area and circumference are given by
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A, =Wt, (a)
and
C=W+2t. (b)
Substituting (a) and (b) into eq.(2.20)
2
d—f+2bd—T+m2T=c, ()
dx dx

where the constants b, ¢ and m? are defined as

c U
po POV A2 e
2k kWt kwt

(iii) Boundary Conditions. Since equation (c) is second order with a

single independent variable x, two boundary conditions are needed. The
temperature is specified at x =0. Thus

) =T,. (e)

Far away from the furnace the temperature is 7,,. Thus, the second
boundary condition is

T'(00) = finite. ()

(4) Solution. Equation (c) is a linear, second order differential equation
with constant coefficients.  Its solution is presented in Appendix A.
Noting that b* > m?, the solution is given by equation (A-6c¢)

T =C, exp(—=bx + Vb: —m? x)+ C, exp(—bx —vb? —m? x) +%,(2.21)
m

where C; and C, are constants of integration. Since m?* < 0, equation (f)
requires that
C, =0. (8
Equation (e) gives C,
c
C,=T,——. (h)
m
Substituting (d), (g) and (h) into (2.21) gives the temperature distribution in
the sheet
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exp (2.22)

T(x)-T, | PHY (pch) h(W+2t)
T, T, 2k

(5) Checking. Dimensional check: Each term of the exponent in eq.(2.22)
must be dimensionless:

p(kg/m*)c, (J/kg—° C)U (m/s)x(m)
k(W/m-°C)

= dimensionless

and
h(W/m?*=°C)(W +2t)(m) - x(m) = dimensionless
k(W/m=°"C)W (m)t(m)

Boundary conditions check: Substitution of eq.(2.22) into (e) and (f)
shows that the two boundary conditions are satisfied.

Limiting checks: (i) If h = 0, no energy can be removed from the sheet after
leaving the furnace and therefore its temperature must remain constant.
Setting 4 = 0 in eq.(2.22) gives T(x)=T,. (ii) If the velocity U is
infinite, the time it takes the fin to reach a distance x vanishes and therefore
the energy removed also vanishes. Thus at U = oo the temperature remains
constant. Setting U =0 in eq.(2.22) gives T (x)=T,.

(6) Comments. (i) The temperature decays exponentially with distance x.
(ii)) Sheet motion has the effect of slowing down the decay. In the
limit, U = o0, no decay takes place and the temperature remains constant.

2.2.14 Variable Area Fins

An example of a variable area fin is the cylindrical or annular fin shown in
Fig.2.5d and Fig. 2.13. The conduction area in this fin increases as r is
increased. In applications where weight is a factor, tapering a fin reduces
its weight.

Mathematically, fins with variable cross-sectional areas are usually
governed by differential equations having variable coefficients. In this
section we will present the derivation of the fin equation for two specific
variable area fins. Solutions to certain ordinary differential equations with
variable coefficients will be outlined in Sections 2.3 and 2.4.
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Case (i): The annular fin. We wish to formulate the governing equation
for temperature distribution for the fin shown in Fig. 2.13. For a constant
thermal conductivity fin the starting point is eq.(2.5b). Since we are
dealing with a cylindrical geometry, the independent variable x in
eq.(2.5b) is replaced by the radial coordinate ». Assuming no energy
generation, eq.(2.5b) becomes

2
d T+ 1 dAcd_T_ h (T—Too)dAS
dr? A.(r) dr dr kA.(r) dr

=0. (2.23)

Heat is conducted in the radial direction and convected from the upper and
lower surfaces of the fin. The heat
transfer coefficient is /4 and the
ambient temperature is 71,. To
determine A_.(r) we select a circular
element (ring) of radius 7, thickness

dr and height . The area through

which heat is conducted is normal to (D
r, given by n T /\i
A (r)=2xrt. @ ] =
T U
Differentiating (a) By fo dr
dA Fig. 2.1
. (b) ig. 2.13
dr
The term dA/dr is given by eq.(2.6a)
1/2
dA dy \2
s oo 1+(22) |, (2.68)
dr dr

where y, is the coordinate describing the surface. For a disk of uniform
thickness, y is constant and dy /dr = 0. The circumference C(7) of the
element which is in contact with the fluid is given by

C(r)=2Q2nr). (©

Thus

d:;s =2Q2xr). (d)
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The factor 2 in (c) is introduced to account for heat convected along the top
and bottom surfaces. If the disk is insulated along one surface, this factor
will be unity. Substituting (a), (b) and (d) into eq.(2.23) and rearranging,
we obtain

2
d T+l£—(2h/kt)(T—Tw):0. (2.24)
dr’> rdr

The coefficient of the second term, l/r, is what makes eq. (2.24) a
differential equation with variable coefficients.

Case (ii): The straight triangular fin. This fin is shown in Fig. 2.14. For
convenience, the origin is placed at the tip. The length of the fin is L and
its thickness at the base is 7. The fin extends a distance ¥ in the direction
normal to the paper. The triangular end surfaces are assumed insulated.
The heat transfer coefficient is 4 and the ambient temperature is 7,,. We
select an element dx as shown. The conduction area is

Ac :2Wys(x)a (e)

where y (x) is half the ’ L
element height given by hT, ’ H/J‘T' T

ye=@Da. @ " S S Y
Therefore A, becomes Fig. 2.14 ’

A =Wt/D)x, (g
It follows that
The geometric factor dA,/d x is given by eq. (2.6a)
“:: = 2W[1+(dy, /dx)*1"? = 2W[1+(¢/2L0)*]"2. (i)

Substituting (g), (h) and (i) into eq. (2.5b), we obtain
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2
AT AT onsikn[a+ @201 L@ -1,)=0. @25)
d? X dx x

Note that the second and third terms in eq. (2.25) have variable
coefficients.

2.3 Bessel Differential Equations and Bessel Functions
2.3.1 General Form of Bessel Equations

A class of linear ordinary differential equations with variable coefficients is
known as Bessel differential equations. Such equations are encountered in
certain variable area fins and in multi-dimensional conduction problems.
Equations (2.24) and (2.25) are typical examples. A general form of Bessel
differential equations is given by [1]

2
x2 d—2y+ [(1—2A)x—2Bx2 v,
dx dx (2.26)

[czszzc +B%x? —B(1-2A)x+ 4> - C*n*|y=0.

Examining this equation we note the following:

(1) It is a linear, second order ordinary differential equation with variable
coefficients. That is, the coefficients of the dependent variable y and
its first and second derivatives are functions of the independent
variable x.

(2) A, B, C, D, and n are constants. Their values vary depending on the
equation under consideration. Thus, eq. (2.26) represents a class of
many Bessel differential equations.

(3) n s called the order of the differential equation.

(4) D can be real or imaginary.
2.3.2 Solutions: Bessel Functions

The general solution to eq. (2.26) can be constructed in the form of infinite
power series. Since eq. (2.26) is second order, two linearly independent
solutions are needed. The form of the solution depends on the constants »
and D. There are four possible combinations:
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(1) n is zero or positive integer, D is real. The solution is
y(x)=x"exp(Bx)[C, J,(Dx)+C, Y, (Dx)], (227
where

C,,C, = constants of integration

J, (Dx©) = Bessel function of order n of the first kind
Y, (Dx©) = Bessel function of order n of the second kind
Note the following:

(i) The term (Dxc) is the argument of the Bessel function.
(ii)) Values of Bessel functions are tabulated. See, for example,
Reference [2].

(2) n is neither zero nor a positive integer, D is real. The solution is
y(x) = x* exp(Bx)[C,J,(Dx )+ C, J_,(Dx)]. (2.28)
(3) n is zero or positive integer, D is imaginary. The solution is

y(x) = x" exp(B)[C, 1,(px)+C, K, (px9)],  (229)
where
p=D/i, wherei is imaginary, i = V-1
1,( pxc) = modified Bessel function of order n of the first kind
K,( pxc )= modified Bessel function of order n of the second kind

(4) n is neither zero nor a positive integer, D is imaginary. The solution is
y(x) = x" exp(Bx)[C, 1,(px)+ C, I, (px)].  (2.30)

Example: To illustrate how the above can be applied to obtain solutions to
Bessel differential equations, consider the annular fin of Section 2.2.14.
The heat equation for this fin is

2
4T 14T ok -T,)=0. (2.24)
dr: rdr
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Although this is a second order linear differential equation with variable
coefficients, it may not be a Bessel equation, unless it is a special case of
eg. (2.26). Thus the first step in seeking a solution is to compare eq. (2.24)
with eq. (2.26). Since the comparison is carried out term by term, eq. (2.24)
is multiplied through by 7> so that its first term is identical to that of eq.
(2.26). Next, eq. (2.24) is transformed into a homogeneous equation to
match eq. (2.26). This is done by introducing a new temperature variable
0, defined as

0=T-T,. (a)

Substituting (a) into eq. (2.24) and multiplying through by 7>
d 2
P = 0

2

——ﬂ2 r’0=0, (b)

dr

where % = (2h/kt). Comparing the coefficients of (b) with their
counterparts in eq. (2.26) gives

A=B=0, C=1, D=pi, n=0.
Since n =0 and D is imaginary, the solution is given by eq. (2.29)

0(r)=T(r)~T,, = CLy(Sr)+C, Ko (B7). ©

2.3.3 Forms of Bessel Functions

The Bessel functions J,,Y,,J_,.I,,1_,,K, and K_, are symbols
representing different infinite power series. The series forrn depends on 7.

For example, J, (mx) represents the following infinite power series

(=1)F (max/2) 2+
I (mx) = Z KTk +n+1) @31)

where I' is the Gamma function. More details on Bessel functions are
found in the literature [2-4].

odd integer

2.3.4 Special Closed-form Bessel Functions: n = 5

Bessel functions for n = 1/2 take the following forms:
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X
2
X

Bessel functions of order 3/2, 5/2, 7/2, ...., are determined from egs. (2.32)
and (2.33), and the following recurrence formula

2k —1
Jii12(X) = Tkal/z(x) —Jian(x)  k=1,2,3,... (2.34)

Similarly, modified Bessel functions for n = 1/2 take the following forms:

1,(x)= /% sinhx, (2.35)

Modified Bessel functions of order 3/2, 5/2, 7/2..., are determined from
equations (2.35) and (2.36) and the following recurrence formula

2k -1
L (%)= _le—l/z(x) +1 5,(x)  k=1,2,3,... (2.37)

2.3.5 Special Relations forn=1,2,3,....

J—n (.X) = (_l)an (.X), (2383)
Y,(x)=(=D"Y,(x), (2.38b)
I_,(x)=1,(x), (2.38¢)

K_,(x)=K,(x). (2.38d)
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2.3.6 Derivatives and Integrals of Bessel Functions [2,3]

In the following formulas for derivatives and integrals of Bessel functions
the symbol Z, represents certain Bessel functions of order n. Appendix B

lists additional integral formulas.

mx"Z,_; (mx)
—mx"Z,_,(mx)

%[X"Zn(mx)]—{

" Z, ()

%[x_nZn (mx)]= {

mx"Z,,, ()

mZ,y 1 (m)~" Z,,(m)
X

A

) —mZy 1 ()~ Z,,(m)
X

p 1 Zpy )+ Z, ()

s [Z n (mx)] = ¥

- Z, 1 () +2Z, ()
X

Ix”Zn_l (mx)dx = (1/m)x"Z,, (mx)

Ix_" Z,(mx)ydx =-(1/m)x™"Z, (mx)

Z=J,Y,1
Z=K

J,Y,K
Z=1

Z=JY,1

Z=K

Z=J,Y,K

Z=1

Z=J7Y,1

(2.39)
(2.40)

(2.41)
(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

Z=J,Y,K (248)

2.3.7 Tabulation and Graphical Representation of Selected Bessel

Functions

Tabulated values of Bessel functions are found in the literature [2].
Appendix C lists values of certain common Bessel functions. Subroutines
are available in the IMSL for obtaining numerical values of various Bessel
functions. Values for the limiting arguments of x = 0 and x = oo are given in



2.3 Bessel Differential Equations and Bessel Functions 57

Table 2.1. Graphical representation of selected Bessel functions are shown
in Fig. 2.15.

Table 2.1
X JO(x) Jn(x) IO(x) [n(x) Yn(x) Kn(x)
0 1 0 1 0 - ® o0
0 0 0 0 0 0 0
J (%) Y.(x)
10 N, 101
oJy

I,(x) and 100K
100 { x)

100K,

Fig. 2.15 Graphs of selected Bessel functions
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2.4 Equidimensional (Euler) Equation

Consider the following second order differential equation with variable
coefficients

2
xzdy

d
dx_2+ alxd—i:JraOy:O, (2.49)

where a, and a, are constant. Note the distinct pattern of the coefficients:

x? multiplies the second derivative, x multiplies the first derivative
and x° multiplies the function y. This equation is a special case of a class
of equations known as equidimensional or Euler equation. The more

general form of the equidimensional equation has higher order derivatives

with coefficients following the pattern of eq. (2.49). For example, the first

n

term of eq. (2.47) takes the form x” The solution to eq. (2.49)

dx"
depends on the roots of the following equation

—(ay =D £+/(a; = 1)? - 4a,

o= > (2.50)

There are three possibilities:

(1) If the roots are distinct, the solution takes the form

y(x)=Cx" +C,x"2 . (2.51)

(2) If the roots are imaginary as 71, =d + bi, where i =+/—1, the
solution is

y(x) = x*[C, cos(blog x) + C, sin(blog x)]. (2.52)
(3) If there is only one root, the solution is

y(x)=x"(C, +C,logx). (2.53)
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2.5 Graphically Presented Solutions to Fin Heat Transfer Rate [5]

Solutions to many variable area fins have been obtained and published in
the literature. Of particular interest is the heat transfer rate g, for such
fins. Mathematical solutions are usually expressed in terms of power series
such as Bessel functions. The availability of subroutines in the IMSL
makes it convenient to compute g ,. Solutions to common fin geometries
have been used to construct dimensionless graphs to determine ¢ .
However, instead of presenting ¢q , directly, fin efficiency 77, is plotted.
Once 77, is known, g, can be computed from the definition of 77, in
equation (2.18). Fig. 2.16 gives fin efficiency of three types of straight fins
and Fig. 2.17 gives fin efficiency of annular fins of constant thickness.

1.9
\\ - ; l glg}:gu]ar

N | i
0.8 N
~ 0.6 3 \ % ]
Sl N =] e
wﬁn
-

»,=(/L)1/2)
) 0.4 }—
S‘:? p— s ~\\-.._xx
02 -.—E Lzl L=L, k‘x}_\ﬁ

e parabolic profile, y,=(x/L)(/2)

~

" (1 1 P

%o 1.0 2.9 3.0 44 5.0
2h

L, o

Fig. 2.16 Fin Efficiency of three types of straight fins [5]
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Fig. 2.17 Fin Efficiency of annular fins of constant thickness [5]
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PROBLEMS

2.1 Radiation is used to heat a plate of
thickness L and thermal conductivity .
The radiation has the effect of
volumetric energy generation at a
variable rate given by

qm(x) — q(r)ﬂ e—bx ’

T, L

N
radiation q"(x)
— >
Ob—s x

where ¢, and b are constant and x is the distance along the plate.

The heated surface at x = 0 is maintained at

uniform temperature 7

while the opposite surface is insulated. Determine the temperature of

the insulated surface.

2.2 Repeat Example 2.3 with the outer plates generating energy at a
rate ¢" and no energy is generated in the inner plate.

2.3 A plate of thickness L, and conductivity £,

moves with a velocity U

over a stationary plate of thickness L, and conductivity k,. The

pressure between the two plates is P and
the coefficient of friction is . The surface
of the stationary plate is insulated while
that of the moving plate is maintained at
constant temperature7,. Determine the
steady state temperature distribution in the
two plates.

W’_To
S S S
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2.4

2.5

2.6

2 One-dimensional Steady State Conduction

A very thin electric element is wedged between two plates of
conductivities k; and k,. The element dissipates uniform heat flux
q, . The thickness of one plate is L, and

that of the other is L,. One plate is hT,
insulated while the other exchanges heat
by convection. The ambient temperature L k

is 7, and the heat transfer coefficient is

h. Determine the temperature of the 4 L k =
2

insulated surface for one-dimensional

steady state conduction. IIIILIIIIL 111077
A thin electric element is sandwiched hT
between two plates of conductivity k& and 0
thickness L each. The element dissipates a +‘L o 4"
flux g,. Each plate generates energy at a ‘L "
volumetric rate of ¢" and exchanges heat by h,T,

convection with an ambient fluid at 7, .
The heat transfer coefficient is 4. Determine the temperature of the
electric element.

One side of a plate is heated with uniform flux ¢, while the other
side exchanges heat by convection and radiation. The surface
emissivity is &, heat transfer coefficient 4, ambient temperature
T,, surroundings temperature 7,,, plate thickness L and the

conductivity is k. Assume one-dimensional steady state conduction
and use a simplified radiation model. Determine:

[a] The temperature distribution in the plate.

[b] The two surface temperatures for:
h=27W/m*-°C,k=15W/m-°C, h,T,
L=0.08m, g =19,500 W/m®, I x

T, =18°C, T, =22°C, &=0.95. T /r 0 qur

sur
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2.8

2.9
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A hollow shaft of outer radius R, and inner hT
radius R; rotates inside a sleeve of inner
radius R, and outer radius R,. Frictional
heat is generated at the interface at a off
flux g;. At the inner shaft surface heat is
added at a flux g;. The sleeve is cooled by
convection with a heat transfer coefficient 4. q
The ambient temperature is 7. Determine
the steady state one-dimensional temperature
distribution in the sleeve.

sleeve

A hollow cylinder of inner radius 7; and outer radius 7, is heated
with a flux ¢! at its inner surface. The outside surface exchanges heat
with the ambient and surroundings by convection and radiation. The
heat transfer coefficient is 4, ambient temperature 7.

002

surroundings

temperature 7T, and surface emissivity is £&. Assume steady state

one-dimensional conduction and use a simplified radiation model.
Determine:

[a] The temperature distribution.

[b] Temperature at 7; and 7, , for:
g =35,500W/m?*, T,=24°C,
T, =14°C, k=38W/m-°C,

r,=12cm, r, =55cm

£ =092 h=31.4W/m2-°C.

Radiation is used to heat a hollow sphere of T v r,
inner radius7;, outer radius 7, and 9
conductivity k. Due to the thermal ,}‘

absorption characteristics of the material —
the radiation results in a variable energy

generation rate given by

2
r
L4 m
r)= —_— N
q"(r) =4, 2 radiation
o
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where ¢, is constant and r is the radial coordinate. The inside
surface is insulated and the outside surface is maintained at
temperature 7,,. Determine the steady state temperature distribution
for one-dimensional conduction.

2.10 An electric wire of radius 2 mm and conductivity 398 W/m—°C

2.11

generates energy at a rate of 1.25x10° W/m3. The surroundings
and ambient temperatures are 78 °C and 82 °C, respectively. The
heat transfer coefficient is 6.5 W/m?—°C and surface emissivity is
0.9. Neglecting axial conduction and assuming steady state,
determine surface and centerline temperatures.

The cross-sectional area of a fin is A4.(x) and its circumference
is C(x). Along its upper half surface heat is exchanged by
convection with an ambient fluid at 7,,. The heat transfer coefficient
is A. Along its lower half surface heat is exchanged by radiation with
a surroundings at 7,,.. Using a simplified radiation model formulate

the steady state fin heat equation for this fin.

2.12 A constant area fin of length 2L and cross-sectional area A4,

2.13

m

generates heat at a volumetric rate g~. Half the fin is insulated while
the other half exchanges heat by convection. The heat transfer
coefficient is 4 and the ambient temperature is 7,,. The base and tip
are insulated. Determine the steady state temperature at the mid-
section. At what location is the temperature highest?

T
AUOUMOMONUONNNNINNNN NN NN > TOO Y
m /
/—> x q 7
\\\\\\\\\\\\\\\\\\\\ h T
9

0

A constant area fin of length L and cross-sectional area A, is
maintained at 7, at the base and is insulated at the tip. The fin is
insulated along a distance » from the base end while heat is
exchanged by convection along its remaining surface. The ambient
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temperature is 7, and the heat transfer coefficient is 4. Determine
the steady state heat transfer rate from the fin.

L b sle L |
|\\\\\\\\\\\\\\\\\\\\ h’ T°° |V
m /
05X q Z
AR
hT

0

2.14 Heat is removed by convection from an electronic package using a
single fin of circular cross section. Of interest is increasing the heat
transfer rate without increasing the weight or changing the material
of the fin. It is recommended to use two identical fins of circular
cross-sections with a total weight equal to that of the single fin.
Evaluate this recommendation using a semi-infinite fin model.

2.15 A plate which generates heat at a

volumetric rate ¢" is placed inside a tube
and cooled by convection. The width of
the plate is w and its thickness is J. The
heat transfer coefficient is 4 and coolant

temperature is 7, . The temperature at the
interface between the tube and the plate

is T,,. Because of concern that the

temperature at the center may exceed design limit, you are asked to
estimate the steady state center temperature using a simplified fin
model. The following data are given:

h=62W/m?-°C, w=3cm, §=25mm, 7, =110°C,
T, =94°C, ¢"=2.5x10"W/m3, k=18 W/m-°C.

2.16 An electric heater with a capacity P is used
to heat air in a spherical chamber. The
inside radius is 7;, outside radius 7, and
the conductivity is k. At the inside
surface heat is exchanged by convection.
The inside heat transfer coefficient is 4.

1
Heat loss from the outside surface is by
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2.17

2.18

2.19

2 One-dimensional Steady State Conduction

radiation. The surroundings temperature is 7, and the surface
emissivity is £&. Assuming one-dimensional steady state conduction,

use a simplified radiation model to determine:

[a] The temperature distribution in the spherical wall.
[b] The inside air temperatures for the following conditions:

h=65W/m?-°C, P=1,500W, ¢ =081, 7. =18°C,

sur

k=24W/m-°C, r,=10cm, r,=14cm.

A section of a long rotating shaft of radius r, is

buried in a material of very low thermal ,f o
conductivity. The length of the buried section is <
L. Frictional heat generated in the buried section

can be modeled as surface heat flux. Along the

buried surface the radial heat flux is ¢, and the X
axial heat flux is g7. The exposed surface
exchanges heat by convection with the ambient.
The heat transfer coefficient is 4 and the ambient
temperature is 7,,. Model the shaft as semi-
infinite fin and assume that all frictional heat is
conducted through the shaft. Determine the
temperature distribution.

5=\

A conical spine with a length L T T

. 0 R
and base radius R exchanges </
heat by convection with the

ambient. The coefficient of heat

transfer is 4 and the ambient
temperature is 7. The base is maintained at 7,. Using a fin model,
determine the steady state heat transfer rate.

In many applications it is desirable to reduce the weight of a fin
without significantly reducing its heat transfer capacity. Compare the
heat transfer rate from two straight fins of identical material. The
profile of one fin is rectangular while that of the other is triangular.
Both fins have the same length L and base thickness . Surface heat
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2.21
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transfer is by convection. Base temperature is 7, and ambient
temperature is 7,,. The following data are given:

h=28W/m?-°C, k=186 W/m-°C, L=18cm, §=1cm

The profile of a straight fin hT
is given by 0 T y g
s X
v =6 (x/L)%, T
b o0 T
where L is the fin length I Jﬂ °

and 0 is half the base

thickness. The fin exchanges heat with the ambient by convection.
The ambient temperature is 7, and the heat transfer coefficient is 4.
The base temperature is 7. Assume that(d /L) << 1, determine the
steady state fin heat transfer rate.

A circular disk of radius R, is mounted on a tube of radius R,. The
profile of the disk is described by y, =0 Riz /72, where & is half
the thickness at the tube. The disk exchanges heat with the
surroundings by convection. The heat transfer coefficient is 4 and the
ambient temperature is 7,,. The base is maintained at 7, and the tip
is insulated. Assume that 40 /R; <<1, use a fin model to
determine the steady state heat transfer rate from the disk.

RO
>
h,T,
7 Vs WE 0
— |
h T To
e R *—

A very large disk of thickness & is mounted on a shaft of radius R;.
The shaft rotates with angular velocity @. The pressure at the
interface between the shaft and the disk is P and the coefficient of
friction is g. The disk exchanges heat with the ambient by
convection. The heat transfer coefficient is 4 and the ambient
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2.23

2.24
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temperature is 7. Neglecting heat transfer to the shaft at the
interface, use a fin model to determine the interface temperature.

w
h, T, h,T, )
& //,» — * i
r
h,T, h,T,
H R

1

A circular disk of thickness 0 and outer radius R, is mounted on a
shaft of radius R;. The shaft and disk rotate inside a stationary sleeve
with angular velocity @. Because of friction between the disk and
sleeve, heat is generated at a flux ¢,. The disk exchanges heat with
the surroundings by convection. The ambient temperature is 7,,. Due
to radial variation in the tangential velocity, the heat transfer
coefficient varies with radius according to

h=h(rlR)>.

Assume that no heat is conducted to the sleeve and shaft; use a fin
approximation to determine the steady state temperature distribution.

A specially designed heat exchanger consists of a tube with fins
mounted on its inside surface. The fins are circular disks of inner
radius R; and variable thickness given by

v, =0(r/R,))*?,

where R, is the tube radius.
The disks exchange heat with [ T—
the ambient fluid by convection. h,T, yll o

The heat transfer coefficient is A >1 < EN”
and the fluid temperature is 7, . 0T, *J R s\\

The tube surface is maintained e« R | T

at 1. Modeling each disk as a ]
fin, determine the steady state
heat transfer rate. Neglect heat

loss from the disk surface at
R; and assume that (6/R,) <<1.
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2.27 A cable of radius r

2.28
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A disk of radius R, and thickness & is mounted on a steam pipe of
outer radius R;. The disk’s surface is insulated from r» = R;
tor =R,. The remaining surface exchanges heat with the
surroundings by convection. The heat transfer coefficient is / and the
ambient temperature is 7. The temperature of the pipe is 7, and the
surface at » = R, is insulated. Formulate the governing equations
and boundary conditions and obtain a solution for the temperature

distribution in terms of constants of integration.

|

Rl’:ORbe‘ Ro ‘
h,T, v h,T,

] T, o i il
h,T, - h,T,

Consider the moving plastic sheet of Example 2.4. In addition to
cooling by convection at the top surface, the sheet is cooled at the
bottom at a constant flux ¢,. Determine the temperature distribution
in the sheet.

-, conductivity k, density p and specific heat
¢, moves through a furnace with velocity U and leaves at
temperature 7. Electric energy is dissipated in the cable resulting in

a volumetric energy generation rate of ¢". Outside the furnace

the cable is cooled by convection.

The heat transfer coefficient is /4 and T \ h. T,

the ambient temperature is 7, . o=x, —U ¢ O
Model the cable as a fin and assume q"

that it is infinitely long. Determine furnace
the steady state temperature
distribution in the cable.

A cable of radius r,, conductivity £, 7 T
density p and specific heat c, To\ "

moves with velocity U through a o—x —U ¢ (O
furnace and leaves at temperature 7. &

Outside the furnace the cable is furnace
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2.29

2.30

231
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cooled by radiation. The surroundings temperature is 7. and
surface emissivity is &. In certain cases axial conduction can be
neglected. Introduce this simplification and assume that the cable is
infinitely long. Use a fin model to determine the steady state

temperature distribution in the cable.

A thin wire of diameter d, specific heatc p? conductivity k and
density p moves with velocity U through a furnace of length L.
Heat is added to the wire in the furnace at a uniform surface flux ¢, .
Far away from the inlet of the furnace the wire is at temperature 7.
Assume that no heat is exchanged with the wire before it enters and
after it leaves the furnace. Determine the temperature of the wire
leaving the furnace.

<
L
) | ;
SLLLLL LY LLLLLLLLLY v U ¥
s 0o—>x *
L A q,, i
i o

1

A wire of diameter d is formed into a
circular loop of radius R. The loop
rotates with constant angular velocity
®. One half of the loop passes through
a furnace where it is heated at a uniform
surface flux ¢, . In the remaining half
the wire is cooled by convection. The
heat transfer coefficient is /4 and the
ambient temperature is 7. The specific
heat of the wire is ¢, conductivity &
and density p. Use fin approximation
to determine the steady state temperature

distribution in the wire.

: : : \ hT, U \
A wire of radius 7, moves with a —— 5
velocity U through a furnace of length ‘ T, furnace 0‘

L. It enters the furnace at 7; where it is
heated by convection. The furnace
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temperature is 7., and the heat transfer coefficient is 4. Assume that
no heat is removed from the wire after it leaves the furnace. Using
fin approximation, determine the wire temperature leaving the
furnace.

2.32 Hot water at 7, flows downward from a faucet
of radius 7, at a rate m. The water is cooled
by convection as it flows. The ambient
temperature is 7, and the heat transfer
coefficient is 4. Suggest a model for analyzing
the temperature distribution in the water. g l
Formulate the governing equations and
boundary conditions. hT

500
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TWO-DIMENSIONAL STEADY STATE
CONDUCTION

Two-dimensional steady state conduction is governed by a second order
partial differential equation. A solution must satisfy the differential
equation and four boundary conditions. The method of separation of
variables [1] will be used to construct solutions. The mathematical tools
needed to apply this method will be outlined first. Examples will be
presented to illustrate the application of this method to the solution of
various problems.

3.1 The Heat Conduction Equation

We begin by examining the governing equation for two-dimensional
conduction. Assuming steady state and constant properties, eq. (1.7)
becomes
o’T  o’T pc,UoT g¢”
Tt T Lo, (3.1)
ox~ 0Oy k ox k

Equation (3.1) accounts for the effect of motion and energy generation. For
the special case of stationary material and no energy generation, eq. (3.1)
reduces to

o°T  0°T
—t—== 0 (3.2)
ox~ 0y
The corresponding equation in cylindrical coordinates is
10, 0T\ 0°T
——(r=)+ =0. (3.3)

or 0z?
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Equation (3.1), with ¢” =0, eq. (3.2) and eq. (3.3) are special cases of a
more general partial differential equation of the form

2
fz(x) +f1(x)—+fo(x)T+gz(J/) ayT gl(y)—y+go<y)T 0.

(3.4)

This homogenous, second order partial differential equation with variable
coefficients can be solved by the method of separation of variables.

3.2 Method of Solution and Limitations

One approach to solving partial differential equations is the separation of
variables method. The basic idea in this approach is to replace the partial
differential equation with sets of ordinary differential equations. The
number of such sets is equal to the number of independent variables in the
partial differential equation. Thus for steady two-dimensional conduction
the heat equation is replaced with two sets of ordinary differential
equations. There are two important limitations on this method. (1) It applies
to linear equations. An equation is /inear if the dependent variable and/or
its derivatives appear raised to power unity and if their products do not
occur. Thus egs. (3.1)-(3.4) are linear. (2) The geometry of the region must
be described by an orthogonal coordinate system. Examples are: squares,
rectangles, solid or hollow spheres and cylinders, and sections of spheres or
cylinders. This rules out problems involving triangles, trapezoids, and all
irregularly shaped objects.

3.3 Homogeneous Differential Equations and Boundary Conditions

Because homogeneity of linear equations plays a crucial role in the
application of the method of separation of variables, it is important to
understand its meaning. A linear equation is homogenous if it is not altered
when the dependent variable in the equation is multiplied by a constant.
The same definition holds for boundary conditions. Using this definition to
checkeq. (3.1) , we multiply the dependent variable 7 by a constant ¢, take
c out of the differentiation signs and divide through by c to obtain

82T+ o°T PCPUG_T+q_”
ox* oy* k ox ck

=0. (a)
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Note that the resulting equation (a) is not identical to eq. (3.1). Therefore,
eq. (3.1) is non-homogeneous. On the other hand, replacing 7 by c7 in eq.
(3.2) does not alter the equation. It follows that eq. (3.2) is homogeneous.
To apply this test to boundary conditions, consider the following
convection boundary condition

T
- ka— =h(T-T,). (b)
ox
Replacing 7' by c¢T and dividing through by c gives
T
—ka——h(T——) (c)
ox

Since this is different from (b), it follows that boundary condition (b) is
non-homogenous. For the special case of 7., =0, boundary condition (b)
becomes homogeneous.

The separation of variables method can be extended to solve non-
homogeneous differential equations and boundary conditions. However, the
simplest two-dimensional application is when the equation and three of the
four boundary conditions are homogeneous.

3.4 Sturm-Liouville Boundary-Value Problem: Orthogonality [1]

We return to the observation made in Section 3.2 that the basic idea in the
separation of variables method is to replace the partial differential equation
with sets of ordinary differential equations. One such set belongs to a class
of second order ordinary differential equations known as the Sturm-
Liowville boundary-value problem. The general form of the Sturm-
Liouville equation is

2
a7, ¢ a4y () + Ray(¥)| 4, =0.  (3.5a)
dx?
This equation can be written as
d
rn [p(x) } [q(x) + 22 w(x)] ¢, =0, (3.5b)

where

P = @ =ap(). W) =ap(x).  (3.6)
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The following observations are made regarding eq. (3.5):

(1) The function w(x)plays a special role and is known as the weighting
function.

(2) Equation (3.5) represents a set of n equations corresponding to #n values
of A,. The corresponding solutions are represented by ¢, .

(3) The solutions ¢, are known as the characteristic functions.

An important property of the Sturm-Liouville problem, which is invoked in
the application of the method of separation of wvariables, is called
orthogonality. Two functions, ¢, (x) and ¢, (x), are orthogonal in the
range (a,b) with respect to a weighting function w(x), if

b
j @, (x) @, (x)w(x)dx =0 n+m. (3.7)

The characteristic functions of the Sturm-Liouville problem are orthogonal
if the functions p(x), ¢(x)and w(x)are real, and if the boundary
conditions at x = @ and x = b are homogenous of the form

¢, =0, (3.8a)
%: 0, (3.8b)

d
é, +ﬁ%=0, (3.8¢)

where [ is constant. However, for the special case of p(x) = 0 at x = a or
x = b, these conditions can be extended to include

9,(a) = ¢,(b), (3.92)

and
dg, (a) _dg,(b)
dx dx

(3.9b)

These conditions are known as periodic boundary conditions. In heat
transfer problems, boundary conditions (3.8a), (3.8b) and (3.8c) correspond
to zero temperature, insulated boundary, and surface convection,
respectively. Egs. (3.9a) and (3.9b) represent continuity of temperature and
heat flux. They can occur in cylindrical and spherical problems.
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3.5 Procedure for the Application of Separation of Variables Method

To illustrate the use of the separation of variables method, the following
example outlines a systematic procedure for solving boundary-value
problems in conduction.

Example 3.1: Conduction in a Rectangular Plate

Consider two-dimensional steady state conduction in the plate shown.
Three sides are maintained at zero temperature. Along the fourth side the
temperature varies spatially.  Determine the temperature distribution
T(x,y) in the plate.

(1) Observations. (i) This is a steady state two-dimensional conduction
problem. (ii) Four boundary conditions are needed. (iii) Three conditions
are homogenous.

(2) Origin and Coordinates. y

( T'=fix)
Anticipating the need to write
boundary conditions, an origin / L
and coordinate axes are selected. 7 =0 w
Although many choices are | T
possible, some are more suitable 0 X
than others. In general, it is 0 L =0
convenient to select the origin at Fig. 3.1
the intersection of the two
simplest boundary conditions and to orient the coordinate axes such that
they are parallel to the boundaries of the region under consideration. This
choice results in the simplest solution form and avoids unnecessary
algebraic manipulation. Therefore, the origin and coordinate axes are
selected as shown in Fig. 3.1.

~
[
o

J;\

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) no energy
generation and (4) constant thermal conductivity.

(ii) Governing Equations. The heat equation for this case is given by
eq. (3.2)
o°T o°T
—+—=0. (3.2)
ox~ Oy
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(iii) Independent Variable with Two Homogeneous Boundary
Conditions. The variable, or direction, having two homogeneous
boundary conditions is identified by examining the four boundary
conditions. In this example, the boundaries at x = 0 and x = L have
homogeneous conditions. Thus, the x-variable has two homogeneous
boundary conditions. Because this plays a special role in the solution, it is
identified with a wavy arrow and marked “2HBC” in Fig. 3.1.

(iv) Boundary Conditions. The required four boundary conditions are
listed in the following order: starting with the two boundaries in the
variable having two homogeneous conditions and ending with the non-
homogeneous condition. Thus, the first three conditions in this order are
homogeneous and the fourth is non-homogeneous. Therefore, we write

(1) 7(0,y)=0, homogeneous

2)T(Ly) =0, homogeneous

3) T(x,00=0, homogeneous

(4) T(x, W) =f(x), non-homogeneous
(4) Solution.

(i) Assumed Product Solution. We seek a solution 7(x,y) which
satisfies eq. (3.2) and the four boundary conditions. We assume that a
solution can be constructed in the form of a product of two functions: one

which depends on x only, X(x), and one which depends on y only, Y(y).
Thus

Txy) = X(x) Y(). (a)

The problem becomes one of finding these two functions. Since a solution
must satisfy the differential equation, we substitute (a) into eq. (3.2)

’xrwl, lxemrw] _

; (b)
ox? 8y2
or
d*X d*Y
Y(y) + X(x)—=0.
dx? dy2

Separating variables and rearranging, we obtain
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1 d°x _ 1.4d%
X(x) dx? Y(y)dy?

(©)

The left side of (¢) is a function of x only, F(x), and the right side is a
function of y only, G(y). That is

F(x)=G(y).

Since x and y are independent variables, that is one can be changed
independently of the other, the two functions must be equal to a constant.
Therefore (c) is rewritten as

2 2
L d’X LAY @
X (x) dx Y(y) dy

where ﬂi is known as the separation constant. — The following
observations are made regarding equation (d):

(1) The separation constant is squared. This is for convenience only. As
we shall see later, the solution will be expressed in terms of the square
root of the constant chosen in (d). Thus by starting with the square of a
constant we avoid writing the square root sign later.

(2) The constant has a plus and minus sign. We do this because both
possibilities satisfy the condition F(x) = G(). Although only one sign
is correct, at this stage we do not know which one. This must be
resolved before we can proceed with the solution.

(3) The constant has a subscript # which is introduced to emphasize that
many constants may exist that satisfy the condition F'(x) = G(y). The
constants A,,4,,...4,,
values. The possibility that one of the constants is zero must also be
considered.

are known as eigenvalues or characteristic

(4) Equation (d) represents two sets of equations

d*x, _
den FA2X, =0, (©)
and
d’y
"+ 2Y, =0. (

dy2
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In writing equations (e) and (f), care must be exercised in using the correct
sign of the /1,21 terms. In (e) it is ¥ and in (f) it is . Since 4, denotes
many constants, each of these equations represents a set of ordinary
differential equations corresponding to all values of A,. This is why the
subscript n is introduced in X, and Y,. The functions X, and Y, are
known as eigenfunctions or characteristic functions.

(ii) Selecting the Sign of the /1”2 Terms. To proceed we must first select
one of the two signs in equations (e) and (f). To do so, we return to the
variable, or direction, having two homogeneous boundary conditions. The
rule is to select the plus sign in the equation representing this variable. The
second equation takes the minus sign. In this example, as was noted
previously and shown in Fig. 3.1, the x-variable has two homogeneous
boundary conditions. Therefore, (e) and (f) become

d*X,

o + 22X, =0, (2)
and
2
‘jlYZ"—/lszﬁo. (h)
y

If the choice of the sign is reversed, a trivial solution will result. For the
important case of A4, =0, equations (g) and (h) become

d*X .
y 20 =0, (i)
X
and
d?Y, .
e =0. ()

(iii) Solutions to the Ordinary Differential Equations. What has been
accomplished so far is that instead of solving a partial differential equation,
eq. (3.2), we have to solve ordinary differential equations. Solutions to (g)
and (h) are (see Appendix A)

X,(x)=A4,sinA,x+B, cosi, x, (k)
and
Y, (y)=C,sinhA,y+ D, coshA,y. o)



80 3 Two-dimensional Steady State Conduction

Solutions to (i) and (j) are

and
Yo(»)=Coy+D,. (n)
According to (a), each product X, Y, is a solution to eq. (3.2). That is
T,(x,y)=X,(x)Y, (), (0)
and
To(x,y) =X ()Y (¥) - (p)

are solutions. Since eq. (3.2) is linear, it follows that the sum of all
solutions is also a solution. Thus, the complete solution is

T(x,y)ZXo(X)Yo(y)+ZXn(X)Yn(y)- (@
n=l

(iv) Application of Boundary Conditions. To complete the solution,
the constants 4,, B,,C,D,,4,,8,,C,.,D, and the characteristic values
A, must be determined. We proceed by applying the boundary conditions
in the order listed in step (3) above. Note that temperature boundary
conditions will be replaced by conditions on the product X, (x)Y,(»).
Note further that each product solution, including X, (x)Y,(y), must
satisfy the boundary conditions. Therefore, boundary condition (1) gives

T,(0,y)=X,(0)Y,(y)=0,
and
T,(0,y)=X((0)Y,(»)=0.

Since the variables Y, (y) and Y,,(») cannot vanish, it follows that

X,(0)=0, (r)
and

X,(0)=0. (s)
Applying (r) and (s) to solutions (k) and (m) gives
Bn = BO = O .

Similarly, boundary condition (2) gives
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T,(L,y)=X,(L)Y,(y)=0,
and

Ty (L, y) =X (L)Y, (»)=0.

Since the variables Y, (y) and Y,,()) cannot be zero, it follows that

X,(L)=0,
and
Xo(L)=0.
Applying (k)
X,(Ly=A4,sinA,L=0.

Since A, cannot vanish, this result gives

sind,L=0. (t)
The solution to (t) gives 4,
nr
A =—, n=123.... u
"= (u)
Similarly, using (m) gives
Xy(L)=4,=0.

With A4, =B, =0, the solution corresponding to A, =0 vanishes.
Equation (u) is known as the characteristic equation. All solutions obtained
by the method of separation of variables must include a characteristic
equation for determining the characteristic values A,,.

Application of boundary condition (3) gives
T,(x0)=X,(x)Y,(0)=0.
Since the variable X, (x) cannot vanish, it follows that

Y, (0)=0.
Using (1) gives
D, =0.

The fourth boundary condition is non-homogenous. According to its order,
it should be applied last. Before invoking this condition, it is helpful to
examine the result obtained so far. With 4, =B, =B, =D, =0, the
solutions to X, (x) and Y, (y) become
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X,(x)=4,sinA,x,
and
Y, (y)=C,sinh 4, y.

Thus, according to (q), the temperature solution becomes
T(x,y)= Z a, (sin A, x)(sinh A, y), (3.10)
n=l1

where a, = A4,C,. The only remaining unknown is the set of constants a,,.
At this point boundary condition (4) is applied to eq. (3.10)

T(x,W)= f(x)zz (a, sinh A W)sin A, x. 3.11)
n=1

Eq. (3.11) cannot be solved directly for the constants a,, because of the
variable x and the summation sign. To proceed we invoke orthogonality,

eq. (3.7).

(v) Orthogonality. Eq. (3.7) is used to determine a,. We note that the
function sin A4,x in eq. (3.11) is the solution to equation (g). Orthogonality
can be applied to eq. (3.11) only if (g) is a Sturm-Liouville equation and if
the boundary conditions at x = 0 and x = L are homogeneous of the type
described by eq. (3.8). Comparing (g) with eq. (3.5a) we obtain

a,(x)=a,(x)=0 and a;(x)=1.
Eq. (3.6) gives
p(x)=w(x)=1 and g(x)=0.

Since the two boundary conditions on X, (x) =sin A, x are homogeneous
of type (3.8a), we conclude that the characteristic functions
¢,(x)=X,(x)=sinA,x are orthogonal with respect to the weighting
function w(x)=1. We are now in a position to apply orthogonality to eq.
(3.11) to determine a,. Multiplying both sides of equation (3.11) by
w(x)sin A,,x dx and integrating from x=0 to x =L

L Ll o
I F)w(x)sin A, xdx = j > (a, sinh 2,7 )sin A,x [w(x)(sin 4, x) d.
0 0 [ n=1
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Interchanging the integration and summation signs and noting that
w(x) =1, the above is rewritten as

L o0 L
j f(x)sin A, x dx =Zan sinh A, W I (sin A, x)(sin A, x) dx. (3.12)
0 0

n=l

According to orthogonality, eq. (3.7), the integral on the right side of eq.
(3.12) vanishes when m # n. Thus, all integrals under the summation sign
vanish except when m = n. Equation (3.12) becomes

L L
.[ f(x)sin A, (x)dx =a, sinh A, W .[ sin® A, x dx .
0

Solving for a, and noting that the integral on the right side is equal to L/2,
we obtain

_ /1 d 3.13
O = Lsmh/lWJ‘f(X)Sln T ( )

(5) Checking. Dimensional check: (i) The arguments of sin and sinh must
be dimensionless. According to (u), 4, is measured in units of 1/m. Thus
A,x and A,y are dimensionless. (ii) The coefficient a, in eq. (3.10)
must have units of temperature. Since f{x) in boundary condition (4)
represents temperature, it follows from eq. (3.13) that a, is measured in
units of temperature.

Limiting check: 1f f(x) = 0, the temperature should be zero throughout.
Setting f{x) = 0 in eq. (3.13) gives a, = 0. When this is substituted into eq.
(3.10) we obtain 7{(x,y) = 0.

(6) Comments. (i) Application of the non-homogeneous boundary
condition gives an equation having an infinite series with unknown
coefficients. Orthogonality is used to determine the coefficients. (ii) In
applying orthogonality, it is important to identify the characteristic and
weighting functions of the Sturm-Liouville problem.

3.6 Cartesian Coordinates: Examples

To further illustrate the use of the separation of variables method, we will
consider three examples using Cartesian coordinates. The examples
present other aspects that may be encountered in solving conduction
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problems. The procedure outlined in Section 3.5 will be followed in an
abridged form.

Example 3.2: Semi-infinite Plate with Surface Convection

Consider two-dimensional conduction 2 HBC
in the semi-infinite plate shown in Y h, T, %
Fig. 3.2. The plate exchanges heat by T
convection with an ambient fluid at J: ) L

T,,. The heat transfer coefficient is h l

and the plate width is L. Determine 0 X nT, Y

the temperature distribution and the
total heat transfer rate from the upper Fig. 3.2
and lower surfaces.

(1) Observations. (i) At x =00, the plate reaches ambient temperature. (ii)
All four boundary conditions are non-homogenous. However, by defining a
temperature variable @ =7 — 7, , three of the four boundary conditions
become homogeneous. (iii) For steady state, the rate of heat convected
from the two surfaces must equal to the heat conducted at x = 0. Thus
applying Fourier’s law at x =0 gives the heat transfer rate.

(2) Origin and Coordinates. Fig. 3.2 shows the origin and coordinate
axes.

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) uniform heat
transfer coefficient and ambient temperature, (4) constant conductivity and
(5) no energy generation.

(ii) Governing Equations. Introducing the above assumptions into eq.
(1.8) gives

00 /%0
PO
ox~ Oy

0, (a)

where @ is defined as
0(x,y)=T(x,y)-T,.

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. In terms of @, the y-variable has two homogeneous
conditions. Thus the y-direction in Fig. 3.2 is marked “2 HBC”.
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(iv) Boundary Conditions. The order of the four boundary conditions
is
M #2209 o0, @ -k 225D _ hogen,
oy oy

(3) (9(00,)/)20, (4) H(an):f(y)_Too .

(4) Solution.
(i) Assumed Product Solution. Let

O(x,y) =X ()Y (y) .

Substituting into (a), separating variables and setting the resulting equation
equal to constant

1d°Xx _ 1d%Y
X dx? Y dy?

Assuming that 4, is multi-valued, the above gives

d*X

d—2n¢/ﬁXn =0, (b)
X

and

2
Y

d LAY, =0. ()

dy

(ii) Selecting the Sign of the ﬂ,nz Terms. Since the y-variable has two
.. 2 . .. .
homogeneous conditions, the A, Y, term in (c) takes the positive sign.
Thus

d*Xx
y - 2,X,=0, (d)
X
and
d*y
"4 A2Y =0. (e)
2 n-n
dy

For the special case of A, =0, equations (d) and (e) become

d* X,
50 ()
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and

d*y,
y >=0. ()
Yy

(iii) Solutions to the Ordinary Differential Equations. The solutions
to egs. (d)-(g) are

X, (x) = A4, exp(=4,%) + B, exp(4,x), (h)
Y, (y)=C,sind,y+D, cosi,y, (i)
Xo(x)=A4yx+ B, )]
Yy(y)=Coy+D. (k)

Corresponding to each value of A, there is a temperature solution
6,(x,y). Thus

0,(x,y)=X,(x)Y,(»), M
and

0y (x,y) = X, (%)Y, (»). (m)

The complete solution becomes

O(x,y) = Xo ()Y, (y)+ZXn ()Y, (). (n)

n=1

(iv) Application of Boundary Conditions. Boundary condition (1)
gives

C,=h/kA,)D,. (0)
Applying boundary condition (2)
—kA,[(h/kA,)D,cosA,L—D,sinA, L]=
h[(h/kA,)D,sinA,L+ D, cosA,L].
This result simplifies to

AL j
B et L, (3.14)
Bi AL

n
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where Bi=hL/kis the Biot number. Eq. (3.14) is the characteristic
equation whose solution gives the characteristic values A,. Boundary
condition (3) gives
A, exp(—o) + B, exp(») =0.
Thus
B, =0.

Boundary condition (3) also requires that 4, = B, =0. Thus, the solution
corresponding to A, = 0 vanishes. The temperature solution (n) becomes

O(x,y) = Z a, exp(=A,x)[(Bi/ A, L)sin 1,y +cos A, y]. (3.15)

n=1

Finally, we apply boundary condition (4) to determine a,,

o0

S =T, =) a,l(Bi/2,L)sin 4,y +cos A, p].  (©)

n=1
(v) Orthogonality. To determine a, in equation (p) we apply
orthogonality. Note that the characteristic functions

¢,(y)=(Bi/A,L)sin A,y +cosA,y,

are solutions to equation (e). Comparing (e) with equation (3.5a) shows that
it is a Sturm-Liouville equation with

a,=a,=0 and a; =1,
Thus eq. (3.6) gives
p=w=1and g=0. Q)

Since the boundary conditions at y = 0 and y = L are homogeneous, it
follows that the characteristic functions are orthogonal with respect to
w = 1. Multiplying both sides of (p) by

¢, =|(Bi/ A, L)sin A,y +cos A, y]|dy,

integrating from y = 0 to y = L and invoking orthogonality, eq. (3.7), we
obtain
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L
| o= awir 2, ysin -+ cos 2, lay
0
L
=a, |[(Bi/A,L)sinA,y+cosA, y| dy.
0
Evaluating the integral on the right side, using eq. (3.14)and solving for

a, gives

L
ﬁﬂw—nM&Mﬂﬁm%wmm%ﬂ@
%

n =

(r)

a

(L/2)[1+ (Bi/ A,L) +23i/(/1,,L)2]

To determine the heat transfer rate g, we apply Fourier’s law at x = 0. Since
temperature gradient is two-dimensional, it is necessary to integrate along
y. Using the temperature solution, eq. (3.15), and Fourier’s law, we obtain

n=l1

w L
g=k) a,4, j [(Bi/A,L)sin A,y +cos A, y]dy .

0

Evaluating the integral gives

q= kz a,[(Bi/ A, L)1-cosA,L)+sinA,L]. (3.16)

n=1

(5) Checking. Dimensional check: Units of g in eq. (3.16) should be
W/m. Since Bi and A,L are dimensionless and a, is measured in°C, it
follows that units of ka, are W/m.

Limiting check: if f(y)=T,,, no heat transfer takes place within the plate
and consequently the entire plate will be at 7. Setting f(y)=7,, in (r)
gives a, =0. When this result is substituted into eq. (3.15) we obtain
T(x,y)=T,.

(6) Comments. By introducing the definition & =7 — T, it was possible
to transform three of the four boundary conditions from non-homogeneous

to homogeneous.
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Example 3.3: Moving Plate with Surface Convection

A semi-infinite plate of thickness 2L

moves through a furnace with velocity U )\} h,T, 2 HI%\C
and leaves at temperature T,. The plate g U 2 / }
is cooled outside the furnace by ¥
convection. The heat transfer coefficient (O . L \\
is h and the ambient temperature is \\ WT :

T, . Determine the two-dimensional A e
temperature distribution in the plate. Fig. 3.3

(1) Observations. (i) Temperature

distribution is symmetrical about the x-axis. (ii)) At X = 00 the plate
reaches ambient temperature. (iii) All four boundary conditions are non-
homogenous. However, by defining a new variable, =7 —T,, three of
the four boundary conditions become homogeneous.

(2) Origin and Coordinates. Fig. 3.3 shows the origin and coordinate
axes.

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) constant
properties, (4) uniform velocity, (5) ¢" =0 and (6) uniform 2 and 7.

(ii) Governing Equations. Defining &(x,y)=T(x,y)—T,, eq. (1.7)
gives

0’0 00 00
—+ -2—=0, a
PYERPN ﬂax (a)
where [ is defined as
pc,U
= b
B iy (b)

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the y-direction can have two homogeneous conditions.
Thus it is marked “2 HBC” in Fig. 3.3.

(iv) Boundary Conditions. Noting symmetry, the four boundary
conditions are



90 3 Two-dimensional Steady State Conduction

00(x,0) _

(1 3y

0. @ k225D o0,
dy

(3) 9(00’)/):0, (4) g(oay):To_Too'
(4) Solution.
(i) Assumed Product Solution.

Assume a product solution &= X(x)Y(y). Substituting into (a),
separating variables and setting the resulting equation equal to constant
gives

d*Xx dx, .,
n_2 "+ 2X =0,
S T2 ALK, (©)
and
d*Y
LELY, =0. (d)
dy

(ii) Selecting the Sign of the /Ifl Terms. Since the y-variable has two
homogeneous conditions, the correct signs in (c) and (d) are

d*Xx dX
n_2 n_2X =0, e
and
d*y
—2+ 2,7, =0. ®
dy

For 4, =0, equations (¢) and (f) become

d’X, dX
—28—% =0,
e B 2 (2)
and
2
Y,
d 2 =0. (h)
dy

(iii) Solutions to the Ordinary Differential Equations. The solutions
to equations (e)-(h) are
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X, (x)=[4, exp(Bx+B* + 2, )+ B, exp(Bx—+ 7 + 2, 0], (i)

Y,(y)=C,sind,y+D, cosi,y, )
Xo(x)= 4y exp(2Bx) + By, )

and
Yo()=Cy+Dyy. @

The complete solution becomes
0(x,7)= X, (DY, ()+ DX, (D, (). (m)
n=1

(iv) Application of Boundary Conditions. The four boundary
conditions will be used to determine the constants of integration and the
characteristic values A,. Condition (1) gives

C,=D,=0.
Boundary condition (2) gives

A,Ltan A, L = Bi. (n)

where Biis the Biot number. This is the characteristic equation whose
roots give A,. Boundary condition (2) gives

C,=0.
Condition (3) gives
4,=0.

With C, = D, =0, it follows that XY, = 0. Thus equation (m) becomes

O(x,y) = Z exp(f— B + 4, )x
n=1

Finally, we apply boundary condition (4) to determine a,,

cosd,y. (3.17)

TO—Tw:zan cosd,y. (0)

n=1
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(v) Orthogonality. Note that the characteristic functions @, =cosA,y
are solutions to equation (f). Comparing (f) with equation (3.5a) shows that
it is a Sturm-Liouville equation with

a,=a,=0and a;=1.
Thus eq. (3.6) gives
p=w=1land ¢=0. (p)

Since the boundary conditions at y = 0 and y = L are homogeneous, it
follows that the characteristic functions @, =cosA,y are orthogonal with
respect to w = 1. Multiplying both sides of (0) by cosA,, ydy, integrating
from y = 0 to y = L and invoking orthogonality, eq. (3.7), we obtain a,

L
(T, —Tw)j cos A, ydy
0

a, =

L
I cos’ A, ydy
0

Evaluating the integrals gives
2(T,-T,)sin4,L
a, = .
" A, L+sinA, LcosA, L

(@

(5) Checking. Dimensional check: Eq. (3.17) requires that units of f be
the same as that of A,. According to (d), A, is measured in (1/m). From
the definition of £ in (b) we have

p(kg/m?)c, (Jkg—"C)U(m/s)
k(W/m-°C)

Limiting check: If T,, =T, no heat transfer takes place in the plate and
consequently the temperature remains uniform. Setting 7, =7 in (q)
gives a, =0. When this result is substituted into eq. (3.17) we obtain

T(xiy):Too :]:J'

B= =(1/m).

(6) Comments. For a stationary plate (U = #=0), the solution to this
special case should be identical to that of Example 3.2 with f(y)=T,.
However, before comparing the two solutions, coordinate transformation
must be made since the origin of the coordinate y is not the same for both
problems. Also, the definitions of both L and Bi differ by a factor of two.
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Example 3.4: Plate with Two insulated Surfaces

Consider two-dimensional conduction YHBC
in the rectangular plate shown in Fig.

= T=
3.4. Two opposite sides are insulated &T 0 J f(y)]
L

and the remaining two sides are at
specified temperatures. Determine the

y H
temperature distribution in the plate.
X
(1) Observations. (i) Only one of the 07702727727747427277727.
four boundary conditions is non- Fig. 3.4

homogeneous. (ii) The y-variable has
two homogeneous conditions.

(2) Origin and Coordinates. Fig. 3.4 shows the origin and coordinate
axes.

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) constant thermal
conductivity and (4) no energy generation.

(ii) Governing Equations. Equation (1.8) gives

o'T  o°T
—+—==0. (a)
ox~ Oy

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. The y-direction has two homogeneous conditions as indicated

in Fig. 3.4.
(iv) Boundary Conditions. The order of the four boundary conditions
is

OT (x,0) oT(x, H)
) —=~ —

( =0, (2

=0, 3 T0,»)=0, 4 T(Ly)=/f(»).

(4) Solution.
(i) Assumed Product Solution. Let

T(x,y)=X(x)Y(y).
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Substituting into (a), separating variables and setting the resulting equation
equal to constant
1d°X 14

X dx? Y dy?

+12.

Assuming that A, is multi-valued, the above gives

2
dd{" FAX, =0, (b)
X
and
2
dY;J_r/lf,Yn:O. ()
dy

(ii) Selecting the Sign of the /13, Terms. Since the y-variable has two
L. 2 . L. .
homogeneous conditions, the A, Y, term in (c) takes the positive sign.
Thus

2
dd;" -2X, =0, (d)
and
2
dY;MﬁYn:o. (e)
dy

For the special case of A, =0, equations (d) and (e) become

d*X,
5=, ()
and
d*y,
>=0. ()
dy

(iii) Solutions to the Ordinary Differential Equations. The solutions
to egs. (d)-(g) are

X,(x)=A4,sinhA,x+ B, coshA,x, (h)

Y, (y)=C,sind,y+D,cosi,y, (1)
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Xo(x)=Ayx+ By, ()]
and
Yo (¥)=Coy+Dy. (k)

Corresponding to each value of A, there is a temperature solution
T,(x,y). Thus

T,(x,y) =X, (0, (»), M
and
To(x,y) = X ()Y, (y).- (m)
The complete solution becomes
T(x,3) = Xo()¥y (1) + DX, ()Y, (). (n)
n=l

(iv) Application of Boundary Conditions. Boundary condition (1)
gives

C,=C,=0.
Boundary condition (2) gives the characteristic equation
sinA,H=0. (0)
Thus
A, =nrm/H, n=12,... (p)
Boundary condition (3) gives
B,=B,=0. (@

The temperature solution (n) becomes

T(x,y)=a0x+2an sinh A, x cosA,y . (3.18)

n=l1

where a, = A,D,and a, = A,D,. Boundary condition (4) gives

f(y)=a,L+ Zan sinhA,L cos4,y . (r)

n=l1

(v) Orthogonality. To determine a, and a, using equation (r), we
apply orthogonality. Note that the characteristic functions cosA,y are
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solutions to (e). Comparing (e) with equation (3.5a) shows that it is a
Sturm-Liouville equation with

a,=a,=0 and a; =1.
Thus eq. (3.6) gives
p=w=1and ¢g=0.

Since the boundary conditions at y = 0 and y = H are homogeneous, it
follows that the characteristic functions are orthogonal with respect to
w(y) =1. Multiplying both sides of (r) by w(y)cosA, ydy, integrating
from y =0 to y = H and invoking orthogonality, eq. (3.7), we obtain

H H H
.f f(y)cos A, ydy = a,L .f cosA, ydy +a,sinh A L I cos’ A, ydy. (s)
0 0 0
However
H
.[ cosA,ydy=0. (t)
0

It is important to understand why the integral in (t) vanishes. The integrand
in (t) represents the product of two characteristic functions: cosA,y, and 1
which corresponds to A, =0. Thus, by orthogonality, the integral must
vanish. This can also be verified by direct integration and application of
(p). Evaluating the last integral in (s) and using (t), equation (s) gives a,,

H
2 I f(y)cos A, ydy
__ %0

" Hsinh 4,L

a

()

The same procedure is followed in determining a,. Multiplying both sides
of (r) by unity, integrating from y = 0 to y = H and applying orthogonality
gives a,

1 H
W= | T ®

(5) Checking. Dimensional check: Units of a, in (u) are in®C and units
of ay in (v) are in °C/m. Thus each term in eq. (3.18) is expressed in
units of temperature.
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Limiting check: if f(y)=constant =7, the problem becomes one-
dimensional and the temperature distribution linear. The integral in (u) for
this case becomes

H H
J f(y)cos/lnydy=Toj cosA,vdy =(T,/A,)sinA,H =0.
0 0

Substituting this result into (u) gives a, =0. Evaluating the integral in (v)
gives a, =1, /L. Thus eq. (3.18) reduces to

T(x)=(T,/L)x. (w)
This is the one-dimensional temperature distribution in the plate.

(6) Comments. This example shows that the solution corresponding to
A, =0 does not always vanish. Here it represents the steady state one-
dimensional solution.

3.7 Cylindrical Coordinates: Examples

Steady state conduction in cylindrical coordinates depends on the
variables 7,60, z. In two-dimensional problems the temperature is a
function of two of the three variables. We will consider an example in
which temperature varies with 7 and z.

Example 3.5: Radial and Axial Conduction in a Cylinder [2]

Two identical solid cylinders of radius ¥, and length L are pressed co-
axially with a force F and rotated in opposite directions. The angular
velocity is @ and the interface coefficient of friction is 1. The cylindrical
surfaces exchange heat by convection. Determine the interface
temperature.

2 HBC
( hT, T h,T,
r @ (
< .- o= e
N, PRY
[ 1@
L L
h,T, h,T, h,T,
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(1) Observations. (i) Temperature distribution is symmetrical with respect
to the interface plane. (ii) Interface frictional heat depends on the tangential
velocity and tangential force. Since the tangential velocity varies with
radius, it follows that the interface heat flux is non-uniform. Thus the
interface boundary condition represents a specified heat flux which is a
function of radius. (iii) Convection boundary conditions can be made
homogeneous by defining a new temperature variable, @ =7 — T, .

(2) Origin and Coordinates. Because of axial symmetry, the origin is
selected at the interface as shown in Fig. 3.5. Thus, only one cylinder is
analyzed.

(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) constant
conductivity, (4) uniform interface pressure, (5) uniform ambient
temperature, (6) uniform heat transfer coefficient, (7) no energy generation
and (8) the radius of rod holding each cylinder is small compared to
cylinder radius.

(ii) Governing Equations. Defining @ =7 —T,, eq. (1.11) gives

16, 00 &%
——(r=)+=—=

0. 3.19
o) 5 (3.19)

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the r-variable can have two homogeneous conditions.
Fig. 3.5 is marked accordingly.

(iv) Boundary Conditions.

(1) 6(0,z) = finite, ) —k%zh o(r,,z),
r
3) k290D ooy @y k2000 an)rsf(r).
Ty,

Note that the interface boundary condition is obtained by considering an
element dr, determining the tangential friction force acting on it,
multiplying it by the tangential velocity 2@ r and applying Fourier’s law.

(4) Solution.
(i) Assumed Product Solution. Let
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O(r,z)=R(r)Z(z). (a)

Substitute (a) into eq. (3.19), separate variables and set the resulting
equation equal to + /Ii gives

rdr
and
d’Z, — k37, =0. (c)
dz*

(ii) Selecting the Sign of the Zk Terms. Since the r-variable has two
homogenous boundary conditions, + /”Li is selected in (b). Thus equations
(b) and (c) become

d*R dR
2 k ary o o
r +r + A, r°R, =0, d
dr? dr k @
and
2
di_,ﬁzk:o_ (e)

For the special case of 4, =0, the above equations take the form

d*R, dR,
r +—=0,
dr? dr @
and
d*z,
=0. (2
dz?

(iii) Solutions to the Ordinary Differential Equations. Equation (d) is
a second order ordinary differential equation with variable coefficients.
Comparing (d) with Bessel equation (2.26), gives

A=B=0,C=1, D=4,, n=0.
Since n = 0 and D is real, the solution to (d) is
Ry (r)=A;J o (A1) + B Y, (A;r). (h)

The solutions to (e), (f) and (g) are
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Ry(r)=A,Inr+ B, 0)
and
Zy(z2)=Cyz+D,. (k)

The complete solution is

O(r,z) = Ro(F)Zo(Z)+ZRk(V)Zk(Z)- M
k=1

(iv) Application of Boundary Conditions. Since Y,(0)=—o0 and
In0 = —o0, boundary condition (1) gives
B,=4,=0.
Boundary condition (2) gives

d
—k—lo ]y, 2 =hJour,).

or
(ﬂkro)MzBi, (m)
Jo(Ary)
where the Bi is the Biot number, defined as
Bi=hr,/k. (n)

Equation (m) is the characteristic equation whose roots give A, . Boundary
condition (2) also gives

B, =0.

Since A4, =B, =0, the solution corresponding to A, =0 vanishes.
Application of boundary condition (3) gives

cosh A, L+ (Bi/ A, L)sinh 4, L

sinh A, L +(Bi/A;L)cosh A, L

Substituting into (1)



3.7 Cylindrical Coordinates: Examples 101

0(r,z) = Zak sinh 4,z — SO AL T BUAL)SOA AL (5 | g ().
pam Slnh /1kL + (Bl / /‘i/kL) COSh /‘isz

(3.20)

Finally, boundary condition (4) gives
S0 ==k @ Jo (). (0)

k=1

(v) Orthogonality. Note that J,(4,r) is a solution to equation (d)
which has two homogeneous boundary conditions in the r-variable.
Comparing (d) with eq. (3.5a) shows that it is a Sturm-Liouville equation
with

a,=1/r, a,=0, a;=1.
Thus eq. (3.6) gives
p=w=r, q=0. (p)
It follows that J,(A,r) and J,(A,;r) are orthogonal with respect to the
weighting function w(r)=r. Multiplying both sides of (o) by
rJo(A;r)dr, integrating from r =0 to r =r, and applying orthogonality,
eq. (3.7), gives a,

‘[)Of(r)rjo(/ikr) dr 24 ‘[)of(r)rJo(/ikr) dr

ak = — "
kA j rJy(Aer) dr

0

The integral in the denominator of equation (q) is obtained from Table 3.1
of Section 3.8. Interface temperature is obtained by setting z = 0 in eq.
(3.20)

0(r,0)=T(r,0)~T, = —Z a, {
k=1

T K(gr,)? + Gy LKA R (gry) @

cosh A, L +(Bi/ A4, L)sinh A4, L
sinh 4, L + (Bi/ A4,L)cosh A, L

} Jo(A47).
(r)

(5) Checking. Dimensional check: Units of a, in (q) must be in°C. From
the definition of f(7) in boundary condition (4) we conclude that f(7)
has units of W/m?. A dimensional check of (q) confirms that @, has units
of °C.
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Limiting check: If the coefficient of friction is zero, no heat will be
generated at the interface and the cylinder will be at the ambient
temperature 7. Setting 4 =0 in boundary condition (4) gives f(r)=0.
Substituting f(r) =0 into (q) gives a;, =0. Thus eq. (3.20) gives 8 =0
or T'(r,z)=T,. The same check holds for @ =0.

(6) Comments. (i) It is important to determine the weighing function by
comparison with the Sturm-Liouville problem and not assume that it is
equal to unity. (ii) The subscript k in the characteristic values and
summation index is used instead of # to avoid confusion with the order of
Bessel functions which often occurs in cylindrical solutions.

3.8 Integrals of Bessel Functions

The application of orthogonality leads to integrals involving the
characteristic functions of the problem. A common integral which occurs
when the characteristic functions are Bessel functions takes the form

o
Nn:I rJ2(Ar)dr. (3.21)
0

where N, is called the normalization integral. The value of this integral
depends on the form of the homogeneous boundary condition that leads to
the characteristic equation. Table 3.1 gives N, for solid cylinders,
corresponding to the three boundary conditions at 7 =7, given in eq. (3.8).
The Biot number in Table 3.1 is defined as Bi = hr, / k.

Table 3.1 Normalizing integrals for solid cylinders [3]

Boundary condition at 7, N = J‘ Vor Jz( Apr)dr
n n
0
N 2
B ¥y d‘]n(/lkra)
Jn(ﬂ'kro)_o 22,?(|: dr
dJ, (A !
n( kro):O —2[(/1](7'0)2_”2]*];3()’/(7‘0)
dr 22
dJ, (A,r, L
iy (i) =hJ, (Ar,) ﬁ[(Bz)z +(ﬂ,kr0)2 _nZ]J,f(ﬂkVo)
k

dr
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3.9 Non-homogeneous Differential Equations

The method of separation of variables can not be directly applied to solve
non-homogeneous differential equations. However, a simple modification
in the solution procedure makes it possible to extend the separation of
variables method to non-homogeneous equations. The following example
illustrates the modified approach.

Example 3.6: Cylinder with Energy Generation.

A solid cylinder of radius 7, T r

a L
and length L generates heat at a
volumetric rate of q". One 0
plane surface is maintained at /, z

"

oY

T, while the other is insulated.

The cylindrical surface is at L
temperature T,. Determine the Fig. 3.5
temperature  distribution  at

steady state.

(1) Observations. (i) The energy generation term makes the differential
equation non-homogeneous. (ii) Defining a new temperature variable,
0 =T -T,, makes the boundary condition at the cylindrical surface
homogeneous. (iii) A cylindrical coordinate system should be used.

(2) Origin and Coordinates.
Fig. 3.5 shows the origin and coordinate axes.
(3) Formulation.

(i) Assumptions. (1) Two-dimensional, (2) steady, (3) uniform energy
generation and (4) constant conductivity.

(ii) Governing Equations. Defining § =7 —T, and applying the
above assumptions to eq. (1.11) gives
li( 06 820 qm

r—)+——+-—=0. 3.22
or 22k (3:22)

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. The r-variable has two homogeneous conditions. However,
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this must be re-examined depending on the method used to deal with the
non-homogeneous nature of eq.(3.22).

(iv) Boundary Conditions.

(1) 6(0,z) = finite,  (2) O(r,,z) =0,

290D o w6 0)=T, -

T, .
oz “

(4) Solution. Equation (3.22) is non-homogeneous due to the heat
generation term. Thus we can not proceed directly with the application of
the method of separation of variables. Instead, we assume a solution of the
form

O(r,z) =y (r,z)+¢(2). (a)
Note that y(r,z) depends on two variables while ¢(z) depends on a
single variable. Substituting (a) into eq. (3.22)
1 "
10 ) o v, d’¢ q 0.

b
r@r 8r 0z° d22 k ®)

The next step is to split (b) into two equations, one for y(r,z) and the
other for @(z). We select

o’ w
—=0. c
r 8r 8r) ©)
Thus, the second part must be
d2¢ qm
+—=0. d
dz*  k @

Note the following regarding this procedure:

(1) Equation (c) is a homogeneous partial differential equation.

(2) Equation (d) is a non-homogeneous ordinary differential equation.

(3) The guideline in splitting (b) is to exclude the term ¢"”/k from the
part governed by the partial differential equation, as is done in (c).

Boundary conditions on y/(7,z) and ¢(z) are obtained by substituting (a)
into the four boundary conditions on #. Thus (a) and condition (1) give
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w(r, z)= finite. (c-1)

Boundary condition (2) gives
W(r,.2) = —4(2). (c-2)

Boundary condition (3) yields

op(rL) dgl) _,

oz dz
Let
M =0. (c-3)
oz
Thus
M =0. (d-1)
dz
Finally, boundary condition (4) gives
l//(V,O)+¢(0)=TO _Ta'
Let
w(r,0)=0. (c-4)
Thus
$(0)=T, - T,. (d-2)

Note that splitting the boundary conditions is guided by the rule that,
whenever possible, conditions on the partial differential equation are
selected such that they are homogeneous.

Thus the non-homogeneous equation (3.22) is replaced by two equations:

(c), which is a homogeneous partial differential equation and (d), which is a

non-homogeneous ordinary differential equation. Equation (c) has three

homogeneous conditions, (c-1), (c-3) and (c-4) and one non-homogeneous
condition, (c-2). The solution to (d) is
q”l

9(2) %

where E and F are constants of integration.

2 +Ez+F, (e)

(i) Assumed Product Solution. To solve partial differential equation
(c) we assume a product solution. Let
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w(r,z) = R(r)Z(z). ¢

Substituting (f) into (c), separating variables and setting the resulting two
equations equal to a constant, * /ﬁ , we obtain

d*z
L+ 47, =0, ()
and
d’R, dR,
2
PPk T 22 2R, =0. h
darr dr k ®

(ii) Selecting the Sign of the ﬂ,i Terms. Since the z-variable has two
homogeneous boundary conditions, the plus sign is selected in (g). Thus (g)
and (h) become

d’ Zk + 4 Z, =0, )

and

2 d’R, L AR,

dr? dr /12 R R =0. ()

For the special case of 4, =0 the above equations take the form

d*Z,
=0, k
1.2 (k)
and
d’R, dR,
——+—=0. 1
g dr? dr ®

(iii) Solutions to the Ordinary Differential Equations. The solution
to (i) is

Equation (j) is a Bessel differential equation with A=B=n=0, C =1
D = A,i. Thus

The solutions to (k) and (1) are
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Zy(z)=Ayz+B,, (0)
and
Ry(r)=Cylnr+D,. (p)

The complete solution to &(r, z) becomes
O(r,2) = ¢(2) + Ry(r) Zo(2) + D Ry (1) Z,.(2) . (@)
k=1

(iv) Application of Boundary Conditions. Applying boundary
condition (c-1) to equation (n) and (p) gives

D, =C,=0.
Condition (c-4) applied to (m) and (o) gives
B, =B,=0.
Condition (c-3) applied to (m) and (o) gives
4,=0,
and the characteristic equation for A, is given by
cosA4, L =0,

or

ﬂksz‘%, k=12,... )

With A, =B,=0, the solution R,Z, vanishes. The solution to
w(r,z)becomes

w(r,z)= ) a, Iy(4r)sind,z. (s)
k=1
Returning now to the function ¢(z), conditions (d-1) and (d-2) give the
constants £ and F

E=q"L/k,
and
F=T,-T,.

Substituting into (e) gives
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m 2

¢(z)_ [Z(Z/L) (z/ D2+ (T, -T,). ®

Application of condition (c-2) gives

0

[2(Z/L) /L |-, -1,) =Y a LG sindz. W

k=1

" LZ

(v) Orthogonality. Note that the characteristic functions, sinA,z, in
(u) are solutions to equation (i). Comparing (i) with eq.(3.5a) shows that
it is a Sturm-Liouville equation with

a,=a, =0 and ay=1.
Thus eq. (3.6) gives
p=w=1and g=0.

Since the boundary conditions at z = 0 and z = L are homogeneous, it
follows that the characteristic functions sinA,z are orthogonal with
respect to w = 1. Multiplying both sides of (u) by sinA,z dz, integrating
from z = 0 to z = L and invoking orthogonality, eq. (3.7), we obtain

I
j{ q"L bz/n)- /-, Ta)}sin/‘tkzdz:

0
L

a, 1,(Ar,) |sin® A,z dz.
0
Evaluating the integrals and solving for a,

-2
(A L)y (Ar,)

a; = (7, -7,y +q" k2. W)

Thus the temperature solution &(7,z) becomes

O(r,z)=T(r,z)-T, =

m 2

(To_Ta)+

[2(Z/L) (z/L) ]+Zak10(ﬂ,kr)sin/1kz. (W)

k=1

(5) Checking. Dimensional checks: Each term in (w) has units of
temperature.
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Limiting check: If ¢" =0 and T, =T,, physical consideration requires
that the cylinder be at uniform temperature. Under this condition equation
(v) gives a;, = 0. Substituting into (w) gives 7'(r,z)=T,.

(6) Comments. An alternate solution is to replace (a) with the following:
O(r,z) =y (r,z) +§(r).

This leads to two homogeneous boundary conditions in the r-variable
instead of the z-variable.

3.10 Non-homogeneous Boundary Conditions:
The Method of Superposition

The separation of variables method can be applied to solve problems with
non-homogeneous boundary conditions using the principle of
superposition. In this approach, a problem is decomposed into as many
simpler problems as the number of non-homogeneous boundary conditions.
Each simple problem is assigned a single non-

homogeneous boundary condition such that when y h,T,
the simpler problems are added they satisfy the

conditions on the original problem. To illustrate ) 2()
this method, consider steady state two- L
dimensional conduction in the plate shown in Fig.

3.7. Since all four boundary conditions are non- I
homogeneous, the solutions to four simpler 0
problems, each having a single non-homogeneous
condition, are superimposed. The heat equation Fig. 3.7
for constant conductivity is

X

"

0°T o°T
oo @

The boundary conditions are

_k aT(O’ y) — 14
ox

(1) 4y, () T(L,y)=g(y),

T(x,W)-T,].

3 T0) = f(x), @) — k%y’m i
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We assume that the solution 7(x,y) is the sum of the solutions to four
problems, given by

T(x,y)=T\(x,y)+ T,(x,y) + T5(x,y) + T, (x, ). (b)

The four solutions, 7, (x,y), n=1,2,3,4, must satisfy equation (a) and the
four boundary conditions. Substituting (b) into (a) gives four identical
equations

T
-0 n=1234 ()

Substituting (b) into condition (1)

_kaTl(an _kaTZ(O’y) _kaTS(an) _kaT4(an) :qg
ox ox ox ox

We assign the non-homogeneous part of this equation to 7;(x,)), leaving
homogeneous conditions for the remaining three problems. Thus

_ aTl(O’y)_ " 8T2(05y)_ 8T3(0,J/)_ a714(0:)/’)
k _qoa _09 _Oa
0x ox 0x 0x

Similarly, the remaining three conditions are subdivided to give

=0. (d-1)

I(Ly)=0, T,(Ly)=g(y), TLi(Ly)=0, T,(Ly)=0, (d-2)

i(x,00=0, T(x0)=0, T(x0)=f(x), T,(x0=0, (d3)

_pSLCI) ey, kS oy
oy : 0 ’
kOB ewy, kS e owy -1, ] a4
oy ’ Oy )

Note that each of the four problems has one non-homogeneous condition,
as shown in Fig. 3.8. In solving the simpler problems it may be more
convenient to change the location of the origin and/or the direction of
coordinates. However, all solutions must be transformed to a common
origin and coordinates before they are added together.
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3.1

PROBLEMS

A rectangular plate of length L
and width W is insulated on
sides x=L and y=W. The
plate is heated with variable flux
along x =0. The fourth side is
at temperature 7;. Determine the

steady

state

two-dimensional

temperature distribution.

¥

>

b

q,(»)
—>

=4

N~
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3.2

33

34

3.5

3 Two-dimensional Steady State Conduction

Heat is generated in a rectangular YA T, T,
plate 3L xH at a uniform eL_,‘(_L _)F_L N
volumetric rate of ¢". The /7 " h
surface at (0,y) is maintained T, q H\T,
at 7. Along surface (3L,y) the . 3L

X

plate  exchanges  heat by
convection. The heat transfer
coefficient is 4 and the ambient temperature is 7,,. Surface (x,H) is
divided into three equal segments which are maintained at uniform
temperatures 7j, T,, and 73, respectively. Surface (x,0) is
insulated. Determine the two-dimensional steady state temperature
distribution.

A rectangular plate LxH is y

maintained at uniform tem \ng
perature

T, along three sides. Half the fourth < 1L/2

side is insulated while the other half T/) H (\T

is heated at uniform flux g¢.. ° L ’

Determine the steady state heat 0 \T x

transfer rate through surface (0,)).

A semi-infinite plate of width 2L is ¥ ;T

maintained at uniform temperature qg_)
T, along its two semi-infinite sides.
Half the surface (0,y) is insulated
while the remaining half is heated at 0 N X
a flux ¢). Determine the two- !
dimensional steady state temperature distribution.

AN
eh»‘eh—)

Consider two-dimensional steady state conduction in a rectangular
plate L x H. The sides (0,y) and (x,H) exchange heat by convection.

The heat transfer coefficient is 4 y h,T,

and ambient temperature is 7, . , F;/Z e 5

Side (x,0) is insulated. Half the - #

surface at x = L is cooled at a flux - HI2 >
y

qi while the other half is heated 0 X
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ata flux ¢5. Determine the heat transfer rate along (0,)).

Radiation strikes one side of a V!

rectangular element L x H and is

partially absorbed. The absorbed "= AP H>q

energy results in a non-uniform

. . L
volumetric ener eneration
. & 8 0 A »
given by radiation
qm — Ao e By ’

where A, and S are constant. The surface which is exposed to
radiation, (x,0), is maintained at 7%, while the opposite surface (x,H)
is at 7;. The element is insulated along surface (0,y) and cooled
along (L,y) at a uniform flux ¢,. Determine the steady state
temperature of the insulated surface.

An electric strip heater of width 2b y DS I
dissipates energy at a flux ¢, . b b

The heater is ' symmetrically T % ;{
mounted on one side of a plate of

height A and width 2L. Heat is 0 L L

exchanged by convection along
surfaces (0,y) and (2L,y). The ambient temperature is 7, and the
heat transfer coefficient is /. Surfaces (x,0) and (x,H) are insulated.
Determine the temperature of the plate-heater interface for two-
dimensional steady state conduction.

The cross section of a long prism is a right

angle isosceles triangle of side L. One side 4"

is heated with uniform flux ¢, while the

second side is maintained at zero

temperature. The hypotenuse is insulated. }\Tzo
Determine the temperature 7, at the mid-

point of the hypotenuse.

The cross section of a long prism is a right
angle isosceles triangle of side L. One side
exchanges heat by convection with the

\r=0
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3.10

3.11

3.12
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surroundings while the second side is maintained at zero temperature.
The heat transfer coefficient is 4 and ambient temperature is 7, . The

hypotenuse is insulated. Determine the temperature 7, at the mid-

point of the hypotenuse.

By neglecting lateral temperature y

h,T,

>0

variation in the analysis of fins,
two-dimensional conduction is

B

e > T >

X

0
modeled as a one-dimensional /’
problem. To examine this 7,
approximation, consider a semi-

h,T,

s oo

infinite plate of thickness 2H. The base is maintained at uniform
temperature 7. The plate exchanges heat by convection at its semi-
infinite surfaces. The heat transfer coefficient is 4 and the ambient

temperature is 7., . Determine the heat transfer rate at the base.

A very long plate of thickness 2H
leaves a furnace at temperature y
T . The plate is cooled as it

moves with velocity U through a 0
liquid tank. Because of the high /’

heat transfer coefficient, the I
surface of the plate is maintained
at temperature 7). Determine the

T > T >

1,

steady state two-dimensional temperature distribution in the plate.

Liquid metal flows through a cylindrical
channel of width A and inner radius R.
It enters at 7; and is cooled by
convection along the outer surface to
T,. The ambient temperature is 7, and
heat transfer coefficient is 4. The inner
surface is insulated. Assume that the
liquid metal flows with a uniform
velocity U and neglect curvature effect
(H/R << 1), determine the steady state

temperature of the insulated surface.

\TO\V/EI‘ ]

nT,
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A solid cylinder of radius 7, and

length L is maintained at 7] at one g ( T -

end. The other end is maintained at @0
o o—>z

T, and the cylindrical surface at Vd «\\

T;. Determine the steady state two- T} L T,

dimensional temperature distribution
in the cylinder.

A solid cylinder of radius 7, and

length L is maintained at 7} at one 7 [fT 2
end and is cooled with uniform flux

g, at the other end. The cylindrical (Ozv
surface is maintained at a uniform 7}
temperature 7,. Determine the
steady state two-dimensional

temperature distribution in the cylinder.

The volumetric heat generation rate , T,

in a solid cylinder of radius 7, and f p)
length L varies along the radius 04—>z ¢" >, @
according to L 1o

a"=q]r.

where ¢ is constant. One end is insulated while the other end is
cooled with uniform flux ¢,. The cylindrical surface is maintained
at uniform temperature 7, . Determine the steady state temperature of
the insulated surface.

Heat is added at a

uniform flux ¢, over a r ﬁ Lo "o
circular area of radius b /] z 7 q! @
at one end of a solid Z

cylinder of radius v, L

and length L. The
remaining surface of the heated end and the opposite surface are
insulated. The cylindrical surface is maintained at uniform
temperature 7,. Determine the steady state two-dimensional
temperature distribution.
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3.17 A disk of radius 7, /2 is

3.18

3.19

3.20
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,
pressed co-axially with a . h T,

hT,
force F against one end of a (f——>2 %ﬁ @
solid cylinder of radius 20 ,
L o
r, and length L. The disk
rotates with angular velocity @. The coefficient of friction between

the disk and cylinder is g The two ends and the exposed surface of
the disk are insulated. Heat is exchanged by convection along the

cylindrical surface. The heat transfer coefficient is 4 and the ambient
temperature is 7,,. Determine the temperature of cylinder-disk

interface.
A shaft of radius 7, and ,
. o b
length L is maintained s s -

at T} at one end and 7, at ?
the other end. The shaft EF :é @
rotates inside a sleeve of / r{/ 7777, /]f/ \

length b. Heat is generated at T, T,

the interface between the

sleeve and the shaft at uniform flux ¢, . The cylindrical surface of the
shaft is well insulated. Determine the steady state interface

temperature.

A glass rod of radius

~

7; rotates co-axially with

7 "

angular velocity @ inside /O\, (;_ - 1
a hollow cylinder of inner /7
o 7

radius 7;, outer radius 7,
and length L. Interface
pressure is P and the coefficient of friction is g#. The cylinder

generates heat at a volumetric rate of ¢". One end of the cylinder is
insulated while the other end is maintained at 7. The cylindrical
surface is at 7,. Neglecting heat conduction through the rod,
determine the interface temperature.

Consider steady state two-dimensional conduction in a hollow half
disk. The inner radius is 7;, outer radius 7, and the thickness is O.
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2222222The disk exchanges heat by
convection along its two plane
surfaces. The  heat  transfer
coefficient is 4 and the ambient

temperature is 7,,. The cylindrical

nT T,

surface at 7, is maintained at 7

and that at 7, at 7. The two end g
surfaces at @ =0 and O =rmare j.T hT

biae o} >~ 00

insulated. Determine the steady state
temperature distribution in the disk.

3.21 A hollow cylinder has an

3.22

inner radius r;, outer

RSSO

radius 7, and length L.

One end is maintained 0O—— z h, T
at 7, while the other end
is insulated. The cylinder (;l L
exchanges  heat by
convection at its inside

ASSSSSY

and outside surfaces. The inside ambient temperature is 7; and the
inside heat transfer coefficient is /;,. The outside ambient
temperature is 7, and the outside heat transfer coefficient is 4,.
Determine the two—dimensional steady state temperature distribution

in the cylinder.

In the annular fin model,

: h
lateral temperature variation h,T, AT<> Ty V

is neglected. Thus, two- ) I 2H

dimensional temperature A
h, T, —>| r.hT,

distribution is modeled as

one-dimensional conduction.

To examine the accuracy of this approximation, consider a large plate
of thickness 2H which is mounted on a tube of radius 7,. The tube is
maintained at a uniform temperature 7,. Heat transfer at the two
surfaces is by convection. The ambient temperature is 7,, and the
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3.21
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heat transfer coefficient is 4. Determine the two-dimensional steady
state temperature distribution and the heat transfer rate from the plate.

A rod of radius r

o r
moves through a furnace © L
)3
[

with velocity U and
leaves at temperature
T,. The rod is cooled

h, T, 7,
o0
z U = m
0 1N
furnace
|:{ Q\\To h, T,

outside the furnace by convection. The ambient temperature is 7,
and the heat transfer coefficient is 4. Assume steady state conduction,
determine the temperature distribution.

Heat us generated in an electric wire of radius 7, at a volumetric rate

"

qO °
it exchanges heat by convection.
The heat transfer coefficient is /
and chamber temperature is 7, .
The wire enters the chamber at
temperature 7;. Determine the
steady

state two-dimensional

temperature distribution.

The wire moves with velocity U through a large chamber where

Ttz ——> 3TN
[ '« \\\ O/
} N qy
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TRANSIENT CONDUCTION

In transient conduction the temperature at any location in a region changes
with time. This is a common condition which is encountered in many
engineering applications. In this chapter we will first present a simplified
model for solving certain transient problems in which spatial variation of
temperature is neglected, and then treat transient conduction in one spatial
coordinate. The use of the method of separation of variables to solve
transient problems will be presented. Time dependent boundary conditions
will be treated using Duhamel’s superposition integral. The similarity
transformation method will be introduced and applied to the solution of
transient conduction in semi-infinite regions.

4.1 Simplified Model: Lumped-Capacity Method

In the simplest approach to solving transient problems, spatial temperature
variation is neglected and thus the temperature is assumed to vary with
time only. That is

T=T(). 4.1)

This idealization is not always justified but can be made under certain
conditions discussed in the following section.

4.1.1 Criterion for Neglecting Spatial Temperature Variation

Consider a thin copper wire which is heated in an oven and then removed
and allowed to cool by convection. Heat is conducted through the interior
and removed from the surface. Thus, there is a temperature drop AT across
the radius of the wire. It is this temperature drop that is neglected in the
lumped-capacity model. Factors influencing this drop are: (1) the radius of
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the wirer, , (2) thermal conductivity &, and (3) the heat transfer coefficient
h. We expect AT to be small for a small radius and for a large
conductivity. The role of 4 is not as obvious. A small heat transfer
coefficient can be thought of as an insulation layer restricting heat from
leaving the wire and therefore forcing a more uniform temperature within.
How these three factors combine to form a parameter that gives a measure
of the temperature drop can be established by dimensional analysis of the
governing equation and boundary conditions. This parameter is found to
be the Biot number Bi which is defined as

(4.2)

where 0 is a length scale equal to the distance across which the
temperature drop AT is to be neglected. In this example o = r, . Based on
our observation, we conclude that the smaller the Biot number, the
smaller AT is. The next question is: how small must the Biot number be
for the temperature drop to be negligible? The answer is obtained by
comparing approximate transient solutions in which spatial temperature
variation is neglected with exact solutions. Results indicate that for
Bi <0.1 the temperature drop AT is less than 5% of the temperature
difference between the center and the ambient fluid. Thus the criterion for
neglecting spatial temperature variation and the justification for using the
lumped-capacity method is

ho
Bi =——<0.1. (4.3)
k

Care must be exercised in identifying the length scale ¢ in eq. (4.3). For
a long cylinder, & =r,. For a large plate of thickness L which is heated or
cooled along both its surfaces, symmetry suggests that & = L/2. However,
for a plate which is insulated on one side, & = L. For an irregularly shaped
body, or one in which heat is transferred from more than one surface, a
reasonable definition of the length scale in the Biot number is determined
by dividing the volume of the object, V, by its surface area, A;. That is

- (4.4)
o .

The physical significance of the Biot number is revealed if eq. (4.2) is

S

rearranged as
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Bi o/k
IRV
This indicates that the Biot number is the ratio of the conduction resistance
(internal) to the convection resistance (external). Thus, a small Biot number
implies a small internal resistance compared to the external resistance.

4.1.2 Lumped-Capacity Analysis

Consider a region of surface area A and volume J which is initially at
temperature 7;. Energy is suddenly generated volumetrically at a rate
q" while the region is allowed to exchange heat with the surroundings by
convection. The heat transfer coefficient is /4 and the ambient temperature
is T, . Of interest is the determination of the transient temperature. The
first step is the formulation of an appropriate governing equation for
temperature behavior. Assuming that Bi < 0.1, the lumped-capacity model
can be used. That is

T=T(@). (@)
Temperature variation is governed by conservation of energy
E,+E,-E,, =FE, (1.6)
where

E = rate of energy change within the region

E,, = rate of energy added

E ¢ = rate of energy generated

E o = Tate of energy removed

We can proceed by pretending that the region either loses or gains heat.
Both options yield the same result. Assuming that heat is removed
(E,, =0), eq. (1.6) becomes

Eg_Eout:E' (b)
Neglecting radiation and assuming that heat is removed by convection,

Newton's law of cooling gives

Eout :hAS(T_Too)' (C)
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To formulate £ ¢ We assume that energy is generated uniformly throughout
atarate ¢" per unit volume. Thus

E,=Vq". (d)

For incompressible material Eis given by

. dT
E:pCsz, (e)

where p is density and ¢, is specific heat. Substituting (c), (d) and (e) into
(b) gives
dT

Vg" —hA (T -T.)= pc.V =—.
q s ( ) =pc, 7

Separating variables and rearranging
dT q "

=—21 dr. (4.5)
(hA; 1q"V T -T,) -1 pe,

Equation (4.5) is the lumped-capacity governing equation for all bodies that
exchange heat by convection and generate energy volumetrically. It is
based on the following assumptions: (1) Energy is generated uniformly, (2)
negligible radiation, (3) incompressible material and (4) Bi < 0.1. The
initial condition for this first order ordinary differential equation is

7(0) =T;. (4.6)

The solution to eq.(4.5) is obtained by direct integration. Assuming
constant 4, 7., and ¢", and using, eq. (4.6), the result is

T-T [ 4"V hA, ] q"V wn)

-1 Jexp[- t+ .
T,-T. hA (T, ~T,) pe,V " hA(T;~T,)

Units for the quantities in (4.7) are

2
¢ = surface area, m

¢, = specific heat, J/kg-°C
h = heat transfer coefficient, W/m*-°C
q" = volumetric energy generation, W /m?>

! =time,s
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T =temperature, °C
V' =volume, m’

p = density, kg/m’

The following observations are made regarding eq.(4.7): (1)
Temperature decay is exponential for all lumped-capacity solutions when
heat is exchanged by surface convection. (2) The thermal conductivity does
not enter into this solution since neglecting spatial temperature variation
implies infinite conductivity. (3) Steady state temperature is determined by
setting ¢ = oo in eq. (4.7) to obtain

qu
hA,
Note that this result represents a balance between energy generated

q"V and energy convected hA[T(0)—T,]. Equation (4.7) can be
applied to the following special cases:

T(0)=T, +

(4.8)

Case (i): No energy generation. Set ¢" =0 in eq. (4.7)

T-T, hA,
=exp[ - t]. (4.9)
I, -T, pe,V

The steady state temperature for this case is T(0) =T, .

Case (ii): No convection. Set 2 = 0 in eq. (4.7). Expanding the exponential
term in eq. (4.7) for small /1 and then setting 4 = 0, gives

T=T+-21 ¢ (4.10)
pe,

This represents a balance between energy generated and energy stored.
Since in this case no energy leaves, it follows that a steady state does not
exist. This is confirmed by eq. (4.10).

Case (iii) Initial and ambient temperatures are the same. Set 7, = T
in eq. (4.7)

qﬂ!V
T=T + 1 —exp(—
ot { p(

N

MSO (4.11)
pec,V ' '
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The steady state for this case is obtained by setting ¢ =o00. The result is
given by eq. (4.8).

4.2 Transient Conduction in Plates

For problems in which Bi > 0.1, spatial temperature variation becomes
important and thus must be taken into consideration. Conduction in this
case is governed by a partial differential equation. The method of
separation of variables can be applied to the solution of such transient
problems. As with steady state two-dimensional conduction, the application
of this method is simplest when the differential equation is homogeneous
and the spatial variable has two homogeneous boundary conditions.
However, separation of variables is also applicable to non-homogeneous
equations and/or boundary conditions using the procedure presented in
Section 3.10.

In addition to boundary conditions, an initial condition must be specified
for all transient problems. This condition describes the temperature
distribution at £ =0.

Example 4.1: Plate with Surface Convection —
. . . . . 2 HBC
Consider one-dimensional transient conduction A~

in a plate of width 2L which is initially at a
specified temperature distribution given by

T, =T(x,0)= f(x). The plate is suddenly ]}f L)L Y{I
allowed to exchange heat by convection with an ® 0—Xx|"®
ambient fluid at T, . The convection coefficient ]

is h and the thermal diffusivity is . Assume

that f(x) is symmetrical about the center plane; Fig. 4.1

determine the transient temperature of the plate.

(1) Observations. (1) Temperature distribution is symmetrical about the
center plane. (2) A convection boundary condition can be made
homogeneous by defining a new temperature variable =7 —T .

(2) Origin and Coordinates. Due to symmetry, the origin is taken at the
center plane as shown in Fig. 4.1.

(3) Formulation
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(i) Assumptions. (1) One-dimensional conduction, (2) constant
conductivity, (3) constant diffusivity and (4) constant heat transfer
coefficient and ambient temperature.

(ii) Governing Equations. To make the convection boundary condition
homogeneous, we introduce the following temperature variable

O(x,t)=T(x,t)-T,,. (a)
Based on the above assumptions, eq. (1.8) gives
2
0 _100 )
ox> o Ot

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the x-variable can have two homogenous conditions.
Thus Fig. 4.1 is identified accordingly.

(iv) Boundary and Initial Conditions. The boundary conditions at
x=0and x = L are

00(0,1)
=0
(1 o
) — kM =h6(L,t)
Ox

The initial condition is
(3) 0(x,0)= f(x)-T,

(4) Solution.

(i) Assumed Product Solution. The method of separation of variables
is applied to solve this problem. Assume a product solution of the form

O(x,t) = X(x) 7(¢). (b)

Substituting (b) into eq. (4.12), separating variables and setting the
resulting equation equal to the separation constant + ﬂ,i , gives

d*X
e FAX, =0, (©)

and
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dr

n

dt

(ii) Selecting the Sign of the ﬂi Terms. Since the x-variable has two
homogeneous conditions, the plus sign must be selected in (¢). Thus (c) and
(d) become

Talr,=0. (d)

d*x.
—++4,X, =0, (e)
dx?
and
dﬁ+a/ﬁ 7,=0. €3]
dt

=0 yield a trivial

It can be shown that the corresponding equations for /1%

solution for X7, and will not be detailed here.

(iii) Solutions to the Ordinary Differential Equations. The solutions
to (e) and (f) are

X,(x)=A4,sinA,x+ B, cosA,x, (2
and

Tn (t) = Cn exp(—a ﬂ‘ﬁ t) : (h)

(iv) Application of Boundary and Initial Conditions. Condition (1)
gives A, =0, thus

X,(x)=B,cosi,x. (1)
Condition (2) gives the characteristic equation for A,
A,Ltan A, L = Bi, (4.13)
where Bi is the Biot number defined as
Bi=hL/k. Q)]

Substituting into (b) and summing all solutions

O(x,t)=T(x,t)-T, = Y a, exp(-akit) cos A,x. (4.14)

n=0

Application of the non-homogeneous initial condition (3) yields
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0

() =T, = Zan cosA,, X . ®)

n=0

(v) Orthogonality. The characteristic functions cosA,x in equation
(k) are solutions to (e). Comparing (e) with eq. (3.5b) shows that it is a
Sturm-Liouville equation with

Thus eq. (3.6) gives
p=w=1land g=0.

Since the conditions at x = 0 and x = L are homogeneous, it follows
that cos A, x are orthogonal with respect to w(x) = 1. Multiplying both
sides of (k) by cos 4, xdx, integrating from x = 0 to x = L and applying
orthogonality, eq.(3.7), gives a,,
L
24, I [f(x)=T,]cos A,xdx
0

a, = . (4.15)
A,L+ (sin A,L)(cos A,L)

For the special case of uniform initial temperature 7;, we
set f(x)=1T; in eq.(4.15) and evaluate the integral to obtain
2(T; =T,)sin 4,L

a, = . (4.16)
A,L + (sin A,L)(cos 4,L)

(5) Checking. Dimensional check: The exponent of the exponential
in eq.(4.14) must be dimensionless. Since A, has units of 1/m, units of
the exponent are

a(m?* /s)A2 (1/m*) ¢(s)= unity

Limiting check: 1f the plate is initially at the ambient temperature 7, no
heat transfer takes place and consequently the temperature remains constant
throughout. Setting f(x) =7, in eq.(4.15) gives a, =0. Substituting
this result into eq.(4.14) gives T(x,t) =T,,.

(6) Comments. (i) Unlike steady state two-dimensional conduction, the
sign of /13, term is positive in the two separated ordinary differential
equations. (ii) The assumption that the initial temperature distribution is
symmetrical about x = 0 is made for convenience only.
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4.3 Non-homogeneous Equations and Boundary Conditions

The approach used in solving two-dimensional steady state non-
homogeneous problems is followed in solving transient problems.

Example 4.2: Plate with Energy Generation and Specified Surface

Temperatures -
A plate of thickness L is initially at a L
uniform temperature T;. Electricity is / " \
suddenly passed through the plate 7 1 T
resulting in a volumetric  heat 1 2
generation rate of q". Simultaneously o—>*
one surface is maintained at uniform —
temperature 1, and the other at T,.
Determine the transient temperature Fig. 4.2
distribution.

(1) Observations. (i) Temperature distribution is asymmetric. (ii) The x-
variable has two non-homogeneous conditions. (iii) The heat equation is

non-homogeneous due to the heat generation term ¢".

(2) Origin and Coordinates. Fig. 4.2 shows the origin and coordinate x.
(3) Formulation

(i) Assumptions. (1) One-dimensional conduction, (2) constant
conductivity and (3) constant diffusivity.

(i) Governing Equations. Based on the above assumptions, eq. (1.8)
gives
2 m
T 10T
a—2+q—:——. 4.17)
Ox k «a Ot

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the x-variable can have two homogeneous conditions.

(iv) Boundary and Initial Conditions. The boundary conditions at
x=0 andx=L are

() T(0,6)=T,
(2) T(Lat) :TZ

The initial condition is
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©G) T(x,0) =T;

(4) Solution. Since the differential equation and boundary conditions are
non-homogeneous, the method of separation of variables can not be applied
directly. We assume a solution of the form

T(x,0) =y (x,0) +¢(x). (a)

The function @(x) is introduced to account for the energy generation term
and to satisfy the non-homogeneous boundary conditions. Substituting (a)
into eq. (4.17)
62 d2 " 1 8
¥, —‘f T L A (b)
ox~ dx k «a Ot
Equation (b) will be split in two parts, one for y(x,?) and the other
for ¢(x). Let

2
ox a Ot
Thus,
d2¢ qw
CP24:9 o, d
PRI (d)

To solve equations (c¢) and (d) requires two boundary conditions for each
and an initial condition for (c). These conditions are obtained by requiring
(a) to satisfy boundary conditions (1) and (2) and initial condition (3).
Substituting (a) into condition (1)

w(0.1)+$(0) = T;.

Let

w(0,1)=0. (c-1)
Therefore,

#(0)=T,. (d-1)
Similarly, condition (2) gives

w(L,t)=0, (c-2)
and

p(L)=T,. (d-2)

The initial condition gives
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w(x0)=T,~4(x). (c-3)

The solution to equation (d) is obtained by direct integration

"

¢(x)=—gk x2 +Cx+C,. (e)

(i) Assumed Product Solution. Partial differential equation (c) has two
homogeneous conditions in the x-variable and can be solved by the method
of separation of variables. Assume a product solution of the form

y(x,0) = X(x0)z(1). ()

Substituting (f) into (c), separating variables and setting the resulting
equation equal to a constant + ﬂi gives

d*X
7 FAhX, =0, ()
and
d;":a 21, =0. (h)

(ii) Selecting the Sign of the Two /Ii Terms. The plus sign must be
selected in (g) because the x-variable has two homogeneous conditions.
Thus (g) and (h) become

d*xX,
—r+ XX (x)=0, i
e 2 X () (1)
and
dr”+a/1irn=0. ()
dt

It can be shown that the corresponding equations for /ﬁ =0 yield a trivial
solution for X ,7, and will not be detailed here.

(iii) Solutions to the Ordinary Differential Equations. The solutions
to (i) and (j) are
X, (x)=4,sinA,x+B,cosd,x, . k)
and

z,(t)=C, exp(—ailt). ()]
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(iv) Application of Boundary and Initial Conditions. Boundary
condition (c-1) gives

B, =0.
Condition (c-2) gives the characteristic equation
sind,L=0, A, L=nx, n=123.. (m)
Substituting into (f) and summing all solutions gives
w(x,t)= Zan [exp(—alﬁt)] sin 4, x . (n)
n=l1

Returning to the function ¢(x), boundary conditions (d-1) and (d-2) give
the constants of integration C; and C,. The solution to ¢(x) becomes

¢(x>=T1+<T2—T1>§+§k<L—x>x. (0)

Application of the non-homogeneous initial condition (c-3) yields

0

T, - $(x) = ) a,sini,x. ™)

n=1

(v) Orthogonality. The characteristic functions sin A, x appearing in (p)
are solutions to equation (i). Comparing (i) with eq. (3.5a) shows that it is a
Sturm-Liouville equation with w(x) = 1. Multiplying both sides of (p)
by sin A4, x dx, integrating from x = 0 to x = L and applying orthogonality,
eq. (3.7), gives a,,

L
I [T, — $(x)]sin A, x dx
a, = 0 7 . (@)
j sin® A, X dx
0

Substituting (o) into (q), evaluating the integrals and using (m) gives

n n
a, =270 gy 4 20D
nw nw

[(722712 —2)(=D)" + 2]q"'L2
(n7)’ ko

(7, - 1)+ (q722 120)| -
®
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The complete solution to the transient temperature is

_ 1 2
TN _x, a"C [\ (2|
L-1, L 2kf-T)

o0 (s)
a 2 2,72
—1lexp(—an 7t/ L |sin(nmx/L).
;@ —To[ o | )

(5) Checking. Dimensional check: Each term in (s) is dimensionless.
According to (q), a, has units of temperature. Thus the term a, (7, — T)
is dimensionless. Checking the units of ¢"L* / k(T, — T,) shows that this is
a dimensionless group.

Limiting Check: At steady state, ¢ = o0, the temperature distribution should
be that of a plate with energy generation and specified temperature at x = 0
and x = L. Setting ¢ = oo in (s) gives the expected solution.

(6) Comments. (i) If the initial temperature is not uniform, 7; in equation
(q) is replaced by T;(x). (ii) The approach used to solve this problem can
also be used to deal with other non-homogeneous boundary conditions. (iii)

The solution 1is governed by two dimensionless parameters:

(T, = T,) (T, = T) and ¢"L* / K(T, = Ty).

4.4 Transient Conduction in Cylinders

As with steady state two-dimensional conduction, the method of separation
of variables can be used to solve transient conduction in cylindrical
coordinates. The following example illustrates the application of this
method to the solution of non-homogeneous heat equations.

Example 4.3: Cylinder with Energy Generation

A long solid cylinder of radius r, is initially at a uniform temperature T;.

Electricity is suddenly passed through the cylinder resulting in volumetric
heaf gen.eration rate-of q". The hT, T )2 HBC
cylinder is cooled at its surface by  r, / S \
convection. The heat transfer @ \ 0 g (
coefficient is h and the ambient

temperature is T,. Determine the
transient temperature of the cylinder.

h, T,
Fig. 4.3
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(1) Observations. (i) The heat generation term makes the governing
equation non-homogeneous. (ii) A convection boundary condition can be
made homogeneous by defining a new temperature variable, 6 =T —T,.
With this transformation the r-variable will have two homogeneous
conditions.

(2) Origin and Coordinates. Fig. 4.3 shows the origin and coordinate r.
(3) Formulation

(i) Assumptions. (1) One-dimensional conduction, (2) uniform /4 and
T, (3) constant conductivity, (4) constant diffusivity and (5) negligible
end effect.

(ii) Governing Equations. To make the convection boundary condition
homogeneous, we introduce the following temperature variable

or,t)y=T(r,t)-T,,.
Based on the above assumptions, eq. (1.11) gives

2 m
00,100 4" _100 (4.18)
ar ror k o Ot

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the r-variable can have two homogeneous conditions.
Thus Fig. 4.3 is marked accordingly.

(iv) Boundary Conditions. The boundary conditions at ¥ =0 and r =7,

are
() w=0 or 6(0,¢)= finite
or
@ k2D o0

The initial condition is
(3)0(r0)=T, -T,

(4) Solution. Since the differential equation is non-homogeneous, we
assume a solution of the form
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O(r,t) =y (r,0) +4(r). (@

Note that y/(r,t) depends on two variables while ¢(7) depends on one
variable. Substituting (a) into eq. (4.18)
2 2 "
10 1d 10
0 W+——W+d ¢+__¢+q_ v

=—r, b
or: ror dr* rdr k a Ot ®)

The next step is to split (b) into two equations, one for y/(7,¢) and the other
for ¢(r). We let
oy 1oy

1
+——T ="
ror a«a Ot ©

%y
or?
Thus
2 m
M+l%+q_:0'

d
dr rdr k @

To solve equations (c) and (d) we need two boundary conditions for each
and an initial condition for (c). Substituting (a) into boundary condition (1)

w00, dgO) _,

or dr
Let
M =0 or w(0,t) = finite. (c-1)
or
Thus
490 . (d-1)
dr
Similarly, condition (2) gives
k0D g, (c-2)
or
and
_km=h¢(ro)_ (d-2)
dr
The initial condition gives
w(r,0)=(T; -T,) - ¢(r). (c-3)

Integrating (d) gives
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"

¢UQ:—Zkr2+Cﬂnr+CT ©)

(i) Assumed Product Solution. Equation (c) is solved by the method of
separation of variables. Assume a product solution of the form

y(r.t)=R(r)z(1). ()

Substituting (f) into (c), separating variables and setting the resulting
equation equal to a constant, * A2 , gives

d’R, 1dR
a2 T TR=0s ©
and
dr

(i) Selecting the Sign of the /1,% Terms. Since the r-variable has two
homogeneous conditions, the plus sign must be selected in (g). Equations
(g) and (h) become

d’R, 1dR, .,
+—F+ A4 R, =0, i
artrdr o ®
and
di 2 .
—E+ Xar, =0.
” ATy ()]

It can be shown that the corresponding equations for li =0 yield a trivial
solution for R,z and will not be detailed here.

(iii) Solutions to the Ordinary Differential Equations. Solutions to (i)
and (j) are
Ry (r)=A4;J o (A1) + B Yo (A1) (k)
and
7, (t)=C, exp(—/ii at) . )

(iv) Application of Boundary and Initial Conditions. Conditions (c-1)
and (c-2) give
B, =0,
and

BiJy(Ar,) = (A41,) J1(A47,). (m)
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where Bi is the Biot number defined as Bi = hr, / k. The roots of (m) give
the constants A, . Substituting (k) and (1) into (f) and summing all solutions

w(r.0) =Y agexp(~Aat) Jo(4r). (n)
k=1

Returning to solution (e) for ¢(7), boundary conditions (d-1) and (d-2)
give the constants C| and C,. Thus (e) becomes

" "

L R A Y
¢(F)—4k(ro ro)+ o (0)

Application of the non-homogeneous initial condition (c-3) yields

(T, =T,) = ¢(r) = D_ay Jo(447) . )
k=0

(v) Orthogonality.

The characteristic functions J,(4,7) in equation (p) are solutions to (i).
Comparing (i) with eq. (3.5a) shows that it is a Sturm-Liouville equation
with

a,=1/r, a, =0 and ay =1.
Thus eq. (3.6) gives

p=w=r andg=0.

Since the boundary conditions at » =0 and r =7, are homogeneous, it
follows that J,(A,7) are orthogonal with respect to w(r)=r.
Multiplying both sides of (p) by J,(A,7)r dr, integrating from r=0 to
r = r, and invoking orthogonality, eq. (3.7), gives a,

2, [ [, - 1) =900 Sy Gy
a, = :

o (@
f T2 r) rdr
0

Substituting (o) into (q), using Appendix B to evaluate the integral in the
numerator and Table 3.1 to evaluate the integral in the denominator, gives
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2047, )T~ T,) {P_ AN

k= -+ )| i (Ar)
Bi®+ 1) T2 (g (L R (G=T) "2Bi - 2] } ’

s qmroz Jo(lkl’o)} (7")
k(Tt _Too) (ﬂkro)

The complete solution, expressed in dimensionless form, is

I(r,ty-T, q"r} l—i 2 N
T,-T,  4k(T,-T,)| r> Bi
1 < >
—— » a;exp(—Arat) Jy(A,r). 4.19
(Ti—Too); k exp(=Ay at) Jo (A1) (4.19)

(5) Checking. Dimensional check: (i) The exponent of the exponential in
eq. (4.19) must be dimensionless. Since A, has units of 1/m, units of the
exponent are

a(m? /s)22 (1/m?)t(s)= unity
(i) Each term in eq. (4.19) is dimensionless
q"(W/m’)r} (m?)
k(W/m=°C)(T; ~T,,)(°C)

[1- (2 /r2)(m? /m?)|= unity

Limiting check: (i) If the cylinder is initially at the ambient
temperature 7, and there is no heat generation, no heat transfer takes place
and consequently the temperature remains uniform throughout. For this
case a; =0.Setting a, =¢" =0 ineq. (4.19) givesT(r,t)=T,.

(i1) At steady state, ¢ = 00, the temperature should be that of a cylinder with
energy generation and convection at the surface. Setting f = o0 eq. (4.19)
gives the correct result.

(6) Comments. (i) The more general problem of a non-uniform initial
temperature, 7(7,0) = f(r), can be treated in the same manner without
additional complication. (ii) The solution to this problem is expressed in
terms of two parameters: the Biot number Bi and a heat generation



138 4 Transient Conduction

parameter (¢"r>)/k(T, —T,). (iii) The solution for a cylinder with no
energy generation is obtained by setting ¢” = 0 in equations (r) and (4.19).

4.5 Transient Conduction in Spheres

The following example illustrates the application of the method of
separation of variables to the solution of one-dimensional transient
conduction in spheres.

Example 4.4: Sphere with Surface Convection W 2 HBC

A solid sphere of radius r, is initially at a uniform
temperature T;. At time t>0 it is allowed to
exchange heat with the surroundings by
convection. The heat transfer coefficient is h and
the ambient temperature is 1, . Determine the Fig. 4.4
transient temperature of the sphere.

(1) Observations. (i) If # and T, are uniform,

the temperature distribution in the sphere will depend on the radial distance
only. (ii) A convection boundary condition can be made homogeneous by
defining a new temperature variable, & =T — T, . With this transformation
the r-variable has two homogeneous conditions.

(2) Origin and Coordinates. Fig. 4.4 shows the origin and coordinate 7.
(3) Formulation

(i) Assumptions. (1) One-dimensional conduction, (2) constant
diffusivity, (3) constant conductivity and (4) uniform heat transfer
coefficient and ambient temperature.

(ii) Governing Equations. To make the convection boundary condition
homogeneous, we introduce the following temperature variable

o(r,t)y=T(r,t)-T,,. (a)

Based on the above assumptions, eq. (1.13) gives

Li(,ﬂ%j :l% (4.20)
r* or or a Ot
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(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the r-variable can have two homogeneous conditions.
Thus Fig. 4.4 is marked accordingly.

(iv) Boundary and Initial Conditions. The boundary conditions at
r=0and r=r, are

06(0,1)
I"

(1) =0 or 6(0,¢)= finite

ae( £

2 - =ho(r,.1)

The initial condition is
(3) 0(r0)=T,-T,
(4) Solution.

(i) Assumed Product Solution. Equation (4.20) is solved by the method
of separation of variables. Assume a product solution of the form

O(r,t)=R(r)z(t). (b)

Substituting (b) into eq. (4.20), separating variables and setting the
resulting equation equal to a constant, * /ﬁ , gives

d’R, ., dR
2 k k- 22p _
r P +2r rn FA4FR, =0, (c)
and
9% < Rz, =0, (d)

(i) Selecting the Sign of the ﬂi Terms. Since the r-variable has two
homogeneous conditions, the plus sign must be selected in (c). Equations
(c) and (d) become

d’R dR

2 k k 2.2

r +2r +A;r°R, =0, e
dr? dr k k ©)

dr;  »
—+ far, =0.
a R ®
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It can be shown that the corresponding equations for /1% =0 give a trivial
solution for R,7,,.

(iii) Solutions to the Ordinary Differential Equations. Eq.(e) is a
Bessel equation whose solution is

R, (r)= r_l/z[Ale/z(/lk’”) +Bk']—1/2(/1kr)]'

Using equations (2.32) and (2.33), the above becomes

The solution to (f) is
7, () = C, exp(-a A; t). (h)
(iv) Application of Boundary and Initial Conditions. Condition (1)
gives
Condition (2) gives
(I-Bitan A1, = 41, k=1,2,... @)
where Bi is the Biot number, defined as Bi=hr,/k. The roots of

equation (i) give the constants A,. Substituting (g) and (h) into (b) and
summing all solutions

sin ﬂkr

0(r,t)=T(r,t)-T, Zakexp( a2 t) 421)

k=1

Application of initial condition (3) gives

Z.O: a, sin ﬂ,k r )

k=1

(v) Orthogonality. The characteristic functions (1/7)sinA,r in
equation (j) are solutions to (e). Comparing (e¢) with eq. (3.5a) shows that it
is a Sturm-Liouville equation with

a,=2/r, a,=0, ay;=1,

p:rz, q=0, w=r.
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Since the boundary conditions at » =0 and r=r, are homogeneous, it
follows that the functions (1/r)sinA,r are orthogonal with respect
to w(r) =r>.  Multiplying both sides of () by (1/r)(sin A.r)r’dr,
integrating from =0 to r=r, and invoking orthogonality, eq. (3.7),
gives a,

rO
(T, -T,) Lrsm/lkrdr sin A, r, — A1, COS A7,

J'OSinz /’lkrdr ﬂ’k[ﬂ’kro —Sin/lkro COSﬂ/kro]‘
0

(k)

(5) Checking. Dimensional check: The exponent of the exponential in eq.
(4.21) must be dimensionless. Since A, has units of 1/m, units of the
exponent are

a(m? /s)2; (1/m*)t(s) = unity

Limiting check: (i) If the sphere is initially at the ambient temperature 7,
no heat transfer takes place and consequently the temperature remains
constant throughout. Setting 7. =T in (k) gives a; =0. When this result
is substituted into eq. (4.21) gives T(r,t) =T,,. (ii) At steady state, ¢ = o,
the sphere should be at equilibrium with the ambient temperature. Setting
t =00 in (4.21) gives T(r,0)=T,,.

(6) Comments. (i) The solution is expressed in terms of a single parameter
which is the Biot number Bi. (ii) The more general problem of a non-
uniform initial temperature, 7(7,0) = f(r), can be treated in the same
manner without additional complication.

4.6 Time Dependent Boundary Conditions: Duhamel’s Superposition
Integral

There are many practical applications where boundary conditions vary with
time. Examples include solar heating, re-entry aerodynamic heating,
reciprocating surface friction and periodic oscillation of temperature or
flux. One of the methods used to solve such problems is based on
Duhamel’s superposition integral. In this method the solution of an
auxiliary problem with a constant boundary condition is used to construct
the solution to the same problem with a time dependent condition. Since
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Duhamel’s method is based on superposition of solutions, it follows that it
is limited to linear equations.

4.6.1 Formulation of Duhamel’s Integral [1]

To illustrate how solutions can be superimposed to construct a solution for

a time dependent boundary condition, consider transient conduction in a

plate which is initially at a uniform temperature equal to zero. At time

t >0 one boundary is maintained at temperature 7;,. At time f =7, the

temperature is changed to 7)), , as shown in Fig. 4.5. We wish to determine

the transient temperature 7'(x,?) T a

for this time dependent boundary T

condition. Assuming that the heat ' 0
o T, — Ty,

equation is linear, the problem

can be decomposed into two T y

problems: one which starts ¢ =0 :

and a second which starts at 4]

t=1,. Note that each problem ]

has a constant temperature Flg‘ 4.5

boundary condition. Thus

T(x,t) =T (x, )+ T,(x,t —13). (a)

Let T (x,t) be the solution to an auxiliary problem corresponding to
constant surface temperature of magnitude unity. Thus the solution for 7;
is

Ty (x,8) =Ty, T (x,1). (b)

At t =17, the temperature is increased by (7, — 7, ). The solution to this
problem is

Ty (x,0) = (To, =Ty T (1 = 7). (c)

Adding (b) and (c) gives the solution to the problem with the time
dependent boundary condition

T(x,t) =Ty T (x,t) + (Ty, — Ty) T (x,t — ;). (d)

If at time7, another step change in temperature takes place at the

boundary, say (Ty; — T, ), a third term, (T3 — Ty, ) T (X, — 7, ) must be
added to solution (d).
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We now generalize this superposition scheme to obtain solutions to
problems with boundary conditions which change arbitrarily with time
according to F(¢), as shown in Fig. 4.6. Note that F'(¢) represents any
time dependent boundary condition and that it is not limited to a specified
temperature. It could, for example, represent time dependent heat flux,
ambient temperature or surface temperature. This problem is solved by
superimposing the solutions to many

problems, each having a small step  F(t)
change in the boundary condition.
Thus the function F(¢) s
approximated by n consecutive steps

of AF corresponding to time steps 7o AR
At, as shown in Fig. 4.6. The first R 5
problem starts at time ¢ =0 and has »{At% t
a finite step function of magnitude Fig. 4.6
F(0). The contribution of this
problem to the solution is

T, (x,)=F(0) T (x,1). (e)

The contribution of the ith problem, with input AF(z;), to the solution is
T,(x,0)=AF(z)) T (x,t ~ 7;).
Adding all solutions gives

T(x,1) = F(0) T(x,1) + Z AF(e)T (x,t —1,). )

This result can be written as

T(x,t)=F(O)T(x,t)+ZAZ(T)T( {—1;) A,
i=1 T

AF(r) | dF (D)

At

1

In the limit as n—>o, Ar; >dr, and the

dr

summation is replaced by integration, the above becomes
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t
T(x.t) = F(0) T(x.t) + J' dl; (:) Tet—1)dr. (428)
0

Using integration by parts and recalling that 7 (x,0) =0, eq. (4.28) can be
written as

.
T(x,0) = j F(r)%dt. (4.29)
0

The following should be noted regarding Duhamel’s method: (1) It applies
to linear equations. (2) The initial temperature 7 is assumed to be zero. If
it is not, a new variable must be defined as (7 —7;). (3) The auxiliary
solution T (x,?) is based on a constant boundary condition of magnitude
unity. (4) Equations (4.28) and (4.29) apply to any coordinate system. (5)
The integrals in equations (4.28) and (4.29) are with respect to the dummy
variable 7 . The variable ¢ is treated as constant in these integrals. (6) The
method applies to problems with time dependent heat generation. It can
also be applied to lumped-capacity models in which either the heat transfer

coefficient or the ambient temperature varies with time.

4.6.2 Extension to Discontinuous Boundary Conditions

If the time dependent boundary condition F(¢) is discontinuous, Duhamel’s
integral must be modified accordingly. Consider a time dependent
boundary condition which is described by two functions F(¢) and F),(¢)
having a discontinuity at time

as shown in Fig. 4.7. Thus £(1)

F(t)=F,(t) 0<t<t,,

Q)

and
F(ty=F,(@t) t>t

a-

Equations (4.28) and (4.29) can be
used with F(¢) = F,(¢) to obtain Fig. 4.7

a solution for #<¢,. However,

for ¢ >1¢, equations (4.28) and (4.29) must be modified. Modification of
eq. (4.28) requires the addition of another solution, 7 (x,?), which
accounts for the step change in F'at £ =¢,. This solution is given by

Ta(xot):[FZ(ta)_Fi(ta)] T(x’t_ta)'
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Thus the modified form of equations (4.28) for ¢ > ¢, becomes

T(x,0)= F(0) T(x,0) +[Fy(t,) ~ At T (xut — 1)

t, t
+ j Mf(x,t—r) dr + j %T(x,t—r) dr. (4.30)
T

0 dr Iq

Evaluating the integrals in eq. (4.30) by parts and recalling that
T(x,0)=0, gives

T(X,t) = [FZ(ta) _Pi(ta)]f(x’t _ta) +

la T (x,t— t T (x,t— 4.31
0 5t ta 6t

Equations (4.30) and (4.31) can be extended to boundary conditions having
more than one discontinuity.

4.6.3 Applications

Example 4.5: Plate with Time Dependent Surface Temperature

A plate of thickness L is initially at

zero temperature. One side is L

maintained at zero while the / \
temperature of the other side is T =0 T(x,00=0 | 7= 4¢
allowed to vary with time according to 0—> x

T(L,t)= At, where A is constant. T —

Determine the transient temperature

Fig. 4.8
of the plate.

(1) Observations. (i) One of the boundary conditions is time dependent.
(i1) Since the initial temperature is zero, Duhamel’s method can be used
directly without defining a new temperature variable.

(2) Origin and Coordinates. Fig. 4.8 shows the origin and coordinate x.
(3) Formulation.

(i) Assumptions. (1) One-dimensional transient conduction, and (2)
constant diffusivity.
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(ii) Governing equations. Based on the above assumptions, eq. (1.8)
gives

T _ 10T

ox* a ot

(a)

(iii) Boundary conditions. The boundary conditions at x =0 and x = L
are

(1) T(0,)=0
Q) T(L,H)=At

The initial condition is
3) T(x,00=0

(4) Solution. Since eq. (a) is linear, Duhamel’s integral, eq. (4.28) or eq.
(4.29), can be applied to obtain a solution to the problem. Applying eq.
(4.28)

t
T(x,t)=F(0) T (x,t)+ I ?T(x,t—r) dr, (4.28)
T

0
where T (x,t) is the solution to the same problem with boundary condition

(2) replaced by T'(L,t) =1. This solution can be obtained from the results
of Example 4.2 by setting ¢" =0, 7, =7, =0 and T, =1 to give
T(x,t)= %+ Zan exp[—a(nz/L)*t]sin(nmx /L), (b)
n=1

where

2
a,=—:(-1)". (c)
nx

F(0) and dF(7r)/dr appearing in eq. (4.28) are obtained from the time
dependent boundary condition. Thus

F(r)=Ar, d—FzA. (d)
dr

Substituting (b) and (d) into eq. (4.28) and noting that F(0) =0
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t 0 t
T(x,t)= Ax Idz' + AZan sin(nmc/L).[ CXp[—O{(l’lﬂ'/L)z(t -7)]dr,
L 0 n=l1

0

(e)

Evaluating the integrals in (e) and using (c) gives

2 o0
T(x,1) = A—t 42E z( sin(nzx/ L) [1 - exp(—anz*/ 2.

)

(5) Checking. Dimensional check: Each term in (f) must have units of
temperature (°C ). The constant 4 has units of °C/s and « is measured
in m%/s. Thus units of the first and second terms are in °C. The exponent
of the exponential term is dimensionless.

Limiting checks: (i) if A =0, the entire plate should remain at 7= 0 at all
times. Setting A4A=0 in (f) gives T(x,t)=0. (ii) At f=o0, plate
temperature should be infinite. Setting # = o0 in (f) gives T'(x,©) = .

(6) Comments. The same procedure can be used for the more general case
of a surface temperature at an arbitrary function of time, 7(L,t) = F(t).

Example 4.6: Lumped-Capacity Method with Time Dependent
Ambient Temperature

A metal foil at T; is placed in an oven which is also at T;. When the oven
is turned on its temperature rises with time. The variation of oven
temperature is approximated by

T,(t)=T,[1-exp(-p)]+T;

where T, and [} are constant. Determine the transient temperature of
the foil using a lumped-capacity model and Duhamel’s integral.

(1) Observations. (i) Oven temperature is time dependent. (i1)) Oven
temperature in the lumped-capacity method appears in the heat
equation and is not a boundary condition. (ii1) If the heat equation for
the lumped-capacity model is linear, Duhamel’s method can be used
to determine the transient temperature.

(2) Origin and Coordinates. Since spatial temperature variation is
neglected in the lumped-capacity model, no spatial coordinates are needed.
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(3) Formulation.

(i) Assumptions. (1) Bi < 0.1, (2) constant density, (3) constant specific
heat and (4) constant heat transfer coefficient.

(ii) Governing Equations. Setting ¢” =0 in eq. (4.5) gives the governing
equation for the transient temperature

dr _ _ 4, ©
T-T,(t)  pc,V

Since this equation is linear, Duhamel’s method can be applied to obtain a
solution. However, application of Duhamel’s integral requires that the
initial temperature be zero. We therefore define the following temperature
variable

o0(t)=T(0)~T,. (b)
The oven temperature expressed in terms of this variable becomes
0.(t)=T,(0)~T,. ©
Substituting into (a)
de 3 hA, . )

06)-0,(t)  pe,V

The initial condition becomes

0(0)=0. (e)
(4) Solution. Apply Duhamel’s integral, eq. (4.28)
t
0(t) = F(0) 0 (1) + I ?5(:—1) dr. 4.28)
0 T

where 6 is the solution to the auxiliary problem of constant oven
temperature equal to unity and zero initial temperature. F'(¢) is the time
dependent oven temperature, given by

Ft)=0,(0)=T,0)-T;, =T,[1-exp(=41)]. ()

Constant oven temperature equal to unity is given by
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0,=T,-T, =1. ()
Applying (d) to the auxiliary problem gives
;?1:_ph$th' ®)
Initial condition (e) becomes
6(0)=0. (i)

Integrating (h) and using initial condition (i) gives

). 0)

— hA
0(t) =1-exp(——=
pc,V

To determine dF'(7)/dz, replace ¢ in (f) with 7 and differentiate to obtain

9E _ o, exp(~ 7). ®)
dr

Substituting (j) and (k) into eq. (4.28) and noting that F(0) = 0, gives

00 =1()-1, = T, | exp(—ﬁr){l—eXp[ hAp(t . )]} ()

0 p
Performing the integration and rearranging the result yields

T,p
p—(hd, ] pe,V)
T, exp(~p). (m)

T() =T, +T, + [exp(=B1) —exp(~hd,t/ pe 7))~

(5) Checking. Dimensional check: 8 and (hAg/ pc,V) have units of

(1/s). Thus the exponents of the exponentials are dimensionless and each
term in (j) has units of temperature.

Limiting checks: (i) Solution (m) should satisfy the initial condition 7(0)
=T;. Setting t = 0 in (m) gives 7(0) = T . (ii) At ¢ =0 the foil should be
at the steady state temperature of the oven. Setting ¢ =0 in (d) gives the
steady state oven temperature as 7, (0)=7, +7;. Setting =00 in
solution (m) gives 7'(©) =T, +1T;.
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Governing equation check: Direct substitution of solution (m) into (a)
shows that (a) is satisfied.

(6) Comments. (i) The definition of € in equation (b) meets the
requirement of an initial temperature equal to zero. (ii) Direct integration of
(a) gives the same solution (m) obtained using Duhamel’s method.

4.7 Conduction in Semi-infinite Regions: The Similarity Method

The application of the method of separation of variables to the solution of
partial differential equations requires two homogeneous boundary
conditions in one spatial variable. A further limitation is that the two
boundaries with homogeneous conditions must be separated by a finite
distance. Examples include boundary conditions at the center and surface
of a cylinder of radius R or on two sides of a plate of thickness L. However,
the use of separation of variables in solving conduction problems in semi-
infinite regions fails even if there are two homogeneous boundary
conditions in one variable. Thus, alternate methods must be used to solve
such problems. One such approach is based on the similarity
transformation method. The basic idea in this method is to combine two
independent variables into one. Thus a partial differential equation with
two independent variables is transformed into an ordinary differential
equation. One of the limitations of this method is that the region must not
be finite. In addition, there are limitations on boundary and initial
conditions.

To illustrate the use of this method, consider a semi-infinite plate which is
initially at a uniform temperature 7;. The plate surface is suddenly
maintained at temperature 7, as shown in Fig.4.9. For constant
conductivity, the heat equation for transient one-dimensional conduction is

o°T = l@_T (a)
0 x2 a Ot ' f’)
iy T, T,
The boundary conditions are d
0 > X —> 0
(1) 7(0,0)=T,
(2) T(wo,1) =T, |
The initial condition is Fig. 4.9

3) T(x0)=T,
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Introducing the definition of a dimensionless temperature variable €

T-T.
0= L (b)
To _Ti
Substituting into (a)
0’0 106
== (©)
ox a Ot

The boundary and initial conditions become
(1) 6(0,1) =1
(2) B(o0,t)=0
(3) 6(x,0)=0
To proceed with the similarity method we assume that the two independent

variables x and ¢ can be combined into a single variable 7 =7(x,¢) called
the similarity variable. Thus we write

O(x,1) =0(n) . (d)

The key to this method is the determination of the form of the similarity
variable. The combination of x and ¢ forming # must be such that the
governing equation and boundary and initial conditions be transformed in
terms of 77 only. Formal methods for selecting 77 for a given problem are
available [2]. The applicable similarity variable for this problem is

X
dat

n= (4.32)

5

Using eq. (4.32) to construct the derivatives in (c¢), we obtain

20_doon_do |

ox dnox dn.Jiat
#o_dfao 1 Joy_1 a0
ox> dn|dn . Jdat |0x datdn®’

ae_ﬁa_n_da{ x fW]— x 1d0 15 do

ot dnot dn| 24w T 2fdattdn  2tdn
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Substituting these results into (c) yields

2
90 2% 0. 433)
dn dn

The following should be noted regarding this result:

(1) The variables x and ¢ have been successfully eliminated and replaced by
a single independent variable 7. This confirms that eq. (4.32) is the correct
choice for the similarity variable 7.

(2) While three conditions must be satisfied by the solution to (c), eq.
(4.33) can satisfy two conditions only.

The three conditions will now be transformed in terms of 7. From eq.
(4.32) we obtain

x=0,t=¢ transformsto 7=0
X =00, ¢t =¢ transforms to 7 =00

x =x,t=0 transforms to 77 =0
Thus the two boundary conditions and the initial condition transform to
(1) 0(0,)=0(0)=1, (2) O(x)=0, (3)O(x)=0

Note that two of the three conditions coalesce into one. Thus the
transformed problem has the required number of conditions that must be
satisfied by a solution to eq. (4.33). Separating variables in eq. (4.33)

d(d6/dn)

2pd
46/ dn al

Integrating gives

lnﬁ=—772 +In 4,
dn

or
2
do=Ae dn,

where A is constant. Integrating from 77 =0to 7

0 n b
jd@zAj e dn,
0 0

or
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T2
6—6’(0)=AJ. e dn | ©
0
Using boundary condition (1) and rewriting (e)
T2
6’=1+A£[zj e dn}. )
2 |74

The integral in the bracket of (f) is known as the error function, defined as

2 (e
erf77=ﬁ I e dn. €9)
0

Values of the error function are given in Table 4.1. Note that erf 0 = 0 and
erfoo = 1.0. Using (g), equation (f) becomes

(9:1+A\/; erfn. (h)
Boundary condition (2) gives A = —=. Solution (h) becomes
Jr

O(n)=1-erfn, (4.33a) Table 4.1

or
| erfn | erfn
O(x,t) =1 —erf —2— . (4.33b)
Jaat 0.0 | 0.00000 | 1.6 | 0.97635

0.1 [ 0.11246 [ 1.7 | 0.98379

0.2 | 0.22270 [ 1.8 | 0.98909

Note that the derivative of erf 7
. 0.3 [ 0.32863 [ 1.9 | 0.99279

18 0.4 | 042839 | 2.0 | 0.99432

0.5 | 0.52050 [ 2.1 | 0.99702

0.6 | 0.60386 [ 2.2 | 0.99814

D (erfpy=—e | (434
d_ﬂ(er = \/;e , (4.34) 0.7 1 0.67780 | 2.3 | 0.99886
08 | 0.74210 | 2.4 | 0.99931

0.9 [ 0.79691 [ 2.5 | 0.99959

and 1.0 | 0.84270 | 2.6 | 0.99976
1.1 | 0.88021 | 2.7 | 0.99987
erf(-n7) = —erfy.  (4.35) 12 1091031 | 2.8 | 0.09992

1.3 1093401 [ 2.9 ] 0.99996

1.4 1095229 [ 3.0 | 0.99998

1.5 | 0.96611
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PROBLEMS

A thin foil of surface area A, is initially at a uniform temperature 7;.
The foil is cooled by radiation and convection. The ambient and
surroundings temperatures are at 7,,= 0 kelvin. The heat transfer
coefficient is 4 and surface emissivity is &. Use lumped-capacity
analysis to determine the transient temperature of the foil.

Consider a wire of radius 7, which is initially at temperature 7, .
Current is suddenly passed through the wire causing energy
generation at a volumetric rate g. The wire exchanges heat with the
surroundings by convection. The ambient temperature is 7, and the
heat transfer coefficient is /4. Assume that the Biot number is small
compared to unity determine the transient temperature of the wire.
What is the steady state temperature?

"

A coin of radius 7, and thickness J rests on an inclined plane.
Initially it is at the ambient temperature 7. The coin is released and
begins to slide down the plane. The frictional force F' ’ is assumed
constant and the velocity changes with time according
to V' = ct, where c is constant. Due to changes in velocity, the heat
transfer coefficient 4 varies with time according to

h=pt,

where [ is constant. Assume that the Biot number is small compared
to unity and neglect heat loss to the plane, determine the transient
temperature of the coin.
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Consider a penny and a wire of the same material. The diameter of
the wire is the same as the thickness of the penny. The two are
heated in an oven by convection. Initially both are at the same
temperature. Assume that the heat transfer coefficient is the same for
both and that the Biot number is small compared to unity. Which
object will be heated faster?

4.5 A copper wire of diameter 0.01 mm is initially at 220 °C . The wire

4.6

4.7

4.8

is suddenly cooled by an air jet at 18°C. The heat transfer
coefficient is 138 W/m?—°C. What will the wire temperature be
after 0.5 seconds? Properties of copper are: ¢, =385 J/kg-°C,
k=398.4 W/m-"C and p =8933kg/m".

Small glass balls of radius 1.1 mm are cooled in an oil bath at 22 °C.
The balls enter the bath at 180°C and are moved through on a
conveyor belt. The heat transfer coefficient is 75 W/ m*—°C. The
bath is 2.5m long. What should the conveyor speed be for the balls
to leave at 40°C? Properties of glass are: ¢, =810 J/kg-"C,
k =3.83 W/m—"C and p=2600kg/m’.

Consider one-dimensional transient
.. ) < [ —>
conduction in a plate of thickness L /,
which s initiall.y at unifO@ T, h,T,
temperature 7;. Attime >0 one side
exchanges heat by convection with an O——>x
T

ambient fluid at 7, while the other side
is maintained at 7;. The conductivity is &, heat transfer coefficient is
h and the thermal diffusivity is &. Determine the transient
temperature.

A plate of thickness 2L is initially at

temperature 7;. Electricity is suddenly <
passed through the plate resulting in a 4 . h
volumetric heat generation rate of ¢". T, T,

Simultaneously, the two sides begin to

exchange heat by convection with an
ambient fluid at 7. The thermal

o0
conductivity is k, heat transfer coefficient # and the thermal
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diffusivity is «. Determine
temperature.

one-dimensional transient

4.9 The temperature of a plate of thickness L is initially linearly

4.10

4.11

distributed according to

T =T(x0) =T +(T, =T)(x/L),

where 7} and 7, are constant. At >0
the plate is insulated along its surfaces.
Determine the one-dimensional transient
temperature distribution. What is the

steady state temperature?

o —
<« L —>

S

SONNNNANNNNNNN

—

A bar of rectangular cross section L x H is initially at uniform
temperature 7;. At time ¢ = 0 the bar starts to slide down an inclined
surface with a constant velocity V. The pressure and coefficient of
friction at the interface are P and u, respectively. On the opposite
side the bar exchanges heat by convection with the surroundings. The

heat transfer coefficient is / and the
ambient temperature is 7,. The
two other surfaces are insulated.
Assume that the Biot number is
large compared to unity and neglect
heat transfer in the direction normal
to the L x H plane, determine the
transient temperature distribution.

A plate of thickness L; is initially at
uniform temperature 7;. A second
plate of the same material of
thickness L, is initially at uniform
temperature 7,. At >0 the two
plates are fastened together with a

L, | L
q,
> h,T,
O—>
X

perfect contact at the interface. Simultaneously, the surface of one
plate is heated with uniform flux ¢, and the opposite surface begins
to exchange heat by convection with the surroundings. The heat
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transfer coefficient is 4 and the ambient temperature is 7.
Determine the one-dimensional transient temperature distribution in
the two plates.

Consider a constant area fin of length L, cross section area 4, and
circumference C. Initially the fin is at uniform temperature 7;. At
time ¢ > 0 one end is insulated while heat is added at the other end at
a constant flux ¢,. The fin exchanges heat by convection with the
surroundings. The heat transfer

e : h,T,
coefficient is /4 and the ambient y 2
. . qo —> X Z

temperature is 7,,. Determine the 0 W

heat transfer rate from the fin to the 2T

surroundings.

4.13 A tube of inner radius r;, outer radius r, and length L is initially at

4.14

uniform temperature 7;. At >0 one end is maintained at 7, while
the other end is insulated. Simultaneously, the tube begins to
exchange heat by convection along its inner and outer surfaces. The
inside and outside heat transfer coefficients are 4; and 4,
respectively. The inside and outside ambient temperature is 7, .
Neglecting temperature variation in the r-direction, determine the
one-dimensional transient temperature distribution in the tube.

hy,,T,

0°1 o 7

NN

o—>>* h, T,

RN

T,

A wire of radius 7, and length L is initially at uniform temperature
T;. At t 20 current is passed through the wire resulting in a uniform

m

volumetric heat generation ¢g". The two wire ends are maintained at

the initial temperature 7. The WT

wire exchanges heat by convection 0 ,,,OO
. . —>X q

with the surroundings. The heat f’l

transfer coefficient is 2 and the 7, h,T.,

A



158

4.15

4.16

4.17

4.18

4 Transient Conduction

ambient temperature is 7, . Neglecting temperature variation in the
r-direction, determine the one-dimensional transient temperature
distribution in the wire. What is the steady state temperature of the
mid-section?

Consider a long solid cylinder

of radius 7, which is initially

at uniform temperature 7;.

N
S
—

Electricity is suddenly passed T, ,} T,

through the cylinder resulting

in a volumetric heat generation rate ¢". The cylindrical surface is
maintained at the initial temperature 7;.  Determine the one-

dimensional transient temperature.

A hollow cylinder of outer radius 7, and inner radius 7; is initially at
uniform temperature 7;. A second cylinder of the same material
which is solid of radius 7; is initially at uniform temperature 7,. At
t 20 the solid cylinder is forced inside the hollow cylinder resulting
in a perfect interface contact. The

outer surface of the hollow T

A
cylinder is maintained at 7. [E | %\
Determine the one-dimensional N 0 ] w

transient temperature distribution

To

in the two cylinders.

The initial temperature distribution in a solid cylinder of radius r, is
given by
T(I",O)=T1 +(T2 _Tl)(r/ro)za

where 7; and 7, are constant. Attime ¢ >0 the cylinder is insulated

along its surface. Neglecting axial conduction, determine the
transient temperature distribution.

A sphere of radius 7, is initially at temperature 7; = f(r). At time
t>0 the surface is maintained at uniform temperature 7).
Determine the one-dimensional transient temperature distribution.
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A roast at temperature 7; is placed in an oven at temperature 7.
The roast is cooked by convection and radiation. The heat transfer
coefficient is 4. Model the roast as a sphere of radius 7, and assume
that the radiation flux is constant equal to ¢,. How long will it take

for the center temperature to reach a specified level 7, ?

A plate of thickness L is initially at zero

temperature. One side is insulated while h, T, (1)

the other side suddenly exchanges heat by

convection. The heat transfer coefficient is ]TJ X

h. The ambient temperature 7. (f) varies |

with time according to e

T,(t)=T,e ",

where 7, and /3 are constant. Use Duhamel’s superposition integral
to determine the one-dimensional transient temperature.

Consider a plate of thickness L which is initially at zero temperature.
At t >0 one side is insulated while the other side is maintained at a
time dependent temperature given by

T:Alt, OStSta,
T=At, 121,

Use Duhamel’s integral to determine the one-dimensional transient
temperature.

Aerodynamic heating of a space vehicle during entry into a planetary
atmosphere varies with time due to variation in altitude and vehicle
speed. A simplified heating flux during
entry consists of two linear segments

=L
described b 7 )
g 7 q'(1)
gl(t)y=q) +ct, 0<t<t,, 0> x
) =q, +et,, 1=t
" ‘
Model the skin of a vehicle as a plate of 7' }
thickness L which is insulated on its p

back side and assume zero initial m
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temperature, use Duhamel’s integral to determine the one-
dimensional transient temperature of the skin. For constant heat flux
of magnitude unity, the temperature solution to the auxiliary problem
for this model is

0

a L3x L22

2
T(x,t)=—t+— e T cos(nax /L) |,

KLk s

where £ is thermal conductivity and & is diffusivity.

A solid cylinder of radius 7, is initially at zero temperature. The
cylinder is placed in a convection oven. The oven is turned on and its
temperature begins to rise according to

T (t)=T,1,

where 7, is constant. The heat transfer coefficient is 4, thermal
conductivity k& and diffusivity « . Use Duhamel’s integral to
determine the one-dimensional transient temperature.

A cylinder is heated by convection in an oven. When the oven is
turned on its temperature varies with time according to

T,()=T,e"",

where 7 and f are constant. The initial temperature is zero. Use
Duhamel’s integral to determine the one-dimensional transient
temperature.

A solid sphere of radius 7, is initially at zero temperature. At time
t >0 the sphere is heated by convection. The heat transfer
coefficient is 4. The ambient temperature varies with time according
to

T, (t)=T,(1+ At).

Use Duhamel’s integral to determine the one-dimensional
transient temperature.
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4.26 The surface of a semi-infinite plate which is initially at uniform

4.27

temperature 7; is suddenly heated with a time dependent flux given
by
g =<
4] \/; N

where C is constant. Use similarity method to determine the one-
dimensional transient temperature.

In 1864, Kelvin used a simplified transient conduction model to
estimate the age of the Earth. Neglecting curvature effect, he
modeled the Earth as a semi-infinite region at a uniform initial
temperature of 4000 °C, which is the melting temperature of rock.
He further assumed that the earth surface at x = 0 remained at 0°C
as the interior cooled off. Presently, measurements of temperature
variation with depth near the Earth’s surface show that the gradient is
approximately 0.037 °C/m. Use Kelvin’s model to estimate the age
of the Earth.

4.28 Transient conduction in a semi-infinite region is used to determine the

thermal diffusivity of material. The procedure is to experimentally
heat the surface of a thick plate which is initially at uniform
temperature such that the surface is maintained at constant
temperature. Measurement of surface temperature and the
temperature history at a fixed location in the region provides the
necessary data to compute the thermal diffusivity.

[a] Show how the transient solution in a semi-infinite region can be

used to determine the thermal diffusivity.

[b] Justify using the solution for a semi-infinite region as a model for
a finite thickness plate.

[c] Compute the thermal diffusivity for the following data:
T, =initial temperature = 20°C,
T, = surface temperature =131° C,
T(x,t) = 64° C = temperature at location x and time ¢
x = distance from surface = 1.2 cm
t =time=25s
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429 Two long Dbars, 1 and 2, are initially at uniform
temperatures 7}y, and 7|, , respectively. The two bars are brought
into perfect contact at their ends and allowed to exchange heat by
conduction. Assuming that the bars are insulated along their

surfaces, determine:

[a] The transient temperature of the bars.
[b] The interface temperature.

SIS S S S S S S S S S S S S S S S S S S S S S S SSSSS
T (x,t T (x,t
T02 Z(k’ ) 0 > X l(l;) TO]
a,, 1K) o, K
SIS S S S S S S
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CONDUCTION IN POROUS MEDIA

5.1 Examples of Conduction in Porous Media

The flow of fluid in porous media plays an important role in temperature
distribution and heat transfer rate. The term transpiration cooling is used to
describe heat removal associated with fluid flow through porous media.
The idea is to provide intimate contact between the coolant and the material
to be cooled. Thus heat transfer in porous media is a volumetric process
rather than surface action. Fig. 5.1 illustrates several examples of
conduction in porous media. In Fig.5.1a, a porous ring is placed at the
throat of a rocket nozzle to protect it from high temperature damage. Air or
helium is injected through the porous ring to provide an efficient cooling
mechanism. Fig. 5.1b shows a porous heat shield designed to protect
a space vehicle during atmospheric entry. Cooling of porous turbine blades
is shown inFig. 5.1c. Transpiration cooling has been proposed as an

porous coolant

coolant

porous ring

(a) (b) coolant
device
coolant
- - porous
material
(d) (e)
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efficient method for protecting microelectronic components. Fig. 5.1d
represents an electronic device with a microchannel sink. Coolant flow
through the channels provides effective thermal protection. Fig.5.le
shows a porous fireman’s suit for use in a hot environment. Other examples
include heat transfer in blood-perfused tissue and geothermal applications.

5.2 Simplified Heat Transfer Model

A rigorous analysis of heat transfer in porous media involves solving two
coupled energy equations, one for the porous material and one for the fluid.
Thus the solution is represented by two temperature functions. The analysis
can be significantly simplified by assuming that at any point in the solid-
fluid porous matrix the two temperatures are identical [1]. This important
approximation is made throughout this chapter.

5.2.1 Porosity

We define porosity P as the ratio of
pore or fluid volume, V,, to total
volume V. Thus

pr 5.1
=L (5.1)

For a porous wall of face area 4 and
thickness L, the volume is given by

V =AL. (a)

total flow aera A y
If we model the pores as straight .
channels, as shown in Fig. 5.2, the Fig. 5.2
fluid volume is given by

where A ¢ 1s the total fluid flow area. Substituting (a) and (b) into eq.
(5.1) gives

PZT: (C)

or

Ay =PA. (5:2)
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It follows that the area of the solid material, A, is given by

A, =(1-P)A. (5.3)

Note that porosity is a property of the porous material. Although its value
changes with temperature, it is assumed constant in our simplified model.

5.2.2 Heat Conduction Equation: Cartesian Coordinates

Consider one-dimensional transient conduction
in a porous wall shown in Fig. 5.3. The face area
is A and the porosity is P . Fluid flows through q
the wall at a rate m. We assume that the wall
generates energy at a rate ¢"” per unit volume.

The following assumptions are made:

(1) Constant porosity.
(2) Constant properties of both solid and fluid.
(3) Solid and fluid temperatures are identical at

each location.

(4) Constant flow rate.
(5) Negligible changes in kinetic and potential energy.

Consider an element dx shown in Fig. 5.3. Energy is exchanged with the
element by conduction and convection. Conduction takes place through
both the solid material and the fluid. Conservation of energy gives

Ein+Eg_Eout :E’ (d)
where

E =rate of energy change within the element
E in = rate of energy added to element

E g = rate of energy generated within element
E ;= rate of energy removed from element

Using Fourier’s law to determine conduction through the solid and fluid
and accounting for energy added by fluid motion, £, is given by

: oT or .
E,, :—kS(I—P)Aa—kaAajtmcpr, (e)

where
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A= wall area normal to flow direction
Cpf = specific heat of fluid

k y = thermal conductivity of fluid

k, = thermal conductivity of solid material
m = coolant mass flow rate

T = temperature

x = distance

Defining the thermal conductivity of the solid-fluid matrix, k , as

k=(Q1-P)yk,+Pk,, (5.4)
equation (e) becomes
By = kA% e, T
n=—kA—— +1ic , T . ®

Equation (f) is used to formulate £ out aS

: — 0T - 8’T oT
E  =—kA——kA——dx+mc, (T +—dx).
out Ox axz pf( Ox ) (8)

Energy generated in the element, E ¢ 1s given by
E, =¢q Adx . (h)

The rate of energy change within the element, E , represents changes in the
energy of the solid and of the fluid. Each component is proportional to its
mass within the element. Thus

E=pscps(I—P)A%dx+pfcprA%dx. (1)

Defining the heat capacity of the solid-fluid matrix, pc,,, as
pc,=(1=P)psc,; +Pprc,e, (5.5)
equation (i) becomes

E:EAZ—Y;dx. 0
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Substituting (f), (g), (h) and (j) into (d) gives

ox2 Ak ox 1? a ot '

where & is the thermal diffusivity of the solid-fluid matrix, defined as
_k
a =——. (5.7)
PCp

5.2.3 Boundary Conditions

As with other conduction problems, boundary conditions in porous media
can take on various forms. The following are typical examples.

(i) Specified temperature. This condition may be imposed at the inlet or
outlet and is expressed as

T(0,))=T, or T(L,t)=T,. (5.8)

(ii) Convection at outlet boundary. Conservation of energy at the solid
part of the outlet plane gives

CED i -1, (5.9)
ox

-k
where / is the heat transfer coefficient and 7, is the ambient temperature.
Note that the fluid plays no role in this boundary condition since energy
carried by the fluid to the outlet plane is exactly equal to the energy
removed.

11
(iii) Inlet supply reservoir. Consider J— p orouswaﬂ .

a reservoir at temperature 7,

supplying fluid to a porous wall : :
shown inFig.5.4. Application of 7 T (0)
conservation of energy to the fluid | reservoir
between the outlet of the reservoirand 7T
the inlet to the wall (x =0) gives Fig. 5.4

e [T, = T(0,6)] = —kd——==

(5.10)

oT (0, t)
ox
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This boundary condition neglects transient changes in the fluid between the
reservoir and wall inlet.

5.2.4 Heat Conduction Equation:
Cylindrical Coordinates

Consider radial flow through a porous
cylinder of length L. The cylinder generates
energy at a volumetric rate of ¢".
Application of conservation of energy and
Fourier’s law of conduction to the element

dr shown in Fig. 5.5 gives

2 me m
Or (1 -Tepy1or a7 10T (5.11)
or? 27kL” r or k o Ot
5.3 Applications

Example 5.1: Steady State Conduction in a Porous Plate

A porous plate of thickness L is heated on one side by convection while
supplied by a coolant at a flow rate of m on the other side. Coolant
temperature in the supply reservoir is T,. The heat transfer coefficient is h
and the ambient temperature is T, . Assume steady state. Determine the
temperature distribution in the plate and the coolant rate per unit surface
area needed to maintain the hot side at design temperatureT.

(1) Observations. (i) This is a one-dimensional conduction problem in a
porous plate with coolant flow. (ii) Temperature distribution depends on
the coolant flow rate. The higher the coolant flow rate, the lower the
surface temperature of the hot side.

(2) Origin and Coordinates. Fig. 5.4 shows the origin and coordinate
axis.

(3) Formulation.

(i) Assumptions. (1) Solid and fluid temperatures are the same at any
given location, (2) constant porosity, (3) constant properties of both solid
and fluid, (4) constant flow rate, (5) negligible changes in kinetic and
potential energy, (6) no energy generation, and (7) steady state.
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(ii) Governing Equations. Based on the above assumptions, eq. (5.6)
simplifies to

d*T  1he ar _,

dx2 AE dx
or
2
dT_ﬁd_T:(), (a)
dx2 Ldx

where £ is a dimensionless coolant flow rate parameter defined as

mc ,rL
B = Apljg . (b)

(iii) Boundary Conditions. The supply reservoir boundary condition is
obtained from eq. (5.10). Using the definition of £, eq. (5.10) becomes

B d1(0)
—\|T,-T0)|=——"—"—.
I [ 0 ( )] dx ()
The second boundary condition, convection at x = L, is given by eq. (5.9)
dT(L
i T -1, @
dx

where kg is the thermal conductivity of the solid material.

(4) Solution. Equation (a) is solved by integrating it twice to obtain
T(x) = Cyexp(Bx/L)+C,, @)

where C, and C, are constants of integration. Using boundary conditions
(c) and (d) gives C; and C,

_ Bl(Too —TO)GXP(—ﬁ)
- [ﬂ+Bi]

Substituting into (e), rearranging and introducing the definition of the Biot
number gives

C; and C,=T,. (H

T'(x)-T,  Bi B
T ﬂeXPﬂ[(x/L) 1], (9

where the Biot number is defined as
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L
k

Bi (h)

N

Equation (g) gives the temperature distribution in the plate. To determine
the flow rate per unit surface area needed to maintain the hot side at design
temperature 7;, setx=Land T =T, in(g)

T,-T,  Bi

T,-T, Bi+p

Solving for coolant flow parameter £ and using the definitions of £ and
Biot number Bi, gives the required flow rate per unit surface area

m_ kh (T, —=Ty)
A ke (T,-T,)

(1)

(5) Checking. Dimensional check: The Biot number Bi, coolant flow
parameter /7 and the exponent of the exponential are dimensionless.

Limiting check: (i) If h = 0 (Bi =0), no heat is exchanged at x =L and
consequently the entire plate should be at the coolant temperature 7.
Setting Bi =0 in (g) gives T(x) =T,.

(ii) If h =00 (Bi =), surface temperature at x = L should be the same

as the ambient temperature 7,,. Setting Bi =0 and x = L in (g) gives
T(L)y=T,.

(iii) If the coolant flow rate is infinite ( f = o), the entire plate should be
at the coolant temperature 7. Noting that x/L <1, setting £ =0 in (g)
gives T'(x)=T,.

(iv) If the coolant flow rate is zero (  =0), condition (c) shows that the
plate is insulated at x = 0. Thus the entire plate should be at the ambient
temperature 7, . Setting £ = 0 in (g) gives T(x) =T,,.

(6) Comments. (i) As anticipated, solution (g) shows that increasing the
coolant parameter /S lowers the plate temperature. Note that since
(x/L)<1, the exponent of the exponential in (g) is negative. (ii) The
solution depends on two parameters: the Biot number Bi and coolant flow
parameter f. (iii) The required flow rate per unit area can also be
determined using energy balance. Conservation of energy for a control
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volume between the reservoir and the outlet at x = L, applied at design
condition, gives

dT(L)

Note that this energy balance accounts for surface convection and
dT(L)

conduction through the fluid atx = L. Using (d) to eliminate and

dx

solving the resulting equation for Z gives equation (1).

Example 5.2: Transient Conduction in a Porous Plate

A porous plate of porosity P and thickness L is initially at a uniform
temperature 1,. Coolant at temperature T, flows through the plate at a
rate m. At time t >0 the plate surface at the coolant inlet is maintained at
constant temperature T, while the opposite surface is insulated. Determine
the transient temperature distribution in the plate.

(1) Observations. (i) This is a one-dimensional transient conduction
problem in a porous plate with coolant flow. (ii) Since one side is insulated,
physical consideration requires that the entire plate be at 7 at steady state.

(2) Origin and Coordinates. The origin is selected at the coolant side and
the coordinate x points towards the insulated side.

(3) Formulation.

(i) Assumptions. (1) Solid and fluid temperatures are identical at any
given location, (2) constant porosity, (3) constant properties of both solid
and fluid, (4) constant flow rate, (5) negligible changes in kinetic and
potential energy and (6) no energy generation.

(ii) Governing Equations. Based on the above assumptions, eq. (5.6)
gives
0>T 7cy 9T 19T
ox> Ak ox @ ot

(5.6)

(iii) Independent Variable with Two Homogeneous Boundary
Conditions. Only the x-variable can have two homogeneous conditions.
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(iv) Boundary and Initial Conditions. The two boundary conditions
are

W 1O =17, @ LD

ox

0

The initial condition is
) T(x,0)=T,

(4) Solution. For convenience, the problem is first expressed in
dimensionless form. Let

T-T, at

0= L &= X , T= el (Fourier number),
T,-T L L*
1 Ihcpr

p=

————— (coolant flow rate parameter)
2 k
Using, these dimensionless variables and parameters, eq. (5.6) gives

0%0 06 06
27 gl 2T
0&2 ﬂag or @

The boundary and initial conditions become
() 6(0,7)=0
0¢
3) 0(5,0)=1
(i) Assumed Product Solution. Let
0(c.7)=X(5) I'(7). (b)

Substituting (b) into (a), separating variables and setting the separated
equation equal to a = A, , we obtain

) 0

2
dd;"—zﬁingmixn:o, (c)

and
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dlI”
—F AT, =0. (d)
(ii) Selecting the Sign of the iﬁ Terms. Since there are two
homogeneous conditions in the & -variable, the plus sign must be used in
equation (¢). Thus (c) and (d) become

d*X dx
22—+ 20 X, =0, (e)
dé dé
and
r
4y "y AT, =0. ()
dr

It can be shown that the equations corresponding to A, =0 yield a trivial
solutions for X,/ 7, and will not be detailed here.

(iii) Solutions to the Ordinary Differential Equations. The solution to
(e) takes on three different forms depending on S Zand iﬁ [see equations
(A-5) and (A-6), Appendix A]. However, only one option yields the

.. . . 2 2
characteristic values A,,. This option corresponds to #° < A;. Thus the
solution is given by equation (A-6a)

X, (&) =exp(E)| A, sinM & + B, cosM ], ()

where 4, and B, are constants of integration and A, is defined as

M, =72~ (b)
The solution to (f) is
(1) =C, exp(=2; 7). (i)
where C,, is constant.

(iv) Application of Boundary and Initial Conditions. Boundary
condition (1) gives

B, =0. 0)
Boundary condition (2) gives the characteristic equation for A,

ptanM, =-M,. (k)
Substituting (g) and (i) into (b)
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0(&,7) = Z a, exp(fE — A27)sin M, & . )

n=l1

The non-homogeneous initial condition gives

o0

1= Zan exp(fE) sin M, & . (m)

n=l1
(v) Orthogonality. Application of orthogonality gives a,. Comparing

(c) with Sturm-Liouville equation (3.5a), shows that the weighting function
w(é)is

w($) = exp(=25¢) . (n)
Multiplying both sides of equation (m) by w(&)exp(fBE)sinM,,&Edé,
integrating from& =0 to £=1 and applying orthogonality, eq. (3.7),
gives

1

Lexp(—ﬂf)sin M, EdE=a, f sin® M, EdE .

0
Evaluating the integrals and solving for a, we obtain
4M}

" (B*+MH(2M, —sin2M,) ©

(5) Checking. Dimensional check: Since the problem is expressed in
dimensionless form, inspection of the solution shows that all terms are
dimensionless.

Limiting check: At time ¢ = oo, the entire plate should be at ;. Setting
=0 in (1) gives O(&,0)=0. Using the definition of & gives
T(x,0)=T.

(6) Comments. The boundary conditions used in this example are selected

to simplify the solution. More realistic boundary condition at x =0 and
x = L are given in equations (5.9) and (5.10), respectively.
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[1] Schneider, P.J., Conduction Heat Transfer, Addison-Wesley, Reading,
Massachusetts, 1955.



5.1

5.2

53

PROBLEMS

Problems 175

Energy is generated in a porous spherical shell of porosity P at a

volumetric rate g". Coolant with specific heat ¢,

flows radially

outwards at a rate m. The thermal diffusivity of the solid-fluid
matrix is a and the conductivity is k. Show that the one-
dimensional transient heat conduction equation is given by

10 alT) yr ol 1ol
r2 Or or P2 0r ko ot
mef

where 7, is the ouside radius of the shell and S =

4k 7, .

A simplified model for analyzing heat transfer in living tissue treats
capillary blood perfusion as blood flow through porous media.
Metabolic heat production can be modeled as volumetric energy

generation. Consider a tissue layer of
thickness O and porosity P with
metabolic heat generation ¢". Blood
enters the tissue layer at temperature 7;
and leaves at temperature 7,. Blood
flow rate per unit surface area is m/ A.
Determine the one-dimensional steady
state temperature distribution in the
tissue.

A proposed method for cooling high
power density devices involves pumping
coolant through micro channels etched
in a sink. To explore the feasibility of
this concept, model the sink as a porous
disk of radius 7, and thickness o

o
having a volumetric energy generation
q". Coolant enters the disk at a flow
rate 7 and temperature 7,. Assume
that the outlet surface is insulated.
Determine the steady state temperature

of the insulated surface.
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5.5

5.6

5.7

5.8

5 Conduction in Porous Media

To protect the wall of a high temperature

L <—L—>
laboratory chamber a porous material is
used. The wall is heated at a flux ¢ on one
side. On the opposite side, coolant at a mass 1 <
flow rate m is supplied from a reservoir at T - )
temperature 7,. The wall area is A, ¢ q,
thickness L and porosity P. Determine the

steady state temperature of the heated 0 .
surface.

A porous shield of porosity P, surface area 4 ‘<_L 7

and thickness L is heated with flux ¢,.
Coolant at a reservoir temperature 7, is >

used to protect the heated surface. Determine
the coolant flow rate #1 needed to maintain / qm \

the heated surface at design temperature T; T,

T,. Oﬂ—>x

Heat is generated in a porous wall of area 4

and thickness L at a rate which depends on temperature according to

q" =q,(1+AT),

where ¢, and A are constant. The porosity is P and the coolant flow
rate is m. The two surfaces are maintained at specified temperatures
T, and T7,. Determine the steady state temperature distribution.
Assume that (—ritc ,r / 2kA)” > (qo A/ k).

The porosity P of a wall varies linearly along its thickness according
to
P=b+cx,

where b and c¢ are constant. The wall thickness is L and its area is 4.
The coolant flow rate is m. The two surfaces are maintained at
specified temperatures 7; and 7,. Determine the steady state
temperature distribution.

It is proposed to design a porous suit for firemen to protect them in
high temperature environments. Consider a suit material with
porosity P = 0.02, thermal conductivity k, =0.035 W/m—C and
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thickness L=1.5cm. It is estimated that an inside suit surface
temperature of 55°C can be tolerated for short intervals of 30
minute duration. You are asked to estimate the amount of coolant
(air) which a fireman must carry to insure a safe condition for 30
minutes when the outside suit surface temperature is 125°C.

Ice at the freezing temperature T’  is stored in a cubical container of
inside length L. The wall thickness is J and its conductivity is k.
The outside ambient temperature is 7, and the heat transfer
coefficient is 4. To prolong the time it takes to melt all the ice, it is
proposed to incorporate an air reservoir inside the container and use a
porous wall of porosity P. The air hT,

reservoir is designed to release air at a
constant rate m and distribute it
uniformly through the porous wall. The T,
ice mass is M and its latent heat of fusion ice
is L. The specific heat of air is ¢ pf and

air reservoir

thermal conductivity is kf. The air enters
the porous wall at the ice temperature T Iz
The bottom side of the container is
insulated. Determine:

porous wall

[a] The time £, it takes for all the ice to melt.

[b] The ratio of melt time f,, using a porous wall to melt time
t, using a solid wall.

[c] The required air mass M Iz
[d] Compute ¢,,/t, and M 7 for the following data:

¢, =10051/kg-°C, k; =0.025 W/m-°"C, M=4kg
h=26Wm*-°C, k, =0.065W/m-"C, L=20cm,
h=26W/m*-°C, L =333730 Jkg,  T;=0°C,
T, =400°C, m=0.00014kg/s, P=0.3, o =5cm

A porous tube of porosity P, inner radius 7;, outer radius 7, and
length L exchanges heat by convection along its outer surface. The
heat transfer coefficient is 4 and the ambient temperature is 7, .
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5.12
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Coolant at flow rate m is supplied to the tube from a reservoir at
temperature 7. The coolant flows uniformly outwards in the radial
direction. Assume one-dimensional conduction, determine the inside
and outside surface temperatures.

A two-layer composite porous wall is proposed to provide rigidity
and cooling effectiveness. The thickness of layer 1 is L;, its

porosity is P, and conductivity is

k. The thickness of layer 2 is L,, L, L p,
its porosity P, and conductivity is P, P,
ks,. Coolant at flow rate m enters k k T,
layer 1 at temperature 7. It leaves m i =
layer 2 where heat is exchanged by i
convection. The ambient temperature 0 >x

is T, heat transfer coefficient is 4
and surface area is 4.

[a] Formulate the heat equations and boundary conditions for the
temperature distribution in the composite wall.

[b] Solve the equations and apply the boundary conditions. (Do not
determine the constants of integration).

To increase the rate of heat

transfer from a fin it is T /,

o
proposed to use porous ( 0 x hT, w
material with coolant flow.

d

To evaluate this concept, g

consider a  semi-infinite ) hT
mliA| 7T
T

0

rectangular fin with a base
temperature 7. The width
of fin is w and its thickness is ©. The surface of the fin exchanges
heat with an ambient fluid by convection. The heat transfer
coefficient is 4 and the ambient temperature is 7,,. Coolant at
temperature 7, and flow rate per unit surface area m/A flows
normal to the surface. Coolant specific heat is ¢, and the thermal
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conductivity of the solid-fluid matrix is k. Assume that the coolant
equilibrates locally upon entering the fin.

[a] Show that the steady state fin equation for this model is given by

d*T 1 ,
o —5—2(4Bz+ﬂ)(T—Tw):0,

where Bi = (1 — P)hS / 2k and 8 = rirc ,; 5 | Ak.
[b] Determine the fin heat transfer rate.

The surface of an electronic package is cooled with fins. However,
surface temperature was found to be higher than design specification.
One recommended solution involves using porous material and a
coolant. The coolant is to flow axially along the length of the fin.
To evaluate this proposal, consider a porous rod of radius 7, and
length L. One end is heated with a flux g, . Coolant enters the
opposite end at temperature 7., and flow rate m. The specific heat
is ¢, and the conductivity of the fluid-solid matrix is k. The
cylindrical surface exchanges heat by convection. The ambient
temperature is 7, and the heat transfer coefficient is 4.

L h,T,

o0
& - —
) -~

0|=> X hT,

[a] Show that the steady state fin equation for this model is given by

2 .
CT_pdT i

2
dx r, dx -

where Bi = hr, /k and 8 = e zr k.

[b] Determine the temperature of the heated surface.
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5.14 A porous disk of porosity P, inner radius R;, outer radius R, and

. Coolant at a

4
o

thickness O is heated at its outer rim with a flux ¢

lly through the
d the conductivity of

ia
the solid-fluid matrix is k. The disk exchanges heat by convection

d temperature 7, flows radi

m an

disk. The specific heat of the coolant

mass flow rate

1S cpf an

along its upper and lower surfaces. The heat transfer coefficient is 4

and the ambient temperature is 7,,. Assume that the Biot number is

small compared to unity and the inner surface temperature is at 7 .
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[a] Show that the steady state fin equation is given by
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[b] Determine the temperature of the heated surface.
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5.14 The outer surface of a porous hemispherical shell is heated with

5.15

5.16

uniform flux g,. Coolant at flow rate 2 enters the inner surface
and flows radially outward. The specific heat of the coolant
is ¢, and the conductivity of the solid-fluid matrix is k. The inner
radius is R; and the outer radius is R,. The inner surface is
maintained at uniform temperature 7,. Determine the steady state
temperature of the heated surface.

A straight triangular fin of length L and thickness ¢ at the base is
made of porous material of porosity P. The fin exchanges heat by
convection along its surface. The heat transfer coefficient is /4 and the
ambient temperature is 7,,. The base is maintained at temperature
T,. Coolant at temperature 7, and flow rate per unit surface area
m/ A flows normal to the surface. Coolant specific heat is ¢, and
the thermal conductivity of the solid-fluid matrix is k. Determine
the ratio of the heat transfer form the porous fin to that of a solid fin.
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conductivity of the solid-fluid matrix
is k. The fin exchanges heat by
convection along its upper and lower
surfaces. The heat transfer coefficient
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5.18

5 Conduction in Porous Media

is & and the ambient temperature is 7, . Assume that the Biot
number is small compared to unity. Assume further that the coolant
equilibrates locally upon entering the fin.

[a] Show that the steady state fin equation is given by

2 .
r2d_T+,,d_T_(431—-"'B),,2(T_TOO):(),
dr® dr 5°

where Bi = (1 - P)hS/2k and B =1ic, 6/ n(R; — R} )k.
[b] Determine the heat transfer rate from the fin.

Small stainless steel ball bearings leave a furnace on a conveyor belt
at temperature 7. The balls are stacked forming a long rectangular
sheet of width w and height 0. The conveyor belt, which is made of
wire mesh, moves through the furnace with velocity U. The ball
bearings are cooled by convection along the upper and lower
surfaces. The heat transfer coefficient is /4 and the ambient
temperature is 7. To accelerate the cooling process, coolant at
temperature 7., and flow rate per unit surface area m/ A flows
through the balls normal to the surface. Coolant specific heat is
¢, and the thermal conductivity of the steel-fluid matrix is k.
Assume that the coolant equilibrates locally upon contacting the
balls. Model the ball bearing sheet as a porous fin of porosity P.
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[a] Show that the steady state fin equation is given by

d” T—gd—T——(4B + BT -T,)=0,

dx* @ dx

Where Bi=(1-P)h5/2k, B =rinc,5/Ak and

[b] Determine temperature of balls at a distance L from the furnace.

Consider transient one-dimensional cooling of a porous hollow
cylinder of porosity P, inner radius R; and outer radius R,. Coolant
at a mass flow rate per unit length 77 and temperature 7, is supplied
from a reservoir. It flows radially outward through the cylinder. The
specific heat of the coolant is ¢ ., and the conductivity and diffusivity
of the solid-fluid matrix are £ and &, respectively. Initially the
cylinder is at the coolant temperature 7,. Attime ¢ >0 the outside
surface exchanges heat by convection with the ambient fluid. The
heat transfer coefficient is 4 and the ambient temperature is 7.
Show that the dimensionless heat equation, boundary and initial
conditions for transient one-dimensional conduction are given by

1 06 66’
gag(é - o o
20(1,7)

o¢
00(£,,7) o
T—Bl[l 0(&,.7)],

0(,0)=0,

=286(1,7),

So

where
O=(T-T)NT,-T,), E=r/R, & =R,/R,,
t=at/R}, Bi=hR,/k,, P=rc, /Ark.
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CONDUCTION WITH PHASE CHANGE:
MOVING BOUNDARY PROBLEMS

6.1 Introduction

There are many applications in which a material undergoes phase change
such as in melting, freezing, casting, ablation, cryosurgery and soldering.
Conduction with phase change is characterized by a moving interface
separating two phases. Such problems are usually referred to as moving
boundary or free boundary problems. They are inherently transient during
interface motion. The motion and location of the interface are unknown a
priori and thus must be determined as part of the solution. Since material
properties change following phase transformation and since a discontinuity
in temperature gradient exists at the interface, it follows that each phase
must be assigned its own temperature function. Furthermore, changes in
density give rise to motion of the liquid phase. If the effect of motion is
significant, the heat equation of the liquid phase must include a convective
term. However, in most problems this effect can be neglected.

A moving front which is undergoing a phase change is governed by a
boundary condition not encountered in previous chapters. This condition,
which is based on conservation of energy, is non-linear. Because of this
non-linearity there are few exact solutions to phase change problems.

In this chapter we will state the heat conduction equations for one-
dimensional phase change problems. The interface boundary condition will
be formulated and its non-linear nature identified. The governing equations
will be cast in dimensionless form to reveal the important parameters
governing phase change problems. A simplified model based on quasi-
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steady state approximation will be described. Solutions to exact problems
will be presented.

6.2 The Heat Equations

Fig. 6.1 shows a region which is undergoing phase change due to some
action at one of its boundaries. The temperature distribution in the two-
phase region is governed by two heat equations, one for the solid phase and
one for the liquid phase. We make the following assumptions:

(1) Properties of each phase are uniform and remain constant.
(2) Negligible effect of liquid phase motion due to changes in density.
(3) One-dimensional conduction.

—
(4) No energy generation. X;
. solid
Based on these assumptions, eq. (1.8) k. c,. a,
gives oo
Ts (x’ t)
o’T, 1 oT,
= O<x<x;, (6.1) [ — 5 x
axz g ot
and \/Q .
) moving interface
o°T, 1 oT, .
2L =— L x>x;, (6.2) Fig. 6.1
ox o, Ot

where the subscripts L and s refer to liquid and solid, respectively.

6.3 Moving Interface Boundary Conditions

Continuity of temperature and conservation of energy give two boundary
conditions at the solid-liquid interface. Mathematical description of these
conditions follows.

(1) Continuity of temperature. We assume that the material undergoes a
phase change at a fixed temperature. Continuity of temperature at the
interface requires that

Ts(xi’t):TL(xiat):T‘a (6.3)

where

T'(x,t)= temperature variable
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T = fusion (melting or freezing) temperature
X;= x,(t) = interface location at time ¢

(2) Energy equation. Fig. 6.2 shows a

liquid element which is undergoing phase interface interface
change to solid. A one-dimensional solid- _at\t_\at%
liquid interface locat.ed at x:).cl-.(t) 1s liquid element
assumed to move in the positive x- at time ¢

direction. Consider an element dx  in the

. . . L — q qr —
liquid adjacent to the interface. The s

element has a fixed mass Om. During a J

time interval dt the element undergoes % |

[ A
phase change to solid. Because material ﬁ’ﬂ‘— dx; = dx, —
density changes as it undergoes phase Fig. 6.2
transformation, the thickness of the

element changes to dx,. Consequently, the interface advances a distance
dx; =dx,. Application of conservation of energy to the element as it
transforms from liquid to solid during time dt, gives

5Ein - 5Eout =0E, (a)

where

0 E,, =energy added during time dt
5E0ut
0 E =energy change of element during time df

= energy removed during time dt

The energy added by conduction through the solid phase is
SE, =q, dt, (b)

where

q ;= rate of heat conducted to the element through the solid phase

Energy is removed from the element by conduction and in the form of work
done by the element due to changes in volume. These two components of
energy are given by

OE,, =q,dt+pdV, (c)

out

where

dV = change in volume of element from liquid to solid during dt
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P =pressure
g, =rate of heat conducted from the element through the liquid phase
The change in energy of the element is given by
OE =@, —u,)om, (d)
Om = mass of element
u = internal energy per unit mass
Substituting (b), (c) and (d) into (a)
(95 —q,)dt =g —u,)om+ pdV. (e)

Applying Fourier’s law
A aTL (x[ > t)

8T ('xivt)
A=y e =thATE O

K :_ks

where

A = surface area of element normal to x
k =thermal conductivity

X = coordinate

x; = x;(t) = interface location at time ¢

The mass of the element Om is given by
om = p,Adx;, (8)

where p is density. The change in volume dV of the element is related to
its mass and to changes in density as

11
=(——-—)om. (h)
s P

Substituting (f), (g) and (h) into (¢) and assuming that pressure remains
constant

T.(x. T
SR P ATR
ox ox

ol + )G, + —)]ﬁ

-k

However
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~ p ~ PN_17 ” .
(@, +——)— (@, +=)=h ~h =2, )
P Ps

where

h= enthalpy per unit mass

L = latent heat of fusion
Substituting (j) into (i)
aTs(xi,t)_k GTL(xi,t): ﬁdx

’ (6.4)

k a;
T ox T T

Eq. (6.4) is the interface energy equation. It is valid for both solidification
and melting. However, for melting p, is replaced by p, for melting.

(3) Convection at the interface. There are problems where the liquid
phase is not stationary. Examples include solidification associated with
forced or free convection over a plate or inside a tube. For such problems
equation (6.4) must be modified to include the effect of fluid motion. This
introduces added mathematical complications. An alternate approach is to
replace the temperature gradient in the liquid phase with Newton’s law of
cooling. Thus
oT, s (xi oL )

dx;
k= (T, —T,) = p, LL 6.5
s O x ( f ) Ps dt (6.5)

where

h = heat transfer coefficient
T, = temperature of the liquid phase far away from the interface

The plus sign in eq. (6.5) is for solidification and the minus sign is for
melting.

6.4 Non-linearity of the Interface Energy Equation

A solution to a phase change conduction problem must satisfy the energy
condition of eq. (6.4) or eq. (6.5). Careful examination of these equations
shows that they are non-linear. The non-linearity is caused by the
dependence of the interface velocity dx; / dt on the temperature gradient.
To reveal the non-linear nature of equations (6.4) and (6.5), we form the
total derivative of 7 in eq. (6.3)



6.5 Non-dimensional Form of the Governing Equations: Governing Parameters 189

0T (x;,1) de 4 0T (x;,1)

ox ot

dt=0.

Dividing through by df and noting that dx = dx; , gives dx; / dt
dx, 0T (x;,t)/ Ot

- = . (6.6)
dt 0T, (x;,t)/ Ox
When this result is substituted into eq. (6.4) we obtain
2
OT. (x..t oT, (x,,t) OT (x;,t oT. (x:,t
ks S(xH ) —k L( ) S( ):_ps_£ s(‘xz ) (67)
Ox L 0ox Ox

Note that both terms on the left side of eq. (6.7) are non-linear. Similarly,
substituting eq. (6.6) into eq. (6.5) shows that it too is non-linear.

6.5 Non-dimensional Form of the Governing Equations: Governing
Parameters

To identify the governing parameters in phase change problems, the two
heat equations, (6.1) and (6.2) and the interface energy equation (6.4) are
cast in non-dimensional form. The following dimensionless quantities are
defined:

T, -T k, T, - T
ky T, T, L L

Ky P

Tf - TO
where L is a characteristic length and 7, is a reference temperature. Ste
is the Stefan number which is defined as

Ty =T,)

Ste : (6.9)

where ¢ s is the specific heat of the solid phase. Substituting eq. (6.8) into
equations (6.1), (6.2) and (6.4) gives

2
0 H; _ 510 9 | (6.10)
o0& or
2
4 90, _ g 900 6.11)
a, 0&* or

and
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00,(S;,t) 00,(S;.1) _ dS;
PE o&  dr’

(6.12)

Examination of the dimensionless governing equations shows that two
parameters, the ratio of thermal diffusivities and the Stefan number, govern
phase change problems. It is worth noting the following:

(1) By including the ratio (k, / k) in the definition of @, this parameter
is eliminated from the interface energy equation.

(2) A phase change problem with convection at its boundary will
introduce the Biot number as an additional parameter.

(3) The Stefan number, defined in eq. (6.9), represents the ratio of the
sensible heat to the latent heat. Sensible heat, ¢, (T, —T,), is the
energy removed from a unit mass of solid at the fusion temperature 7' )
to lower its temperature to 7, . Latent heat, .2, is the energy per unit
mass which is removed (solidification) or added (melting) during
phase transformation at the fusion temperature. Note that the Stefan
number in eq. (6.9) refers to the solid phase since it is defined in terms
of the specific heat of the solid ¢ ;. The definition for the liquid phase
is

_eu(T,=T))

7 .

Ste (6.13)

Sensible heat, ¢, (T,-T f), is the energy added to a unit mass of
liquid at fusion temperature 7' ' toraise its temperature to T,.

6.6 Simplified Model: Quasi-Steady Approximation

Because of the non-linearity of the interface energy equation, there are few
exact solutions to conduction problems with phase change. An
approximation which makes it possible to obtain solutions to a variety of
problems is based on a gquasi-steady model. In this model the Stefan
number is assumed small compared to unity. A small Stefan number
corresponds to sensible heat which is small compared to latent heat. To
appreciate the significance of a small Stefan number, consider the limiting
case of a material whose specific heat is zero, i.e. Ste =0. Such a material
has infinite thermal diffusivity. This means that thermal effects propagate
with infinite speed and a steady state is reached instantanecously as the
interface moves. Alternatively, a material with infinite latent heat
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(Ste=0), has a stationary interface. Thus the interface moves slowly for a
small Stefan number and the temperature distribution at each instant
corresponds to that of steady state. In practice, quasi-steady approximation
is justified for Ste <0.1. Setting Ste = 0 in equations (6.10) and (6.11)
gives

0%0,

o7 =0, (6.14)
2

00, (6.15)

08

Note that the interface energy equation (6.12) is unchanged in this model
and that temperature distribution and interface motion are time dependent.
What is simplified in this approximation are the governing equations and
their solutions.

Example 6.1: Solidification of a Slab at the Fusion Temperature 7' ’

A slab of thickness L is initially at the fusion T4
temperature T,. One side of the slab is solid | liquid
suddenly maintained at constant temperature T
T, <T; while the opposite side is kept at T. T s
A solid-liquid interface forms and moves
towards the opposite face. Use a quasi-steady X
state model to determine the time needed for

the entire slab to solidify. L

Fig. 6.3

(1) Observations. (i) Physical consideration

requires that the liquid phase remains at a uniform temperature equal to the
fusion temperature 7. (ii) Solidification starts at time ¢=0. (iii) The
time it takes the slab to solidify is equal to the time needed for the interface
to traverse the slab width L. Thus the problem reduces to determining the
interface motion which is governed by the interface energy condition.

(2) Origin and Coordinates. Fig. 6.3 shows the origin and the coordinate
axes.

(3) Formulation.
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(i) Assumptions. (1) One-dimensional conduction, (2) constant
properties of the liquid and solid phases, (3) no changes in fusion
temperature and (4) quasi-steady state, Ste <0.1.

(ii) Governing Equations. For quasi-steady state the conduction
equations, expressed in dimensional form, are

0T
2 =0 (a)
X
2
aaxTZL =0. (b)

(iii) Boundary and Initial Conditions.
(1) T,(0,0) =T,

@) Ty (x;,0) =T,

@) T,(x,0)=T,

@ T,(L)=T;,

Interface energy condition is

oT, (x,,1) oT, (x;,t) dx,
VLIV o, g%
ox 't ax P4

The initial conditions are

6) T,(x,0)=T,

(5) ks

(7) x;,(0)=0
(4) Solution. Direct integration of (a) and (b) gives
T,(x,t) = Ax + B, (c)
and
T,(x,t)=Cx+D, (d)

where 4, B, C, and D are constants of integration. These constants can be
functions of time. Application of the first four boundary conditions gives

X

x; (1) ’

Ts(xﬁt):To-i_(Tf_To) (e)

and
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TL(x’t)sz- (f)

As anticipated, the liquid temperature remains constant. The interface
location is determined from condition (5). Substituting (e¢) and (f) into
condition (5) gives

T dx.
kL2 _0=p pt
tox; Ps dt
Separating variables
k (T, -T
x;dx; = sy~ 1)
psL

Integration gives
2k (T, T,
x3=_:£4;_£2,+cy
pst

Initial condition (7) gives C; = 0. Thus

2k (T, - T
xA0=J—iLL—Jﬁr. (6.16a)

pL

N

In terms of the dimensionless variables of eq. (6.8), this result can be

expressed as
&=427. (6.16b)

The time ¢, needed for the entire slab to solidify is obtained by setting
x; =L ineq. (6.16a)

pLL
ty=—"—. (6.17a)
2k (Ty - T,)
Since total solidification corresponds to &; =1, eq. (6.16b) gives
7,=1/2. (6.17b)

(5) Checking. Dimensional check: eqs. (6.16a) and (6.17a) are
dimensionally consistent.

Limiting check: (i) If T, =T/, no solidification takes place and the time
needed to solidify the slab should be infinite. Setting 7, =7, in eq.
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(6.17a) gives t, =o00o. (i1) If the slab is infinitely wide, solidification time
should be infinite. Setting L = o0 in eq. (6.17a) gives ¢, = ©.

(6) Comments. (i) Initial condition (6) is not used in the solution. This is
inherent in the quasi-steady state model. Since time derivatives of
temperature are dropped in this model, there is no opportunity to satisfy
initial conditions. Nevertheless, the solution to the temperature distribution
in the liquid phase does satisfy initial condition (6). (ii) The solution
confirms the observation that the liquid phase must remain at 7 . Thus
analysis of the liquid phase is unnecessary. (iii) Since the liquid phase
remains at the fusion temperature, fluid motion due to density changes or
convection plays no role in the solution.

Example 6.2: Melting of Slab with Time Dependent Surface

Temperature

The solid slab shown in Fig. 6.4 is T

initially at the fusion temperatureT . - .

The side at x = 0 is suddenly maintained T exp Bt liquid | solid

at a time dependent temperature above ©

T;, given by

T,(0,t)=T, exp ft, oF— X I

X;

where T, and B are constant. A liquid- |/\/Zjv_\“

solid interface forms at x=0 and )

moves towards the opposite side. Use a Fig. 6.4

quasi-steady state model to determine the
interface location and the time it takes for the slab to melt.

(1) Observations. (i) Based on physical consideration, the solid phase
remains at uniform temperature equal to the fusion temperature T,. (ii)

Melting starts at time ¢ =0. (iii) The time it takes the slab to melt is equal
to the time needed for the interface to traverse the slab width L.

(2) Origin and Coordinates. Fig. 6.4 shows the origin and the coordinate
axes.

(3) Formulation.

(i) Assumptions. (1) One-dimensional conduction, (2) constant
properties of the liquid phase, (3) no changes in fusion temperature, (4)
neglect motion of the liquid phase and (5) quasi-steady state (Ste <0.1).
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(ii) Governing Equations. For quasi-steady state the liquid phase
conduction equation, expressed in dimensional form, is

o°T, _
ox?

Since no heat can transfer to the solid phase, its temperature remains
constant. Thus

0. (a)

Ts(x,t)=Tf. (b)
(iii) Boundary and Initial Conditions. The boundary conditions are
(1) 7,(0,t) =T, exp pt
(2) TL(‘xi’t):Tf
Substituting (b) into eq. (6.4) gives the interface energy condition

Note that since this is a melting problem, p, in eq. (6.4) is replaced by p, .
The initial condition of the interface is
4) x;(0)=0
(4) Solution. Integration of (a) gives
T,(x,t)=Ax+B.
Application of boundary conditions (1) and (2) gives

T, —-T exppt
TL()C,t): f o pﬂ

x+T, exp ft. (©)

Substituting (c) into condition (3) and separating variables

k
__L.L’(Tf —T, exp ft)dt = x;dx, . (d)
L
Integrating and using initial condition (4)
k t X
-—= J' (T, —T,exp ft)dt = I x;dx; ,
Pt 0

or
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2
p’?ﬂ [Tft—(To / BYexp(Bt)+(T, /ﬂ)]:%.

Solving this result for x; (¢)

xim:\/ iki' (7, myexpp-Tie-T, 1] 619)

To determine the time 7, it takes for the slab to melt, set x; =L in eq.
(6.18)

L:\//z)ki' (7,1 Byexp(pi)~Tp1, ~T, 1 p)] . (619)

This equation can not be solved for 7, explicitly. A trial and error
procedure is needed to determine?,, .

(5) Checking. Dimensional check: Eq. (6.18) is dimensionally consistent.

Limiting check: For the special case of constant surface temperature at
x =0, results for this example should be identical with the solidification
problem of Example 6.1 with the properties of Example 6.1 changed to
those of the liquid phase. Setting £ =0 in the time dependent surface
temperature gives 1'(0,7) =T, , which is the condition for Example 6.1.
However, since S appears in the denominator in eq. (6.18), direct
substitution of =0 can not be made. Instead, the term exp St in eq.
(6.18) is expanded for small values of [t before setting f =0. Thus, for
small St eq. (6 .18) is written as

x,(0) = ff}J(TO/ﬂ)[(l+<ﬂz)/u>+~~]—Tft—<To/ﬁ),
or, for f=0
2k,
xi(t):\/pL.L’(To ~T))t. (6.20)

This result agrees with eq. (6.16a).
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(6) Comments. Time dependent boundary conditions do not introduce
mathematical complications in the quasi-steady state model.

6.7 Exact Solutions

6.7.1 Stefan’s Solution

One of the earliest published exact solutions to phase change problems is
credited to Stefan who published his work in 1891 [1]. He considered
solidification of a semi-infinite liquid region shown in Fig. 6.5. The liquid
is initially at the fusion temperature 7' - The surface at x = 0 is suddenly
maintained at temperature 7, < T - Solidification begins instantaneously
at x =0. We wish to determine the temperature distribution and interface
location. Since no heat can transfer to the liquid phase, its temperature
remains constant throughout. Thus

TL()C,Z)=Tf. (a')
The governing equation in the solid phase is given by eq. (6.1)
o°T, 1 oT,
Lo— = (b)
ox a, Ot

The boundary conditions are
(1) T,(0,1) =T,
(2) Ts(xi,t) = Tf

Substituting (a) into eq. (6.4) gives

o7, (x;,t) dx;
Nk, ———L L =p L—L
(3) kg ox Ps 7
The initial condition is
4 x;(0)=0

Equation (b) is solved by similarity transformation. We assume that the
two independent variables x and ¢ can be combined into a single variable
11 =n(x,t). Following the use of this method in solving the problem of
transient conduction in a semi-infinite region, the appropriate similarity
variable is
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S 6.21)
Naot
We postulate that the solution to (b) can be expressed as
Ty =T(m). (©)
Using eq. (6.21) and (c), equation (b) transforms to
d’T dT,
2s +2n—>==0. (d)
dn dn

Thus the governing partial differential equation (b) is transformed into an
ordinary differential equation. Note that (d) is identical to eq. (4.33) which
describes transient conduction in a semi-infinite region without phase
change. Following the procedure used to solve eq. (4.33), the solution to
(d)is

T, =Aerfn+B. (6.22)

Applying boundary condition (2) and using eq. (6.21) give
X;
NEN;

Since 7', is constant, it follows that the argument of the error function in
(e) must also be constant. Thus we conclude that

x; et
X; = A 4ot , ()

where A is a constant to be determined. Note that this solution to the
interface location satisfies initial condition (4). Applying boundary
condition (1) to eq. (6.22) and noting that erf 0 = 0, gives

B=T,. (€9)

T, =4 erf + B. (e)

Let

Boundary condition (2), (g) and eq. (6.22) give the constant 4

A= 2. h
erf A ®
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Substituting (g) and (h) into eq. (6.22) gives the temperature distribution in
the solid phase

Tf _TO
T,(x,t)=T, + erfn. (6.23)

Finally, interface energy condition (3) is used to determine the constant A .
Substituting (f) and eq. (6.23) into condition (3) gives

T A +J4a
ky =2 % (erf — p 2N
— {n( 2 } Pl

The derivative of the error function is given by eq. (4.34). Substituting into
the above and using eq. (6.21) gives

)C,,s
Cdrz

where ¢ ¢ is specific heat of the solid. Equation (6.24) gives the constant
A. However, since eq. (6.24) can not be solved explicitly for A, a trial and
error procedure is required to obtain a solution. Note that 4 depends on the
material as well as the temperature at x = 0.

(T, -
AexpA?) erf A = (6.24)

It is interesting to examine Stefan’s solution for small values of A. To
evaluate eq. (6.24) for small A, we note that

2 4

exp/iz—l+/1—+—+ ~1,
o2
and
3 5
erf A == 2 (/1— 4 + 4 +)zi/1
Nt 3x1 5x2 Jr
Substituting into eq. (6.24) gives
CpS(Tf _To)

, for small 4. (6.25)
2L

Thus, according to eq. (6.13), a small A corresponds to a small Stefan
number. Substituting eq. (6.25) into (f) gives
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2kS (Tf - TO)
x; = |[——— 1t , forsmall 4 (small Ste). (6.26)

psL

This result is identical to eq. (6.16a) of the quasi-steady state model.

6.7.2 Neumann’s Solution: Solidification of Semi-Infinite Region

Neumann [1] solved the more T
general problem of phase change in
a semi-infinite region which is not
initially at the fusion temperature.
Thus Stefan’s solution is a special
case of Neumann’s problem.
Although Neumann’s solution was
presented in his lectures in the
1860's, the work was not published
until 1912.

Fig. 6.6

Consider the solidification of a semi-infinite region shown in Fig. 6.6.
Initially the region is at a uniform temperature 7, which is above the
solidification temperature T - The surface at x = 0 is suddenly maintained
at a constant temperature 7, <T,. A solid-liquid interface forms
instantaneously at x =0 and propagates through the liquid phase. Since
T, ;tT_ r» heat is conducted through the liquid towards the interface.
Neumann’s solution to this problem is based on the assumption that the
temperature distribution is one-dimensional, properties of each phase are
uniform and remain constant and that motion of the liquid phase is
neglected. Thus the governing equations are

o°T oT,
s 1oL 0<x<x;, (6.1)
axz ag ot
and
2
T T
0 L _Lar, ¥ x,. 62)
0x o, Ot

The boundary conditions are

() T,(0,0) =T,
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(2) Ts(xiat) = Tf
3) T, (x;,0)= Tf
4) T, (0,0)=T,
The interface energy equation is

0T, (x;,1) K, oT, (x;,t) _ Ps-eﬁ
o0x ox dt
The initial conditions are

©) T,(x,0)=T;
(1) x;(0)=0

() kq
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Following the procedure used to solve Stefan’s problem, the similarity
method is applied to solve equations (6.1) and (6.2). The appropriate

similarity variable is

n=x/\4a,t .

(6.21)

We assume that the solutions to eq. (6.1) and eq. (6.2) can be expressed as

Ty =T(m),
and
T, =T.(m).
Using eq. (6.21), (a) and (b), equations (6.1) and (6.2) transform to
d’T dr,
—+2p—==0  0<np<n,
dn dn
and
d’T dT
2L 205_377 ==0  n>7,
dn a, dn
where
n, =x; /\J4a,t.
Solutions to (¢) and (d) are
T, = A erfn + B,

and

(a)

(b)

(©)

(d)

(e)

&)
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T, =Cerf\la,/a, n+D.

Applying boundary condition (2)

Tf:Aerf\/%st+B.
Thus
—
Let
xX; = A 4ot .

Using eq. (6.21) and (h), conditions (1) to (6) are transformed to
(1) T,(0) = T,
Q) T, (D) =T,
G) T (A)=T,

(4) T (o) =T,
dT (A T, (4
(5) kg () —k, a1, (A) =2p,a AL
dn dn
(6) T, (o) =T,
Note that (h) satisfies condition (7) and :
that conditions (4) and (6) are identical. solid

In the transformed problem the interface
appears stationary at 7=A. Fig 6.7 /
shows the temperature distribution of T,

the transformed problem. Boundary
conditions (1)-(4) give the four |

constants of integration, 4, B, C and D.
Solutions (f) and (g) become

(T, -T,) X
erf ,
erf A Jaat
Ty -T;)

l-erf (o, /a, A N

T,(x,t)=T, +

and

T,(x,t)=T, +

(l—erfL) .

(2

(h)

(6.27)

(6.28)
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The constant A appearing in the interface solution (h) and in equations
(6.27) and (6.28) is still unknown. All boundary conditions are satisfied
except the interface energy condition. Substituting equations (6.27) and
(6.28) into condition (5) gives an equation for A

exp(—/iz)_ ay k, T -1 exp(-ayla,) NFwy)
erf A a; ks Tf—Tol—erf(‘las/aL ﬂ,) CpS(Tf_To).
(6.29)

Note that Stefan’s solution is a special case of Neumann’s solution. It can
be obtained from Neumann’s solution by setting 7; =7, in equations
(6.27)-(6.29).

6.7.3 Neumann’s Solution: Melting of Semi-infinite Region

The same procedure can be followed to solve the corresponding melting
problem. In this case the density p in interface condition (5) above is
replaced by p,. The solutions to the interface location and temperature

distribution are
x; = AJ4a,t , (6.30)

T, -T
( f O)erf X

T (x,t)=T, +
L0 =1, erf A 4a,t

, 6.31)

and

T,-T
T, -1 (l-eff—2—) .,  (632)

l-erf \(a, /g, A \aot

Ty(x,t)=T, +

where A is given by
exp(-4*)  |a, k, Ty =T exp(~a,A> ley)  Nm £2

erf A ag k, T, =T, 1-erf (Ja, /a ;iz)_ch(To_Tf)‘
(6.33)

It is important to recognize that for the same material at the same ‘Tl -T f‘
and ‘T =T f‘, values of A for solidification and for melting are not
identical.
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6.8 Effect of Density Change on the Liquid Phase

Although we have taken into consideration property change during phase
transformation, we have neglected the effect of liquid motion resulting
from density change. A material that
expands during solidification causes the
liquid phase to move in the direction of
interface motion as shown in Fig. 6.8. The
heat conduction equation for a fluid
moving with a velocity U is obtained from
eq. (1.7). Assuming constant properties
and one-dimensional conduction, eq. (1.7)
gives

o°T, _oT, L
ox? ot ox

a;

(6.34)

To formulate an equation for the liquid . )
interface  interface

velocity U, consider phase change in Qt / at t+dt

which the liquid phase is not restrained \—Q\)_

from motion by an external rigid liquid

boundary. Fig. 6.9 shows a liquid element element

dx, adjacent to the interface at x;. at¢

During a time interval df the element % | | |

solidifies and expands to dx,. The < —>

interface moves a distance dx; given by «—dx; = dx,—>!
dx,- = dxs . (a) Fig. 6.9

The expansion of the element causes the
liquid phase to move with a velocity U given by

dx; —dx,
dt

Conservation of mass for the element yields

U= (b)

prdx, = pgdx; = pgdx;,

or
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dx, = &dxi. (c)
P
Substituting (c) into (b)
U=(1-Lo) % (6.35)
p. dt

Since interface velocity dx;/dt is not constant, it follows that the velocity
U is time dependent. Substituting eq. (6.35) into eq. (6.34) gives

_&) dx; 0T, _ oT, ' 636)
p,  dt Oox Ot

2
a ai—(l

L 2
ox

The solution to Neumann’s problem, taking into consideration liquid phase
motion, can be obtained by applying the similarity transformation method.

6.9 Radial Conduction with Phase Change

Exact analytic solutions to radial conduction with phase change can be
constructed if phase transformation takes place in an infinite region.
Examples include phase change around a line heat source or heat sink.
Consider solidification due to a line heat sink shown in Fig. 6.10. The
liquid is initially at 7, > T - Heat is suddenly removed along a line sink at
arate J, per unit length. Assuming constant properties in each phase and
neglecting the effect of liquid motion, the heat conduction equations are

2
0T, ML _VOL ), (6.37)
orr ror a, Ot

2

07T, 101, _ 107, r>7(1). (6.38)

ort r or a, Ot

where 7;(¢) is the interface location. The boundary condition at the center
r =0 is based on the strength of the heat sink. It is expressed as

(1) lim {27zrks oT; } =0,
r—0 0

r

The remaining boundary conditions are
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2) Ty(r;0) = T,
G) T (r,0)=T;
(4) Ty (o0,0) =T,
The interface energy equation is
(%)
T (r;»1)
Sor

1

or ST dt

oT, (r.,t dr.
L(r“):,o .L)_r

k k,

The initial temperature is
©) T, (r0)=T,

Assuming that solidification begins
instantaneously, the interface initial
condition is

(7) r;(0)=0

Solution to this problem is based on the

similarity method. The similarity variable is [1]

n=r’lda,t.

Assume that

To(x,0) = T () »

and

T () =T, ().

T

_'I},

interface

line sink

Using eq. (6.39), equations (6.37) and (6.38) transform to

d’T dT
2S+(1+l L=
dn n dn

and
d’T, (Z

N

1
Ee ()
dn a, n dn

liquid
&
r
— < —
Fig. 6.10

(6.39)
(6.40)
(6.41)

These equations can be integrated directly. Separating variables in eq.

(6.40) and integrating
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J-T-‘d(dTS/dn) _ J-” 4
dT, /dn n ’

dT.

S _

In =—Inn-n+In4d,
dn

dT.
ln{ln A } =-7.

A dn

Rearranging, separating variables and integrating again

T, ®
J‘ dT, :AJ. S _dn+B,
7

e’?
TS=AI—d77+B. ()
7

where 4 and B are constants of integration. The choice of the upper limit
in the above integral will be explained later. The same approach is used to
solve eq. (6.41). The result is

ooe,(as /OfL)U
TL:CJ—dU+D, (b)
7 n

where C and D are constants of integration. Solution (a) and boundary
condition (1) give

T -n
lim {27”’1% a7 6—’7} = lim {— 2k a2 } =

-0 dn or | n-0 n 4agt
. e
lim|-4zk,A—n |=—-4rk,A=0,.
n—0 n
This gives 4 as
A=- 2 . (c)
drk,

To determine 7;(¢) solution (a) is applied to boundary condition (2) to give
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0

e*’]
szAI—de, (d)

where 77, is the value of 77 at the interface. It is determined by
setting 7 = 7; in eq. (6.39)

m =1l dagt. (6.42)
Since 7, remains constant at all times, this result requires that 77, be
independent of time. It follows from eq. (6.42) that rl.z oc t. Thus we let

1P =4lagt. (6.43)

Note that this form of 7; satisfies initial condition (7). Substituting into eq.
(6.42) gives

n =42, (e)
where A is a constant to be determined. Substituting (c) and () into (d)
© 5,7
T, =— 2 '[ € _dn+B.
drky J 1
Solving for B
® -n
B=1,+ % J € _dn. ()
drk s Y1 N

Applying condition (4) to solution (b) gives

1

we*(as/aL)Ti
T :CI ———dn+D=0+D,

o0 n
or
D=T,. (2)
Boundary condition (3) and solution (b) give
C=—% o (@sian ®
o
2 n

Interface energy equation (5) gives an equation for A
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k,(T,-T
Qo pr . kim 1)) e A _ Qb oa L. (6.44)

47 © o @slap)n
[ o
/) n

Thus all the required constants are determined. Before substituting the
constants of integration into solutions (a) and (b) we will examine the
integrals appearing in this solution. These integrals are encountered in other
application and are tabulated in the literature [2]. The exponential integral
function Ei(-x) is defined as

Ei(—x) = —I idv . (6.45)
v

This explains why in integrating equations (6.41) and (6.42) the upper limit
in the integrals in (a) and (b) is set at 77 = c0. Values of exponential integral
function at x =0 and x =00 are

Ei(0)=00, Ei(0)=0. (6.46)
Using the definition of Ei(—x) and the constants given in (c), (f), (g) and
(h), equations (a), (b) and (6.44), become

_ Qo o 2 N AT
L0 =T, 4 |Ei(—r? /40,0 - Ei(-2)].  (647)
T, -T

v T FEi(—r?/4a,t), 6.48
B A, ey T ) (64%)

L

and
% A " kL(Ti _Tf)

~(Aaglay) _
e e =Ap.a. L. 6.49
4r Ei(-dag/a;) Ps s (049

6.10 Phase Change in Finite Regions

Exact analytic solutions to phase change problems are limited to semi-
infinite and infinite regions. Solutions to phase change in finite slabs and
inside or outside cylinders and spheres are not available. Such problems
are usually solved approximately or numerically.
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PROBLEMS
T
6.1 A slab of thickness L and fusion L

temperature 7', is initially solid at T, liquid [solid
temperature 7; <7,. At time 20
one side is heated to temperature Tf
T, > T, while the other side is held at T
T;. Assume that Ste < 0.1, determine Ob—x «
the transient and steady state interface |j/\/\/¥l/‘|
location. ) L L

6.2 Consider freezing of a deep lake which is initially at the fusion
temperature 7' . During a sudden cold wave which lasted four
weeks, air temperature dropped to —18°C. Assume that lake
surface temperature is approximately the same as air temperature.
Justify using a quasi-steady model and determine the ice thickness at
the end of four weeks. Ice properties are: ¢, =2093 J/kg—°C,
ky =2.21 W/m-°C, £=333730J/kg and p, =916.8 kg/m3.

6.3 Radiation is beamed at a semi-
infinite region which is initially radiation¢ 0 / 1,

liquid ¢" l /

solid at the fusion temperature 7’ -
The radiation penetrates the liquid

X

L

phase resulting in a uniform energy
generation ¢". The surface at
x =0 is maintained at temperature
T,>Ty. Assume that Ste < 0.1,
determine the transient and steady

solid Tf

state interface location.
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6.4 You decided to make ice during a cold day by placing water in a pan

6.5

6.6

outdoors. Heat transfer from the water is by convection. Air
temperature is —10°C and the heat transfer coefficient is 12.5
W/m?-°C . Initially the water is at the fusion temperature. How
thick will the ice layer be after 7 hours? Justify using a quasi-steady
model to obtain an approximate answer. Properties of ice are:

=2093 J/kg-°C, k, =221 W/m-"C, £=333730J/kg
and ps =916.8 kg/m?.

An old fashioned ice cream kit
consists of two concentric cylinders
of radii R, and R,. The inner
cylinder is filled with milk and ice
cream ingredients while the space
between the two cylinders is filled

ice cream

with an ice-brine mixture. To
expedite the process, the inner ice-brine

cylinder 1is manually rotated.
Assume that the surface of the
cylinder is at the brine temperature 7, and that Ste < 0.1. Assume
further that the liquid is initially at the fusion temperature. Derive an
expression for the total solidification time. Apply the result to the
following case: R, =10cm, R, =25cm, T, = -20°C, T, = Tf.
Assume that ice cream has the same properties as ice, given by:

=2093 J/kg-°C, k, =2.21 W/m-"C, £=333730J/kg and
p =916.8 kg/m

Liquid at the fusion temperature 7T r is contained between two
concentric cylinders of radii R, and R;. At time >0 the inner
cylinder is cooled at a time dependent rate g, (¢) per unit length.
The outer cylinder is insulated.

[a] Assuming that Ste < 0.1, derive an expression for the total
solidification time.

[b] Determine the solidification time for the special case of
q,(t)= C/+t, where C is constant.
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6.7

6.8

6.9

6.10

6 Conduction with Phase Change

Liquid at the fusion temperature fills a thin
walled channel of length L and variable cross
section area A, (x) given by

A.(x)= A,e™'E

where A, is constant and x is distance along
the channel. At time >0 the surface at x = 0
is maintained at 7, <7,. Assume that the

channel is well insulated and neglect heat
conduction through the wall, use quasi-steady
approximation to determine the interface location.

Consider two concentric spheres of radii R, and R,. The space
between the spheres is filled with solid material at the fusion
temperature 7' £. Attime ¢ 2 0 the inner sphere is heated such that
its surface temperature is maintained at 7,, > 7. Determine the time
needed for the solid to melt. Assume one-dimensional conduction
and Ste <0.1.

Consider a semi-infinite solid region at the fusion temperature 7’ Iz
The surface at x = 0 is suddenly heated with a time dependent flux
given by

q2(0)=%,

where C is constant. Determine the interface location for the case of
a Stefan number which is large compared to unity.

A glacier slides down on an
inclined plane at a rate of 1.2 l g
m/year. The ice front is heated
by convection. The heat transfer
coefficient is 7 =8 W/m*—°C.
The average ambient temperature  «—
during April through September
is T, ' =10°C. During the remaining months the temperature is
below freezing. Melting ice at the front flows into an adjacent stream.

. glacier
ice front

water
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Because of continuous melting, the front recedes slowly. Assume
that conduction through the ice at the front is small compared to
convection, determine the location of the front after 10 years. Ice
properties are:

¢ s = 1460 J/kg—"C  k; =3.489 W/m-°C

£=334940 J/kg
p, =928 kg/m®

h@(

6.11 A semi-infinite liquid column at the fusion temperature

T, is suddenly brought in contact with a semi-infinite

RN

solid at a uniform temperature 7; <7',. The solid does

Ra

not undergo phase transformation. The liquid column

SNNSNNNNNNNNNNNNNNNNNNSNNNNNSNY

begins to solidify and grow. Determine the interface
location for the case of a Stefan number which is large

OO NN NN

B

\\\\\\\\\\‘]

compared to unity.

6.12 A slab of width L is initially solid at

the fusion temperature 7T - The S L S
slab is brought into contact with a k, k, |T
semi-infinite solid region which is a a 4
o . T £
initially at uniform temperature E Po o,

T; > Ty. The solid region does not 0

undergo phase change while the slab .
melts. Obtain an exact solution for

X;
the time needed for the entire slab to |<— L—>|
melt. Assume that the free surface
of the slab is insulated.

6.13 Solve Neumann’s problem taking into consideration the effect of

density change. ,
. o o S S i
6.14 A slab of width L is initially liquid k k|7
at the fusion temperature 7T,. The a(; a’j A
slab is brought into contact with a £, yo2
semi-infinite solid region which is T, .
initially at uniform temperature o> x !

T < T - The solid region does not
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6.15

6.16

6 Conduction with Phase Change

undergo phase change while the slab solidifies. Obtain an exact
solution for the time needed for the entire slab to solidify. Assume
that the free surface of the slab is insulated.

Under certain conditions the temperature of a liquid can be lowered
below its fusion temperature without undergoing solidification. The
liquid in such a state is referred to as supercooled. Consider a
supercooled semi-infinite liquid region which is initially at uniform
temperature 7; <7,. The surface at

. . . —
x =0 is suddenly maintained at the S

fusion temperature T’ Iz Solidification Tf
begins immediately and a solid-liquid

front propagates through the liquid
phase. Note that the solid phase is at 0 >
uniform temperature T - Determine —

the interface location.

Consider melting due to a line heat source in an infinite solid region.
The solid is initially at 7; <7',. Heat is suddenly added along a line
source at a rate (J, per unit length. Determine the interface location.
Assume constant properties in each phase and neglect fluid motion
due to density change.
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NON-LINEAR CONDUCTION PROBLEMS

7.1 Introduction

Non-linearity in conduction problems arises when properties are
temperature dependent or when boundary conditions are non-linear.
Surface radiation and free convection are typical examples of non-linear
boundary conditions. In phase change problems the interface energy
equation is non-linear.

Although the method of separation of variables has wide applicability, it is
limited to linear problems. Various methods are used to solve non-linear
problems. Some are exact and others are approximate. In this chapter we
will examine the source of non-linearity and present three methods of
solution. Chapters 8 and 9 deal with approximate techniques that are also
applicable to non-linear problems.

7.2 Sources of Non-linearity
7.2.1 Non-linear Differential Equations

Let us examine the following heat equation for one-dimensional transient
conduction
0 ., 0T " oT
—(k—)+q" = pc,—. (7.1)
Ox  Ox ot
In this equation the density o, specific heat ¢ p and thermal conductivity
k can be functions of temperature. Variation of p and/or ¢ , Wwith

temperature makes the transient term non-linear. Similarly, if k=k(T)
the first term becomes non-linear. This is evident if we rewrite eq. (7.1) as

02T a’k{aTT oT
—+—|—| +q"=pc

+ —_— 7.2
ox> dT| ox P ot (7.2)
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The term (07 /0x)* is clearly non-linear. Another example of a non-
linear differential equation is encountered in fins. The governing equation
for a fin exchanging heat by convection and radiation is

2
2?—};—3(T—Tw)—go-c(T4—T4):0. (7.3)
X

kA sur

The non-linearity of this equation is due to the 7% term.

7.2.2 Non-linear Boundary Conditions

(1) Free convection. A common free convection boundary condition is
expressed as

kT par -1y, (7.4)
ox

where [ is constant. Unlike forced convection where the flux is
proportional to(7 —7,,), the 5/4 power associated with some free
convection problems makes this boundary condition non-linear.

(2) Radiation. A typical radiation boundary condition is expressed as

—kﬁ—nga(T“ ~T). (7.5)
ox

(3) Phase change interface. Conservation of energy at a phase change
interface yields

G_T_kL(?_T: L i

k )
¥ ox ox Ps dt

(7.6)

This condition is non-linear as shown in eq. (6.7).

7.3 Taylor Series Method

This method gives an approximate description of the temperature
distribution in the vicinity of a location where the temperature and its
derivatives are specified or can be determined. Taylor series expansion of
the function 7'(x) about x =0 is given by

2 2 3 3 n n
drO) x dTO) x> ITO) AT x"
dx 1! dx2 2! dx3 3! " n!

(7.7)

T(x)=T(0)+
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The first derivative can be obtained if the flux is specified. For an insulated
boundary or a plane of symmetry the first derivative vanishes. Higher order
derivatives can be determined from the heat conduction equation. It should
be noted that the heat conduction equation is not solved in this method. The
following example illustrates the use of this method.

Example 7.1: Slab with Variable Thermal Conductivity

A slab of thickness L generates heat at a volumetric T
rate of q". The slab is cooled symmetrically on both —— &+
sides. The temperature at the mid-plane is T,. The q"

thermal conductivity of the slab depends on
temperature according to k(T)

k=k,(1+ BT +yT?), 0b—> X

where k,, B and y are constant. Use Taylor series | 1 |
expansion to determine the steady state temperature
distribution. Fig. 7.1

(1) Observations. (i) Because the conductivity depends on temperature the
problem is non-linear. (ii) Since the mid-plane temperature is specified,
Taylor series expansion should be about the mid-plane. (iii) Symmetry
requires that the temperature gradient at the mid-plane vanish.

(2) Origin and Coordinates. Fig. 7.1 shows the origin and coordinate
axis.
(3) Formulation.

(i) Assumptions. (1) Steady state, (2) one-dimensional conduction, (3)
symmetry about the mid-plane and (4) uniform energy generation.

(ii) Governing Equations. Although the heat conduction equation is
not solved in this method, it is needed to determine higher order
temperature derivatives. For steady state, eq. (7.2) simplifies to

2 2
d*T dk{dT} L q"=0. @

T
dx dT | dx

(iii) Boundary Conditions.
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(1) T(0)=T,
dT(0)
22370

(2) e

(4) Solution. The temperature distribution is given by Taylor series
expansion, eq. (7.7)
dT(0) x . d’T(0) x>  d°T(0) x>  d*T(0) x*

O x d°TO)x" dTO)x" dTO)x"

Tx)=T(O0)+
=IO+ = "0 2 2w 3wt

(b)
Conditions (1) and (2) give T'(0) and dT(0)/dx. The second derivative is
determined by evaluating the heat equation (a) at x =0

dZT(O) _ qm |
dx? k(0)

(©

To determine the third derivative, equation (a) is solved for d*T / dx? and
differentiated with respect to x

A’T  q" dk dT 1 [dkﬂdTT 1 d’k {drr 2 dk dT d*T

=t —|—| | — — .
A k*dT dx k*|dT] | dx ] kqr?|dx]| kdT dx dx?
(d)
Evaluating (d) at x =0 and using boundary condition (2) gives
d>T(0)
=0. (e)
dx®

The fourth derivative is obtained by differentiating (d) with respect to x,
setting x = 0 and using boundary condition (2) and equation (c). The result
is

d*T(0) _ 3(¢")?* dk(0) 0
dx* [k(0)] dT

Substituting (c), (e) and (f) into (b) and using boundary condition (1) gives

~ qm x_2_3(qm)2 dk(O) )C4 ()
K0) 2! [k(O)F dT 41~ s

T(x)=T,

where k(T) is given by
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k=k,(1+ BT +yT?). (h)
Using boundary condition (1), equation (h) yields
k() =k(T,)=k,(1+ BT, +yT,), (i)
and
dk(0) i
—==k +2yT)).
ar o (B+2yT,) ()
Substituting (i) and (j) into (g)
m 2 m2 4

ko(+ BT, +yT}) 2! (k,)*(1+ BT, +yT7)° 4!

(5) Checking. Dimensional check: Equation (k) is dimensionally correct.

Limiting check: The solution corresponding to constant thermal
conductivity is obtained by setting £ =y =0in (k)

"

T(x)=T0—2qTx2. M

o

This is the exact solution for constant k. It satisfies the two boundary
conditions and the corresponding heat equation.

Symmetry: The temperature solution is expressed in terms of even powers
of x. Thus it is symmetrical with respect to x = 0.

(6) Comments. (i) The slab thickness does not enter into the solution since
two boundary conditions are given at x = 0. (ii) Solution (k) is approximate.
Its accuracy deteriorates as the distance x is increased. (iii) This problem
can be solved exactly by direct integration of eq. (7.1) which simplifies to

d|, dT
—|k—|+¢"=0.
dx[ dx} 1 ()

Substituting (h) into (m), separating variables, integrating and applying the
two boundary conditions gives
r+lr lpop LBy Iy 42 (n)
2 3 2 3 2k

o
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Although this is an exact solution, it is implicit.

7.4 Kirchhoff Transformation

7.4.1 Transformation of Differential Equations

This method deals with the non-linearity associated with temperature

dependent thermal conductivity in equation (7.1). We introduce a new
temperature variable &(7") defined as [1]
d

oT) = T J' k(T)dT . (7.8)

o %

Note that if k(T") is specified, eq. (7.8) gives a relationship between & and
T. To transform eq. (7.1) in terms of the variable €, eq. (7.8) is first
differentiated to obtain d@/dT

ok

dr  k, ®)
Using this result we construct 07/0t and 0T/0x
or _dr oo _k, 20 o
ot d@ot k ot
and
or _droo _k, o9 ©
ox dOox k ox
Substituting (b) and (c) into eq. (7.1)
2 "
@0 a" 100, 09
ox~ k, aot
where ¢ is the thermal diffusivity, defined as
a=a(T)= k. .
p

The following observations are made regarding the above transformation:

(1) The non-linear conduction term in eq. (7.1) is transformed into a linear
form.
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(2) The diffusivity & is a function of temperature since p and ¢, are
temperature dependent. Thus, the transient term in eq. (7.9) is non-
linear.

(3) Since thermal diffusivity does not play a role in steady state stationary
problems, the transformed equation in this special case is linear.

(4) In problems where o =k/ pc, can be assumed constant, equation
(7.9) becomes linear.
7.4.2 Transformation of Boundary Conditions

To complete the transformation, boundary conditions must also be
expressed in terms of the variable €. Successful transformation is limited
to the following two conditions:

(1) Specified Temperature. Let the temperature at a boundary be

Tr=T,. (7.10)
The definition of & in eq. (7.8) gives
O=F(T). (a)
Substituting eq. (7.10) into (a)
0=F(T,)=0,. (7.11)

Thus specified temperature at a boundary is transformed into specified 6.
Note that 7, can be a function of time and location.

(2) Specified Heat Flux. This boundary condition is expressed as
oT

—k—=q". 7.12
e 9, (7.12)
However
or _dr00 _k, 00
ox d@ox k ox’
or
oT k 06
o= (b)
ox k oOx

Substituting (b) into eq. (7.12)
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00
_ k Y q” ]
o 8)( o
Thus, the transformed condition is a specified flux. Furthermore, since k,
is constant, eq. (7.13) is linear.

(7.13)

Example 7.2: Two-dimensional Conduction in a Cylinder with Variable
Conductivity

A cylinder of radius v, and
length L is insulated at one end
and heated with uniform flux q,

f—

at the other end. The cylindrical i a4
<«<— 1o

surface is maintained at a <

uniform temperature T,. The
thermal conductivity varies with
temperature according to

k=k,(1+BT).

Use Kirchhoff method to determine the steady state temperature
distribution in the cylinder.

(1) Observations. (i) Because the conductivity depends on temperature the
problem is non-linear. (ii) The boundary conditions consist of specified
temperature and specified heat flux. (iii) Kirchhoff transformation can be
used to solve this problem.

(2) Origin and Coordinates. Fig. 7.2 shows the origin and coordinate
axes.

(3) Formulation.

(i) Assumptions. (1) Steady state, (2) two-dimensional conduction and
(3) axisymmetric temperature distribution.

(ii) Governing Equations. Based on the above assumptions,
eq.(1.11), modified for variable k, becomes

19 ra—T +i kG—T =0. (a)
ror or| 0z| Oz

(iii) Boundary Conditions. The four boundary conditions are
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(1) w=oa 2 I(r,,2)=T,,
r
3) oT (r,0) _0, @ kaT(r L) g
oz oz

(4) Solution. This non-linear problem lends itself to a solution by
Kirchhoff transformation. Introducing the transformation variable &

T

G(T):LJ‘ k(T)dT, (b)
ky, J
where k(T) is given as
K(T)=k,(1+ AT). ©
Substituting (c) into (b)
9(T)=ki_rko(1+ﬂr)dT= T+§T2. (d)

(]

This gives a relationship between 6 and 7. To determine 6, the
governing equation and boundary conditions are transformed using (b).
Thus
aT dT@H k, 89 and 8T dT@H k, 60‘
or dOor k or 0z dOoz Kk oz
Substituting into (a)

(e)

0’0 100 0°0
—+—+——>=0.
or: ror 0z° @

Using (d) and (e), the boundary conditions transform to

96(0,z)
1 =

) or 0

) O(r,,z)=T, + BT} /2=6,

@ 2000

0z
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o0(r,L) _ ,
o
Thus the governing equation and boundary conditions are transformed to a
linear problem which can be solved by the method of separation of

variables. Details of the solution to (f) will not be presented here. Once
0(r,z) is determined the solution to quadratic equation (d) gives 7(r,z)

) &,

T(r,z)= \/%jtéﬁ(r,z) —%.

(5) Comments. The same approach can be used to solve this problem if in
addition the cylinder generates heat volumetrically.

7.5 Boltzmann Transformation

The Boltzmann transformation approach is based on the similarity method
which we encountered in the solution of transient conduction in semi-
infinite regions and in phase change problems. It is limited to semi-infinite
domains and applies to restricted initial and boundary conditions. The idea
is to introduce a similarity variable which combines two independent
variables and transforms the differential equation from partial to ordinary.
However, when applying this method to variable thermal conductivity, the
non-linear partial differential equation is transformed to a non-linear
ordinary differential equation whose solution may still present difficulties.

Example 7.3: Transient Conduction in a Semi-infinite Region with
Variable Conductivity

A semi-infinite region is initially at a uniform temperature T;. The surface
at x=0 is suddenly maintained at a constant temperature 1,. The
thermal  conductivity is temperature dependent. Use Boltzmann
transformation to determine the transient temperature distribution.

(1) Observations. (i) Since the region is semi-infinite and the initial
temperature is uniform, the problem lends itself to solution by the
similarity method. (ii)) The problem is non-linear because the thermal
conductivity depends on temperature.

(2) Origin and Coordinates. Fig. 7.3 shows the origin and coordinate
axis.



7.5 Boltzmann Transformation 225

(3) Formulation.

(i) Assumptions. (1) One-dimensional transient conduction and (2)
uniform initial temperature.

(ii) Governing Equations. Equation (7.1) simplifies to

8% kg—i)zpcpg. (a)
(iii) Boundary and Initial Conditions.
(1) 7(0,0) =T,
@) T(et)=T, (1w
() T(x0) =T, bl . e

(4) Solution. Following the method used to
solve transient conduction in a semi-infinite L

region with constant properties, introduce a Fig. 7.3
similarity variable 77(x,?), defined as
x
n(x,t)=—. (b)
Ji
Applying this variable to (a) gives
d . dI'\ PC¢, dT
— (k=) +=2 =0. (7.14)

dn -~ dn 2 nd_n_

The three conditions transform to

() T(0)=T7,
(2) T() =T,
(3) T() =T,

We make the following observations regarding this result:

(1) The problem is successfully transformed into an ordinary differential
equation. The variables x and ¢ are replaced by 7.

(2) Equation (b) is second order which can satisfy two boundary
conditions. Since two of the three conditions become identical in the
transformed problem, equation (b) has the required number of
conditions.
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(3) Equation (7.14) is non-linear. Since &, pand ¢, depend on temperature,
it follows that both terms in €q.(7.14) are non-linear.

(4) For the special case of constant p and c,, q.(7.14) is solved by
successive approximation [1].

(5) Comments. Several restrictions are imposed on this problem to obtain
an approximate solution. They are: semi-infinite region, uniform initial
temperature, constant boundary temperature and constant p and c,,.

7.6 Combining Boltzmann and Kirchhoff Transformations

Some of the shortcomings of the Boltzmann transformation can be
eliminated by combining it with the Kirchhoff transformation. To illustrate
this approach we return to Example 7.3. We introduce the Kirchhoff

transformation
T

o) = 1 J. k(T)dT . (7.8)
ky, &
Applying eq. (7.8) to eq. (7.14) transforms it to
2
o 1o 015)
dn® 2a dn
where « is the thermal diffusivity, defined as
o= L . (a)
PCy
The two boundary conditions transform to
TO
1 60 = [ KT =0,(7,)
o %0
L ¢h
@ 0(0) = [ kD) =0,(1)
o %0

The second term in €q.(7.15) is non-linear because « is temperature
dependent. However, although the three properties k£, p and c¢ p are
temperature dependent, their ratio in the definition of & may be a weak
function temperature for some materials. In such a case & can be assumed
constant and eq.(7.15) becomes linear. Based on this assumption
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eq.(7.15) can be separated and integrated directly. The solution,
expressed in terms of the original variables, is given by

X

A 4ot

where A and B are constant. Applying the two boundary conditions, the
solution becomes

O(x,t)=Aerf + B, (b)

0(x,0)=0, +(0. - 0,) erf ——— . ©
A dat
Eq. (7.8) is used to convert (¢) to the variable 7. Once k(T') is specified,

this equation gives @ in terms of 7. For example, consider the special case
where the conductivity is given by

K(T)=k,(1+ fT). (@
Substituting into eq. (7.8) gives
OT) =k, (T + BT?/2).
The constants €, and &; become

0, =k, (T, + BT}/2),
0, =k, (T, + BT}/2).

7.7 Exact Solutions

In the previous sections we have presented various techniques for dealing
with certain non-linear problems in conduction. However, none of these
methods are suitable for solving radiation problems. In this section we
illustrate how a simple transformation is used to analyze fins with surface
radiation. Consider the semi-infinite constant area fin shown in Fig. 7.4.
The fin exchanges heat with the surroundings by both convection and
radiation. We assume that the ambient fluid and the radiating surroundings
are at the same temperature 7,,. The base of the fin is maintained at 7.
The heat equation for this fin is given by
2
‘;C—ZT—mf(T—Tw)—mf(T“—TOj):o, (7.16)
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where
2 goC

"k,

2 e

= , and m
kA

c

(a)

Equation (7.16) is based on conservation of energy for an element dx using
Fourier’s law of conduction, Newton’s law of cooling and Stefan-
Boltzmann radiation law. Equation (7.16) is a special case of eq. (7.3) with

T, =T,. The two boundary conditions are
() T0)=T,
@) T(0)=T,

/—\
T, =T

sur [o]

We introduce the following

transformation [2] hT,
dT
—=y. b o—=x || /
dx
dx
Differentiating (b)
22T Ly o Fig. 7.4
dx?  dx
Solving (b) for dx
T
=T (@
74
Substituting (d) into (c)
d’T  d
=i ©
dx dT
2
Using (e) to eliminate P in eq. (7.16) gives
x
w%zmg(T—Tw)+m§(T4—T§). (7.17)

This equation is separable and thus can be integrated directly to give

'/’72 =m2 | 1y -@,nlem|r 5 -t e, @
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where C is constant of integration. Solving (f) for y and using (b) gives
the temperature gradient at any location x

dT _ 1/2

y="-- 2{m2 |2 1) -1, 1) m2 (1015 -] O ()
x

If T, >T,, the fin loses heat to the surroundings. That is, d7/dx <0 and

thus the negative sign in (g) must be used. On the other hand the positive

sign is used if 7, <7,. To determine the constant C, equation (g) is

applied at x =0 where

dT ()

T(©)=T,,and e

=0. (h)
Substituting (h) into (g) and solving for C gives

C=l1/2m2 12 +(5/4)m> T3], Q)

With the temperature gradient given in (g), the heat transfer rate can be
determined by applying Fourier’s law at the base x = 0 and using boundary
condition (1) and equation (i). The result is
dT(0) _
dx
1/2
+~/2kA, {(mc2 |2)(T? = 2T, T, +T2)+(m? /5)(T, —5TAT, + 4TO§)} .

q =—kA,

(7.18)

where the positive sign is for 7, > 7, and the negative for 7, <7, . The
following observations are made regarding this solution:

(1) Although an exact solution is obtained for the heat transfer rate from the
fin, a solution for the temperature distribution can not be determined.

(2) The more general case of 7, # T, can be solved following the same
approach. In this case 7'(o0), which is needed to determine C, is not
equal to 7, . However, it can be determined by applyingeq.(7.16) at

x =00 where
d*T ()
x>
Substituting (j) into eq.(7.16) gives

0. W)
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m2[T ()~ T, J+ m2|T* () -T2, |= 0. ®)

This equation is solved for 7'(c0) by a trial and error procedure.
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PROBLEMS

7.1 A solid cylinder of radius R, generates heat at a volumetric rate g".
The temperature at the center is 7,. The thermal conductivity

depends on temperature according to
k(T)=k,(1-pT),

where k, and S are constant. Use Taylor series method to
determine the steady state one-dimensional temperature distribution
in the cylinder.

7.2 A slab of thickness L generates heat at a

. " S . ~—
volumetric rate ¢~. One side is insulated while L 2
the other side is maintained at a uniform /> q" Z
temperature 7,. The thermal conductivity T, K(T) é
depends on temperature according to é

K(T)=k,(1+ 7). 0= 7

where k, and f are constant.

[a] Use Taylor series method to determine the one-dimensional steady
state temperature distribution in the slab.

[b] Calculate the temperature at the mid-section using the following
data: k,=120W/m-°C, L=4cm, ¢"=5x 10°W/m?,
T,=50°C, f#=0.0051/°C
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Heat is generated at a volumetric rate ¢" in a

slab of thickness L. One side of the slab is —
heated with uniform flux ¢, while the other < Lm‘)
side is cooled by convection. The heat transfer h q q,
coefficient is /# and the ambient temperature  1,| k(T) <
is 7., . The thermal conductivity depends on
temperature according to 0 x

- —

k(T) =k, (1+ pT),

where k,and [ are constant. Determine the steady state one-
dimensional temperature distribution using Taylor series method.

A long hollow cylinder of inner radius R; and outer radius R, is
cooled by convection at its inner surface. The heat transfer
coefficient is 4 and the ambient temperature is 7, . Heat is added at
the outer surface with a uniform flux ¢,.

The thermal conductivity depends on R
temperature according to '
K(T)=k,(1+ fT), A
where k, and [ are constant. Use Taylor ”
90

series method to determine the steady state
one-dimensional temperature distribution.

A long solid cylinder of outer radius R, generates heat
volumetrically at a rate ¢". Heat is removed from the outer surface
by convection. The ambient temperature is 7., and the heat transfer
coefficient is 4. The thermal conductivity depends on temperature
according to

K(T)=k,(1- BT).

where k, and £ are constant.  Use Taylor series method to
determine the steady state one-dimensional temperature distribution.

A fin with a constant cross section area A, exchanges heat by
convection along its surface. The heat transfer coefficient is 4 and the
ambient temperature is 7,,. The heat transfer rate at the base
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7.7

7.8

7.9
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is g, and the temperature is 7,. The thermal conductivity varies
with temperature according to

K(T) =k, (1+ A7),

where k, and S are constant. Use Taylor series method to
determine the steady state temperature distribution.

Consider conduction in a region with surface convection at one of its
boundaries. Discuss the application of Kirchhoff transformation to
such a boundary condition for a temperature dependent thermal
conductivity

Heat is generated volumetrically at a
rate ¢" in a long hollow cylinder of inner
radius R; and outer radius R,. The inner
surface is insulated and the outer surface is
maintained at a uniform temperature 7.
The thermal conductivity depends on

temperature according to
k(T) =k, (1+ pT),

where k,and S are constant. Use Kirchhoff transformation to
determine the one-dimensional steady state temperature distribution.
Calculate the temperature of the insulated surface for the following
case: k, =73.6 Wm-°C, ¢"=145x10*W/m’, R, =1.3cm,
R,=39cm, T, =100°C, £=62x10"1/°C.

What will the surface temperature be if the conductivity is assumed
constant?

An electric cable of radius R, generates
heat volumetrically at a rate ¢". The cable
is covered with an insulation of outer
radius R,. The outside insulation surface
is maintained at uniform temperature 7).

The conductivity of the cable is k; and
that of the insulation is k,. Both depend

electric insulation



on temperature according to

ky = ko (1+ fT),

and

ky =ko,(1+ pT),
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where k,, ky, and f are constant. Determine the steady state

temperature at the center of the cable
using Kirchhoff transformation.

7.10 Consider two-dimensional steady state

7.11

conduction in a rectangular plate. One
side is at a uniform temperature 7
while the other sides are maintained at
zero. The thermal conductivity depends
on temperature according to

k(T)=k,(1+ BT +)T?),

where k,, B and y are constant. Use Kirchhoff transformation to

determine the heat flux along the boundary (x,0).

y /To

0 H |0
L

0 0 X

A long solid cylinder of radius 7, is initially at a uniform
temperature 7;. At time ¢>0 the surface is maintained at
temperature 7. The thermal conductivity depends on temperature

according to

K(T)=k,(1- AT,

where k, and f are constant. Use Kirchhoft transformation

to determine the one-dimensional transient temperature
distribution. Assume constant thermal diffusivity.

7.12 A slab of thickness L is initially at zero

temperature. The slab generates heat at
a volumetric rate ¢"”. At time >0
one side is maintained at a uniform
temperature 7, while the other side is
kept at zero. The thermal conductivity

p

0

o
< L —

B
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7.13

7.14

7.15
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depends on temperature according to
k(T)=k,(1-p4T),

where k, and S are constant. Use Kirchhoff transformation to
determine the one-dimensional transient temperature. Assume
constant thermal diffusivity.

An infinite region is initially at uniform temperature 7;. Heat is
suddenly added along a line source at a rate (0, per unit length. The
thermal conductivity depends on temperature according to

K(T)=k,(1- AT).

where k, and S are constant. Use Kirchhoff transformation to
determine the transient temperature distribution in the region.
Assume constant thermal diffusivity.

The surface of a semi-infinite region which is initially at a uniform
temperature 7; is suddenly heated with a time dependent flux given
by

_C
SN ar
-0
The thermal conductivity varies with d
temperature as 0O——x

K(T)=k,(1+ T).

where k, and S are constant. Use Kirchhoff transformation to
determine the one- dimensional transient temperature distribution in
the region. Assume that the thermal diffusivity is constant.

Consider solidification of a semi- T
infinite liquid region which is
initially at the fusion temperature
T,. At t20 the surface at
x =0 is suddenly maintained at
a temperature 7, <T,. The
conductivity of the solid depends
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7.17
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on temperature according to

k(T) = k,(1+ fT) ,

where k, and £ are constant. Use Kirchhoff and Boltzmann
transformations to determine the interface location x;(¢). Assume
constant thermal diffusivity.

Consider melting of a semi-infinite solid region which is initially at
the fusion temperature 7,. The boundary at x = 0 is suddenly
heated with a time dependent flux given by
C
qo(1)=—F,

/]
where C is constant. The thermal  90(?)
conductivity of the liquid depends
on temperature according to 0

k(T) =k, (1+ fT)

where k, and £ are constant. Use Kirchhoff and Boltzmann

transformations to determine the interface location x;(#). Assume
constant thermal diffusivity.

Consider a constant area semi-infinite fin which generates heat at a
volumetric rate ¢”. The fin exchanges heat with the surroundings
by convection and radiation. The ambient fluid and the radiating
surroundings are at 7. The base of the fin is maintained at 7.
Assume constant properties. Determine the steady state heat transfer
rate from the fin.
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APPROXIMATE SOLUTIONS:
THE INTEGRAL METHOD

There are various situations where it is desirable to obtain approximate
analytic solutions. An obvious case is when an exact solution is not
available or can not be easily obtained. Approximate solutions are also
obtained when the form of the exact solution is not convenient to use.
Examples include solutions that are too complex, implicit or require
numerical integration. The integral method is used extensively in fluid
flow, heat transfer and mass transfer. Because of the mathematical
simplifications associated with this method, it can deal with such
complicating factors as phase change, temperature dependent properties
and non-linearity.

8.1 Integral Method Approximation: Mathematical Simplification

In differential formulation the basic laws are satisfied exactly at every
point. On the other hand, in the integral method the basic laws are satisfied
in an average sense. The mathematical consequence of this compromise is
a reduction of the number of independent variables and/or a reduction of
the order of the governing differential equation. Thus major mathematical
simplifications are associated with this approach. This explains why it has
been extensively used to solve a wide range of problems.

8.2 Procedure

The following procedure is used in the application of the integral method to
the solution of conduction problems:
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(1) Integral formulation. The first step is the infegral formulation of the
principle of conservation of energy. This formulation results in the heat-
balance integral which is the governing equation for the problem. Note that
each problem has its own heat-balance integral. Each of the following two
approaches leads to the formulation of the heat-balance integral:

(a) Control volume formulation. In this approach the principle of
conservation of energy is applied to a finite control volume encompassing
the entire region in which temperature variation takes place. Thus, energy
exchange at a boundary is accounted for in the energy balance for the
control volume.

(b) Integration of the governing differential equation. This approach
can be used if the differential equation governing the problem is available.
Recall that differential formulation of conservation of energy is applied to
an infinitesimal element or control volume. This leads to a differential
equation governing the temperature distribution. This differential equation
is integrated term by term over the entire region in which temperature
variation takes place. In transient conduction problems, integration of the
time derivative term is facilitated by applying the following Leibnitz’s rule

[1]:

b(t )
j a—Ta’)c T(a, t)——T(b t)@ 4 T(x,t)dx, (8.1)
o Ot dt dt o

where a(f) and b(?) are the limits of the spatial variable x.

(2) Assumed temperature profile. An appropriate temperature profile is
assumed which satisfies known boundary conditions. The assumed profile
can take on different forms. However, a polynomial is usually used in
Cartesian coordinates. The assumed profile is expressed in terms of a
single unknown parameter or variable which must be determined.

(3) Determination of the unknown parameter or variable. Application
of the assumed temperature profile to the heat-balance integral results in an
equation whose solution gives the unknown variable.

8.3 Accuracy of the Integral Method

Since basic laws are satisfied in an average sense, integral solutions are
inherently approximate. The following observations are made regarding the
accuracy of this method:
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(1) Since the assumed profile is not unique (several forms are possible), the
accuracy of integral solutions depends on the form of the assumed profile.
In general, errors involved in this method are acceptable in typical
engineering applications.

(2) The accuracy is not very sensitive to the form of the assumed profile.

(3) While there are general guidelines for improving the accuracy, no
procedure is available for identifying assumed profiles that will result in the
most accurate solutions.

(4) An assumed profile which satisfies conditions at a boundary yields
more accurate information at that boundary than elsewhere.

8.4 Application to Cartesian Coordinates

The integral method will be applied to two problems to illustrate its use in
constructing approximate solutions. The procedure outlined in Section 8.2
will be followed. In each case the heat-balance integral is obtained using
both control volume formulation and integration of the governing
differential equation.

Example 8.1: Constant Area Fin

The base of the fin shown in Fig. 8.1 is maintained at a specified
temperature T while the tip is insulated. Heat exchange with the ambient
fluid at T,, is by convection. The heat transfer coefficient is h. The cross-
sectional area is A. and the length is L. Use the integral method to
determine the fin heat transfer rate.

(1) Observations. (i) Constant area fin. T WT

(ii) Specified temperature at the base and % 2

insulated tip. (iii) Surface heat exchange &

é.x

is by convection. R_

control
(2) Origin and Coordinates. Fig. 8.1 volume
shows the origin and coordinate axis. Fig. 8.1

(3) Formulation and Solution.

(i) Assumptions. (1) Steady state, (2) fin approximations are valid
(Bi <0.1), (3) no energy generation and (4) uniform 4 and 7.
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(ii) Integral Formulation. The heat-balance integral for this problem
will be formulated using two methods.

(a) Control volume formulation. A finite control volume is selected
which encompasses the entire fin as shown in Fig.8.1. Application of
conservation of energy, €q. (1.6), to the control volume gives

Ein - Euut = O . (a)

Pretending that heat is added at the base and removed from the surface,
Fourier’s law of conduction gives
dT(0)

E =-kA , b
m C dx ( )

where A is the cross-sectional area. Since surface temperature varies along
the fin, Newton’s law must be integrated along the surface to determine the
total heat convected to the ambient fluid. Thus, assuming constant /

L
Egy =hC [ (7T, )ds. ©
0
where C is the perimeter. Substituting (b) and (c) into (a)
L
w+m2j(T—Tw)dx:O, (8.2)
dx o
where
, hC
m=—. d
o @

Equation (8.2) is the heat-balance integral for this fin.

(b) Integration of the governing differential equation. Equation (8.2) can
be formulated by integrating the fin equation term by term. Differential
formulation of conservation of energy for a fin is given by eq. (2.9)

d’T

2
X

-m*(T-T,)=0. (2.9)

Multiplying eq. (2.9) by dx, assuming constant / and integrating over the
length of the fin from x = 0 to x = L, gives
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L o L
d—gdx—mz I(T—Too)dx:0.
0 dx 0

The integral of the second derivative is the first derivative. Thus the above
becomes

dT(L) B dT(0) B
dx dx

L
mzj(T—Too)dx:O. (e)
0

Since the tip is insulated, it follows that

dT(L)
———==0.
- &)
Thus (e) becomes
L
w+m2j‘(T—Tw)dx:0_ (82)
dx 0

This is identical to the heat-balance integral obtained using control volume
formulation.

(iii) Assumed Temperature Profile. Assume a polynomial of the
second degree
T(x)=a,+a,x+a,x’. (@
The coefficients a, a; and a, must be such that (g) satisfies the boundary
conditions on the temperature. In addition to condition (f), specified
temperature at the base gives
T70)=T,. (h)
Applying (f) and (h) to (g) gives
a, =T, and a, =-a,/2L.
Thus, (g) becomes
T=T +a,(x—x*/2L). (1)

(iv) Determination of the Unknown Coefficient. The coefficient a, is

the only remaining unknown. It is determined by satisfying the heat-
balance integral. Substituting (i) into eq. (8.2)
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L
a +m2J‘ [(TO —Tw)+a1(x—x2/2L)]dx:O.
0

Performing the integration and solving the resulting equation for a, yields

2
m ' L(T —T)) _
a, =-— 212 . (J)
1+m°L"/3
Substituting (j ?k into (i) and rearranging gives the dimensionless temperature
distribution 7 (x)
T(x)-T, _ m??

1— (-x/2L)(x/L). (8.3)
T,-T, 1+m?L?/3

T"(x) =

The tip temperature T >x<(L) is obtained by setting x = L

_ 272
T(L) Twzl_(m) m’L

*
T (L)= —_—
( T -T, 1+m*I* /3

(8.4)

The fin heat transfer rate g, is obtained by substituting eq. (8.3) into (b)
and using (d)

* (If _ mL
JhCKA, (T, -T,) 1+m2I2/3

where g™ is the dimensionless heat transfer rate.

(8.5)

(4) Checking. Dimensional check: Each term in eq. (8.3) and eq. (8.5) is
dimensionless.

Limiting check: If h = 0, no heat leaves the fin. Thus the entire fin should
be at the base temperature. Setting # = m = 0 in egs. (8.3) and (8.5) gives
T'(x)=T, and g, =0.

(5) Comments. The exact solution to this problem is given by equations
(2.14) and (2.15). Using these equations the exact solutions to the tip
temperature and fin heat transfer rate are expressed as

T,(L)-T, 1

T, (L) = = ,
() T,-T,  coshmL

(8.6)

and
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q. =tanhmL (8.7)

where the subscript e denotes exact. Note that the integral and exact
solutions depend on the parameter mL. Table 8.1 gives the percent error as
a function of this parameter. Two observations are made regarding this
result. (1) The heat transfer error is smaller than tip temperature error. (2)
The error increases with increasing values of the parameter mL. This is
due to the fact that for large values of m/L the form of the assumed profile
becomes increasingly inappropriate. This is evident when a large mL is
asiociated with a large fin length L. As L — % the integral solution gives
T =-1/2 while the exact solution gives 7 =0. Thus the percent error
approaches infinity as L — o0. On the other hand, as L — oo the integral
solution for heat transfer rate,eq.(8.5), givesq*=0 while the exact
solution, €q. (8.7), gives ¢*=1. Thus the maximum error in determining
the heat transfer rate is 100%. More details regarding the solution to this
problem are found in Reference [2].

Table 8.1

Percent error

mL 0 0.5 1.0 2.0 3.0 4.0 | 5.0 10 o0

T*(L) 0 | 0248 356 | 482 | 2258 | 819 | 2619 | 502700 0

%

q 0 | 0.125 1.52 11.1 | 24.63 | 36.8 | 464 | 70.9 100

Example 8.2: Semi-infinite Region with Time-Dependent Surface Flux

A semi-infinite region which is
initially at uniform temperature T; L/\
is suddenly heated at its surface

with a time-dependent flux q.(t). k
Determine the transient temperature qg (t ) —

in the region and the surface 5(1)
temperature. 0

(1) Observations. (i) Semi-infinite | —
region. (ii)) Time dependent flux at Fig. 8.2

the surface.

(2) Origin and Coordinates. Fig. 8.2 shows the origin and coordinate
axes.
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(3) Formulation and Solution.

(i) Assumptions. (1) One-dimensional conduction, (2) uniform initial
temperature and (3) constant properties.

(ii) Integral Formulation. The heat-balance integral for this problem
will be formulated using two methods.

(a) Control volume formulation. The effect of surface heating is
confined to a layer of thickness 0(¢) known as the penetration depth or the
thermal layer. At the edge of this layer the temperature is 7;. Temperature
variation within this layer is shown in Fig.8.2. A finite control volume is
selected which encompasses the entire thermal layer. Application of
conservation of energy to the control volume gives

Ein - Eout = E 4 (a)

where E is the time rate of change of energy within the control volume.
Energy added at the surface x =0 is speciﬁed as

=4, (7). (b)

Since at x = O(t) the temperature gradient is approximately zero, it
follows that no heat is conducted at this boundary. Thus

; out = 0 (C)

For constant density and specific heat, the rate of energy change within the
element is

' g o0
EzpcpEJ(‘)[T(x,t)—]}]dx. (d)
Substituting (b)-(d) into (a)
d o(t)
0, (r)=pcp5j0 [r(x.)~T;Jdx (5.9)

Equation (8.8) is the heat-balance integral for this problem.

(b) Integration of the governing differential equation. The governing
differential equation for one-dimensional transient conduction is obtained
from eq. (1.8)
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o°’T _ . or
ox’ ,0,,(%-

(e)

Multiplying both sides of (e) by dx and integrating from x =0 to x = 5(¢)

5(t)
oT
k'[ —dx— p'[ de. 6]

0

Noting that the integral of the second derivative is the first derivative and
using Leibnitz’s rule, (f) becomes

i oT(0,1) T
0x ox

a(t)
OT(O, t) {T(O t)——T(5 t)@ % I T(x,t)dx}.

0

(2

This result is simplified using the following exact and approximate
boundary conditions

or,t)
ox

(1) —k———=¢,(1)

OT(3,1)

) =0

3) TS, =T,

Substituting into (g)
a(1)
do d
q"(t)Z,OC |:_T,_+—J. T(x,t)dx:| (h)
0 Pl hde ar g
However
S(1)

@ = i J. dx

dt dt 0

Substituting into (h) gives the heat-balance integral
a(1)
" d
450=pe, I [7(x,0)~ T, ]dx. (8.8)

0

(iii) Assumed Temperature Profile. Assume a polynomial of the
second degree
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T(x)=a,+a,x+a,x’. (8.9)
Boundary conditions (1), (2) and (3) give the coefficients a, a,, and a,
ay, =T, +q.(1)0(t)/ 2k, a =—q,(t)/k, a,=q.(t)/2ko(t).

Equation (8.9) becomes
q,(1) [5(¢

2
250 0 —-x]". (8.10)

T(x,t)= T+

(iv) Determination of the Unknown Variable o(¢). The penetration
depth O(¢) is determined by satisfying the heat-balance integral for the
problem. Substituting eq. (8.10) into eq. (8.8)

5(1)

; d 400 2
t)=pc, — ———|0(t)—x| dx.
45(0)=p pdt£ 2oy 0O =]
Integrating with respect to x

" PCp .
qo<z)=?; OLE0)! )

This is a first order ordinary differential equation for &(z). The initial
condition on J(¢) is
6(0)=0. ()
Multiplying (i) by dt, integrating and using (j) gives
t

6k q"(t)dt = J' d[q ()0 (f)]

PCp d
qn(S8* (1)~ g1 (0)52(0) = g1 ()5 (2).

Solving for &(#)and noting that & = k/ pc,

6 t 1/2
5@t) :{q" Z) qg(t)dt} . 8.11)
o 0

When eq.(8.11)is substituted into eq.(8.10) we obtain the transient
temperature.
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(4) Checking. Dimensional check: Eqgs. (8.10), (i) and (8.11) are
dimensionally consistent.

Limiting check: (i) If q.(t) — 0, the temperature remains at 7;. Setting
q,(1)=0 in eq. (8.10) gives T'(x,t) =T;. (ii) If & — oo, the penetration
depth & — o0. Setting @ =0 ineq. (8.11) gives O = .

(5) Comments. The accuracy of the integral solution can be examined by
comparison with the exact solution. For the special case of constant heat
flux, g (t) =g, , equation (8.11) becomes

o(t)=,/6at . (k)
Substituting (k) into eq. (8.10)
2

e o [ feai-
TGe)=T;+ m[,/éaz x] )

Specifically, the temperature at the surface, 7°(0,7)is obtained by setting

x=01in (1)
7(0,0) =T, +Z—;€1/6at.

This result can be rewritten in dimensionless form

TO.N-T; _ \E 1295
grJat 1k N2

The exact solution gives

{M} _ JE:mg,
9o Vat [k exact 4

Thus the error in predicting surface temperature is 8.6%.

8.5 Application to Cylindrical Coordinates

The procedure outlined in Section 8.2 will be followed to illustrate how the
integral method is used to obtain solutions to problems where the
temperature varies radially.
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Example 8.3: Cylindrical Fin

The cylindrical fin shown in Fig.
8.3 is maintained at a specified
temperature T, at the base and is
insulated at the tip. The heat
transfer coefficient is h and the

£
O

ambient temperature is T, . The

: : ~ h L
fin has an inner radius r;, outer b * ”
radius 1, and thickness w. Of W O
interest is the determination of the T e h, T,

temperature distribution and the
heat transfer rate using the
integral method.

Fig. 8.3

(1) Observations. (i) Fin thickness is constant. (ii) Specified temperature at
the base and insulated tip. (iii) Surface heat exchange is by convection.

(2) Origin and Coordinates. Fig. 8.3 shows the origin and coordinate
axis.

(3) Formulation and Solution.

(i) Assumptions. (1) Steady state, (2) fin approximations are valid
(Bi<0.1), and (3) uniform 4 and 7, .

(ii) Integral Formulation. The heat-balance integral will be formulated
using two methods.

(a) Control volume formulation. A control volume is selected which
encompasses the entire fin. Application of conservation of energy to the
control volume gives

Ein _Eout =0' (a)

Assuming that the base is at a higher temperature than the ambient,
Fourier’s law of conduction gives

d1(r;)

E, =-2xrwk
dr

mn

(b)

Integration of Newton’s law of cooling along the surface gives the heat
removed by convection. Thus, assuming constant /



248 8 Approximate Solutions: The Integral Method

rO
E,. =47zhj(T—Too)rdr. (c)
T

Substituting (b) and (c) into (a)
r,

ar(n) , _2h j(T—TOO)rdrzo. (8.12)
kwr; Jy,

dr

This is the heat-balance integral for the fin.

(b) Integration of the governing differential equation. Differential
formulation of energy conservation for this fin is given by equation (2.24)

d*T 1dT 2h

. +——T -7, 0. 2.24
dr® rdr kw( )= (229

This equation can be rewritten as
dT

———TT 0.
dr I, ( ) = (d)

Multiplying (d) by 2zrdr and integrating over the surface from » =r; to

r=r,, gives

“1 d
j— (-4 )27r dr——I(T T, )27z rdr =0,
. rdr

1
or

ro ro
.[ a(r 94 —ﬁI(T—Tw)rdr:o. ©
. dr kw "

The first term can be integrated directly. Thus (e) becomes

. dT (r,) . dT (r;)  2h

T T, )rdr =
° dr " odr kw ( )
l
Since the tip is insulated it follows that
dr(r,)
el=0., (0

dr
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Thus (e) becomes

dT(Vi)+

rO
2h I(T—Too)rdr=0. (8.12)
dr kwr; r

This is identical to the heat-integral equation obtained using control volume
formulation.

(iii) Assumed Temperature Profile. Assume a polynomial of the second
degree

T(ry=ay +a;r+a,r’. (2)

The coefficients a,, a; and a, must be such that (g) satisfies the boundary
conditions on the temperature. In addition to condition (f), specified
temperature at the base gives

T(r;)=T,. (h)

Using conditions (f) and (h), the assumed profile becomes
T(r)=T, +r[(r /21”0)+(r/rl-)—(r2 /2rl-r0)—1] a. (1)
Thus the only unknown is the coefficient a;.

(iv) Determination of the Unknown Coefficient. The coefficient a, is
determined using the heat-balance integral, eq. (8.12). Substituting (i) into
eq. (8.12)

(1-)a 2" f0{<To—Tw>+
r, kwr; ; G)
Rl 128,) + (/1) — (72 /257~ 1] ay | rdr = 0.

Performing the integration and solving for the coefficient a, gives

2.2
m ro (TOO —To)(l—Rz)
a, = i ©
21— Ry my?] B=DU=RD) 21-R) RA-RY)

2 3R 4R

where
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2h
m-=—, 1
o )
and
R=i (m)
rO
Substituting (k) into (i) gives the temperature distribution
2
mzro2 R—2+1_Rr2 (1-R?%)
rr-71, 2 ro2r
T, -T, . 2{(R—2)(1—R2)+2(1—R3) (1—R4)]
20-R)+m"r -
0 2 3R 4R
(8.13)

Heat transfer from the fin is determined by applying Fourier’s law at 7 =7,

dT (r;)

r

q=—-k2rxrw (n)

Substituting (8.13) into (n) and using the dimensionless fin heat transfer

rate ¢* introduced in the definition of fin efficiency, eq. (2.18), gives

‘o q
O G — )T, - T,)
i 2(1-R) (8.14)
| ®R-2a-8 20-7%) a-rY
2(1-R)+m’r, ) + IR AR

(4) Checking. Dimensional check: Equations (8.13) and (8.14) are
dimensionally correct.

Limiting check: (i) For r, =oo, the dimensionless heat transfer
rate q* should vanish. Setting 7, =0 in eq. (8.14) gives q* = 0. (ii) For
h =0, no heat leaves the fin and thus the entire fin should be at 7.
Setting 7 =m =0 ineq. (8.13) gives T'(r)=T,.
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(5) Comments. Fin equation (2.24) can be solved exactly [3]. Thus, the
accuracy of the integral solution can be evaluated. Examination of eq.
(8.14) shows that q* depends on two parameters: R and m7,. Table 8.2
compares the integral solution with the exact solution for R = 0.2 and
various values of the parameter m r,. At large values of mr, the assumed
polynomial profile departs further from the actual temperature distribution
and consequently the integral solution becomes increasingly less accurate
as mr, is increased. Alternate profiles involving log r have been shown to
significantly improve the accuracy of problems in cylindrical coordinates
[4].
Table 8.2

Percent error in ¢* for 7, /r, =0.2
mr, 0.2 0.5 1 2 3 4
% Error | 1.7 3.5 16.8 | 33.0 | 434 | 51.2

8.6 Non-linear Problems [5]

The integral method can be used to solve non-linear problems. Two
examples will be presented. The first involves temperature dependent
properties and the second deals with phase change.

Example 8.4: Semi-infinite Region with Temperature Dependent
Properties

A semi-infinite region is initially at uniform temperature T;. The region is
suddenly heated at its surface with uniform flux q,. The conductivity,
density and specific heat depend on temperature according to the

Sollowing: T
K(T)=k,(1+ BT), (2) E
c,(T)=c,,(+B,T), (b g ) -
and
p(D)=p,(+ fT), (@ 1
where the coefficients [, are Fig. 8.4

constant and the subscript o
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indicates a reference state. Determine the temperature distribution in the
region.
(1) Observations. (i) Semi-infinite region. (ii) Temperature dependent

properties.

(2) Origin and Coordinates. Fig. 8.4 shows the origin and coordinate
axes.

(3) Formulation and Solution.

(i) Assumptions. (1) One-dimensional transient conduction, (2) no
energy generation and (3) uniform initial temperature.

(ii) Integral Formulation. The heat-balance integral will be formulated
by integrating the heat conduction equation for variable properties.
Equation (1.7) simplifies to

0, 0T oT
(k) =

_ 0 L 8.15
o e’ Py ®-15)

where k, p and ¢ , are functions of temperature. Note that both terms in
eq. (8.15) are non-linear. The boundary conditions are
0T (0,¢) — g

—k
O 0x ?

@ TS0 =T,

5 7@

( Ox

where O(?) is the penetration depth. Equation (8.15) will be simplified by
introducing the following Kirchhoff transformation

T
o) =— '[ p(T) ¢, (T)dT . (8.16)
Po cpo 0
Differentiating eq. (8.16) gives
dg  pc
=t (d)
AT’ p, ¢y,

Thus
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09 dOOT T _ PoCp, 360

=—— -, 0r s
ox dT ox ox  pc, Ox

00 _door = OT _ PoCpo 08
ot dT ot ot pc, Ot

p

Substituting into eq. (8.15)

0 00| o6
— T)— |=—, 8.17
ax(“( )axJ o1 (®17
where a(T) is the thermal diffusivity, defined as
a(Ty=— KD (8.18)
p(T)c,(T)

In equation (8.17) only the left side term is non-linear. The three boundary
conditions must be transformed in terms of the new variable @(x,?). Using
the definitions & and @, boundary condition (1) becomes

_, 0000 __d
Toox pey,

; (e)

where o is the thermal diffusivity at surface temperature 6(0,7).
Boundary condition (2) transforms to

T
1 i
06.0)=—— [ p(T) ¢, (T)dT =0, 0
Po €po 0
Boundary condition (3) gives

00(0,t

900.0) ¢, (®
ox

The objective now is to solve eq. (8.17) for &(x,¢) using the integral
method. Once 6(x,t)is determined, temperature distribution 7'(x,¢) can
be obtained from eq.(8.16) using (b) and (c)

T
or)=—" Lpo(nﬂm ¢o(I+ fT)dT |

o Cpo



254 8 Approximate Solutions: The Integral Method

Carrying out the integration gives

+
oy =1+ P24 P2 Pl g (8.19)
2 3
Equation (8.19) relates the transformation variable € to the temperature
variable 7.

The heat-balance integral for this problem will be formulated by integrating
eq. (8.17) term by term. Multiplying eq. (8.17) by dx and integrating from
x=0to x=0()

5(1) o(1)
j i(a%)dx:j 9 . (h)
) ox = Ox ” ot
Using Leibnitz’s rule to rewrite the integral on the right side, (h) gives
005,1)  06(0,1 d0 o
a; ©, )—as ©, )=9(0,t)——9(5 t)— —J.G(x t)ydx, (i)
ox ox dt

where «; is thermal diffusivity at 6(0,¢). This result is simplified using
conditions (e), (f) and (g)

v as d ("
o __g 22 —j O(x,1)dx . i)
PoCpo dt dt 4

However
(1)

do d

L[

dt dt 0
Substituting into (j) gives the heat-balance integral

" 5(t
4 _d )

il [6(x,1)-6,]dx . (20)

Po€ po
(iii) Assumed Temperature Profile. Assume a polynomial of the
second degree

Boundary conditions (), (f) and (g) give the coefficients a, a,, and a,.
The result is
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aO = ei +qgé‘/2pocpoas

"

a,=-4, /pocpoas

n

a2 =4, /25,006‘]700(5
Equation (k) becomes

”n
o) =0, +—0 sy /2-x+x2126(0)]. @21
o~ po N
(iv) Determination of the Unknown Variable 6(#). The thermal layer
O(t) is obtained by satisfying the heat-balance integral for the problem.
Substituting eq. (8.21) into eq. (8.20)

14 d §(t) "
‘1_0:_'[ q—0[5(t)/2—x+x2/25(1)] dx,
PoC€po dt 0 PoCpos

or

_1d 2
1= [/a)52(). )

This is a first order ordinary differential equation for &(¢). The initial
condition on &(¢) is

0(0)=0. (m)
Integrating (1) and using initial condition (m) gives (%)

5(t) = J6at . (8.22)

Since a depends on surface temperature £(0,7), eq.(8.22) does not
give O(t) directly. Setting x =0 in eq. (8.21) gives 8(0,¢)

0(0,¢) = 0, + 2q—05(t) .

ocpo s

Using (8.22) to eliminate (%)

(8.23)

Using eqs. (8.18) and (8.19) we obtain ¢ in terms of 8(0,¢). Using this
result with eq. (8.23) gives & as a function of time. Eq. (8.22) is then used
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to obtain O(¢). Substituting O(¢) into eq. (8.21) gives H(x,t). The
transformation equation (8.19) gives the temperature distribution 7(x.f).

(4) Checking. Dimensional check: Equations (8.21) and (8.22) are
dimensionally correct.

Limiting check: For the special case of constant properties the solution
agrees with the result of Example 8.2.

(5) Comments. (i) The more general case of time dependent heat flux at
the surface can be easily solved following the same procedure. (ii) The
accuracy of the solution can be improved by using a cubic polynomial

O(x,t)=a,+a,x+a 2 t+ax’. n
0T 2 3

A fourth boundary condition is needed to determine the four coefficients.
Since the temperature gradient vanishes at x > ¢ it follows that

2
96(0.1) 9(62’1) =0. (o)
ox
Using this condition, the assumed profile becomes
”5
0(x,t) =0, + —1% _(1-x/5)>. (8.24)
A5 Py cpo

Based on this profile the solution to d(t) is

5(t) = \12a,t . (8.25)

Example 8.5: Conduction with Phase Change

A semi-infinite region is initially solid at the
fusion temperature T,. At t> 0 the surface
atx = 0 is suddenly maintained at T, > T ;.

S

Determine the transient interface location

x; (2).

(1) Observations. (i) Semi-infinite region. (ii) 0
Solid phase remains at 7'/

(2) Origin and Coordinates. Fig. 8.5 shows
the origin and coordinate axes.
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(3) Formulation and Solution.

(i) Assumptions. (1) One-dimensional transient conduction, (2)
constant properties and (3) uniform initial temperature.

(ii) Integral Formulation. The heat-balance integral for the liquid
phase will be formulated by integrating the differential equation. The heat
equation for constant properties is obtained from eq. (1.8)

a—aZT = 8_T (a)
ox* ot
Multiplying by dx and integrating from x =0 tox = x;(¢)
x;(1) Lo x; (1)
T T
o j a—dx = J a—a’x ) (b)
) ox? o O

Evaluating the integrals and using Leibnitz’s rule, (b) becomes

x; (1)
do dx; d
=T00,t)——T(x;,t —’+—I T(x,t)dx.
()dt (xl)dt dtO(X)x

TG T(0,0)

0x 0x
(c)
This result is simplified using the following conditions
() 7(0,0)=T,
2 T(x;,0)= Tf
0T (x;,t) dx.
3)) —k—F—==pL——
® o T ar
Using boundary conditions (2) and (3), equation (c) becomes
x; (1)
dx; dx;
B ,0£ x’_aaT(O’t):—Tfi+iJ. T(x,t)dx. (d)
k dt ox dt dtJ,

Equation (d) is the heat-balance integral for this problem. Note that
properties in (d) refer to the liquid phase.

(iii) Assumed Temperature Profile. Assume a polynomial of the
second degree
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T(x,t)=ay +a,(x—x;)+a,(x—x;)*. (e)

The coefficients in (c) are determined using the three boundary conditions.
However, condition (3) in its present form leads to a second order
differential equation for x;(¢). An alternate approach is to combine
conditions (2) and (3). The total derivative of T'(x;,?) in condition (2) is

T (x;,1) d 4+ o7 (x;,1)

ox ot

dT, = dt=0 atx=x;. (f)

Setting dx = dx; in (f) gives

aT(xiat)&_}_ aT(xiat) _

0.
ox  dt ot ®

Substituting condition (3) into (g) gives

{GT(xi,t)T _pLor

Ox k ot

Using (a) to eliminate 07'/0¢ in the above and recalling that & =k / pc,,,
we obtain

{GT(xi,t)T _ LT (x.0) -

ox ¢, ox?

Using boundary conditions (1), (2) and equation (h) gives the coefficients
a,, a, and a,

a,=T;, ®
apl )
a, =“L=(1-1+ "), ()
kx;
a,x; +(T,-T,)
ay ==L, (k)

1
where

2c,
ﬂ=7(To—Tf)- M
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The only remaining unknown is x; (¢). It is obtained using the heat-balance
integral (d). Substituting (e) into (d) gives

_ 1/2
x-dxi:6a1 1+ w) +,u‘ (m)

L dt S5+(1+ )"+ p

Solving this equation for x;(¢) and using the initial condition on the

interface location, x;(0) =0, gives

xX; =24, Jat, (n)

~ 12 1/2
/1”:{31 (I+n) +,u} .

where

(o)

S+(1+p)"? +u

(4) Checking. Dimensional check: Equations (h), (m) and (n) are
dimensionally consistent.

Limiting Check: (i) If £ =oo, the interface remains stationary (x;= 0).
Setting £ =00 in (1) gives £ =0. When this is substituted into (0) we
obtain A4, =0. According to (n) A, =0 corresponds to x; =0. (i) If
T,=T ', the interface remains stationary. Setting T,=T  into (1) gives
4 =0. This in turn gives 4, =0 and x; =0.

(5) Comments. (i) comparing the definition of the parameter & in (1) with
the definition of the Stefan number Ste in eq. (6.13) gives

u=2S8te.

Thus a large x corresponds to a large Stefan number. As the Stefan
number is increased the interface moves more rapidly.

(i1) This problem is identical to Stefan’s problem. The exact solution to the
interface location, Xx,,, is given by

xl'e = 2/1«\[at N (p)

where A is obtained from Stefan’s solution

(T, —Ty) _ M

NN

ﬂe’lzerfi =

(6.24)
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The two solutions are compared by taking the ratio Table 8.3
of equations (n) and (p) to obtain
1 H x;/x,,
Al . 0 1.000
Xig A 04 | 1.026
The result is shown in Table 8.3. The error is seen (l)g 1823
to increase as 4 (or the Stefan number) is 1: 6 1: 059
increased. This is due to the fact that the assumed 20 1.064
temperature  profile  becomes  progressively 24 1.068
inappropriate as 4 increases. Nevertheless, at 78 1.070
1 =4 the error is 7.3%. It should be pointed out 32 1.072
that the Stefan number for many engineering 3.4 1.073
applications ranges from 0 to 3. This corresponds 4.0 1.073

to arange of 4 from 0 to 6.

8.7 Energy Generation

The following example illustrates the application of the integral method to
the solution of systems with energy generation.

Example 8.6: Semi-infinite Region with Energy Generation [5]

A semi-infinite region is initially at uniform temperature T; = 0. At time
t >0 energy is generated at a variable rate q"(t). The surface at x =0
is maintained at T(0,t) =0. Use the integral method to determine the
temperature distribution in the region.

(1) Observations. (i) Semi-infinite region. (ii) Transient conduction. (iii)
Time dependent energy generation. T

(2) Origin and Coordinates. Fig. 8.6
shows the origin and coordinate axes. q . (t)
(3) Formulation and Solution. 5

(i) Assumptions. (1) Constant
properties, (2) one-dimensional transient

0
conduction, and (3) uniform initial - X

temperature and energy generation.

(ii) Integral Formulation. The heat-
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balance integral will be formulated by integrating the differential equation
for this problem. The heat equation for constant properties with energy
generation is obtained from equation (1.8)

2 m
L 0T 4" _or

. a
Ox? pc, ot ®
Multiplying by dx and integrating from x =0 to x =0 (¢)
50 50 5(0)
aI a_Td j Q_U)dxzj a4 b)
0 ax 0 pcp 0 ot

Evaluating the first two integrals and using Leibnitz’s rule to rewrite the
third integral, (b) becomes

5
9" s(6)=T1(0. t)——T(§ t)ﬁ+i jT(x,t)dx.
pc dt

p 0

oT
o (5,t)_a6T(0,t)
Ox Ox
(c)
This result is simplified using the following exact and approximate
boundary and initial conditions

(1) 7T(0,t)=0
2 oT(0,t) ~0
ox
Substituting these conditions into (c) gives
oTO,0) " a5 d (o
_g2TOD 4" sy -1, s J.T(x,t)dx. ()
ox ¢, dt J

Equation (d) is the heat-balance integral for this problem.

(iii) Assumed Temperature Profile. Assume a third degree
polynomial of the form

T(x)=a, +a,x +a,x* +a;x° . (e)

Two additional boundary conditions are needed to determine the four
coefficients in the assumed profile. The third condition is
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0’T(8,1) _

ox?

3) 0

A fourth condition is obtained by evaluating (a) at x =0 and using
boundary condition (3)

q"(1) _0T(8,1)
pc, ot

This equation can be integrated directly to give the temperature at x = o
1 t
16.0=—— [ ¢"0dr. (0
PCp

The integral in (f) can be evaluated for a given energy generation rate
q" (). Let
¢

o) = j q"(t)dr . ©

0

Substituting (g) into (f) gives the fourth boundary condition as

t
@ 1. =22
Cp
Using the four boundary conditions, the coefficients in (c) can be
determined. The assumed profile becomes

T(x,t)=&[l—(l—x/5)3]. (h)
pec,

Thus the only unknown is the penetration depthd(¢). It is determined
using the heat-balance integral equation. Substituting boundary condition
(4) and the assumed profile (h) into (d)

~12a0(t) +4¢"(t) 5% =35> 99 _ 5Q(t)ﬁ . (i)
dt dt
Differentiating (g) gives
" dQ .
t)=—.
q" (1) 7 )

Substituting into (i) gives
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200% 1 50 (0% = 12020?
070~ =+ 007 ()~ =12a0°(),

or
ot o]-24a00). &
Integration of (k) gives
t t
5°0%(1)| =24a I 0> (1dt . )
0 0
However, the initial condition on O (¢) is
0(0)=0
Substituting into (1)
3 1/2
{24(1 I Qz(t)dt}
0
o(t) = : (m)
" ) i

When (m) is substituted into (h) we obtain the transient temperature
distribution.

(4) Checking. Dimensional check: Equations (h) and (m) are dimensionally
consistent.

Limiting check: (i) If ¢" =0, the temperature remains at the initial value.
Setting ¢"(¢) =0 in (g) gives Q = 0. When this is substituted into (h) gives
T(x,t)=0.

(ii) If ¢" =0, the temperature of the entire region should be infinite.
Setting ¢" = o0 in (g) gives Q(t) = . When this is substituted into (h) we
obtain T'(x,t) = oo.

(5) Comments. For the special case of constant energy generation rate, (g)
gives

O()=q"t.

Substituting this result into (k) gives

S()=22at.
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Equation (h) becomes

T =2 [1—(1—x/21/2at)3]

pe,
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PROBLEMS

The base of a fin of length L is maintained at constant
temperature 7, while heat is added at uniform flux ¢! at the tip. The
heat transfer coefficient is 4 and the ambient temperature is 7, .
Assume a second degree polynomial temperature profile and obtain
an integral solution for the steady state temperature distribution.

T T,

o

"
4,

O‘)X <

h,T,

A hollow sphere of inner radius R; and outer radius R, is initially at
uniform temperature 7;. At time ¢ >0 the outer surface is insulated
while the inner surface is heated with uniform flux ¢/. Using (i)
control volume formulation, and (ii) integration of the governing heat
equation, show that the heat-balance integral is given by
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R2 o(t)
——q, =1J‘ (T—Ti)rzdr :

Cp dt R,

A circular electronic device of

nT, T

radius R, and thickness w 2227777 A

dissipates energy at a rate P. 2 U A4 WE
The device is press-fitted |R R;

0

inside a cylindrical fin of inner device

radius R,, outer radius R and thickness w. Heat is removed from
the fin’s surface by convection. The heat transfer coefficient is 4 and
the ambient temperature is 7', . The plane surfaces of the device
and the fin tip are insulated. Assume a second degree polynomial
temperature profile, determine the temperature at the interface R;.

The surface temperature of a
tube of outer radius R; ’7 R —
. . R. 4

is 7;. The tube is cooled ﬂ

with a porous annular fin of o

)

NANNY
ANNNN

porosity P, inner radius R;
and outer radius R,. Coolant m T, — ~ hT,
at mass flow rate m and

temperature 7 flows axially normal to the fin’s surface. The specific
heat of the coolant is ¢, and the conductivity of the fluid-solid
matrix is k. The fin exchanges heat by convection along its upper
and lower surfaces. The heat transfer coefficient is 4 and the ambient
temperature is 7, . The fin equation is

2 .
dr® dr 5

where Bi = (1 — P)hS/2k and B =ric, 8/ 7(R; — R} )k.

Use the integral method to determine the heat transfer rate from the
fin. Assume a second-degree polynomial temperature profile.

At time ¢ > 0 the surface at x =0 of a semi-infinite region is heated
with a constant heat flux g. The region is initially at uniform
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8.6

8.7

8.8

8.9
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temperature 7;. Assume a third degree
polynomial temperature profile and
determine the surface temperature
T(0,t). Compare your answer with the
result of Example 8.2.

At time ¢ > 0 the surface at x =0 of a
semi-infinite region is maintained at
constant temperature 7,. Initially the
region is at uniform temperature 7;.
Use a second degree polynomial
temperature profile to determine the
surface heat flux. Compare your answer
with the exact solution.

A long hollow cylinder of inner radius

R; and outer radius R, is initially at
zero temperature. At time ¢>0 the
inside surface is heated with constant
flux ¢).  The outside surface is
insulated. Use a second degree
polynomial temperature profile to
determine the time required for the
temperature of the insulated surface to

begin to change.

A semi-infinite constant area fin is

5(2)

do

7|50

h,T

>+ o0

initially at uniform temperature 0

[ > /

T,. At time ¢#>0 the base is <
T,

maintained at temperature 7. The
fin begins to exchange heat by

o

convection with the surroundings. The heat transfer coefficient is 4

and the ambient temperature is 7 . Use

a second degree polynomial

temperature profile to determine the fin heat transfer rate.

A long constant area fin is initially at a uniform temperature 7, . At

time ¢>0 the temperature at the base is heated with uniform
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8.11
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flux ¢”. The fin begins to WT

00

exchange heat by convection

"
Do 57 /

with the surroundings. The heat
transfer coefficient is 4 and the
ambient temperature is 7. Use a second degree polynomial
temperature profile to determine the base temperature.

A semi-infinite solid cylinder is
LLLLLLLLLLLLLL LSS LSS

initially at zero temperature. 0 W
The cylinder is insulated al «f —>X 4

c Cy 1nder 15 1nsu ate a Ong W 777777777 7777777777777777777
its surface. At time >0 ¢

current is passed through the cylinder. Simultaneously heat is
removed from its base with uniform flux ¢”. Use a third degree
polynomial temperature profile to determine the base temperature.

A semi-infinite region is initially at temperature 7;. At time ¢ >0
the surface is allowed to exchange heat by convection with an
ambient fluid at temperature
T,=0. The heat transfer o(t)

. . . =
coefficient is 4. Determine the h
surface temperature. Assume a
second degree  polynomial 0f—>X

temperature profile.

Two plates are attached as shown. The thickness of plate 1 is L, and
its conductivity is k. The thickness of plate 2 is L, and its
conductivity is k,. The two plates are initially at uniform
temperature 7,. Plate 1 is suddenly heated with uniform flux g/
while the exposed surface of

plate 2 is insulated. Determine plate plate
the temperature of the heated 1 2
surface at the time the — % k

: q, | k 2
temperature of plate 2 begins to 0 1
change. Use a second degree L L,

polynomial profile.
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8.13 A semi-infinite region is initially
solid at the fusion temperature T e "
At time ¢ > 0 the surface at x =0
is heated with uniform flux ¢’.
Determine the interface location
and surface temperature. Assume a

0

liquid

%x

L

second degree polynomial temperature profile.

8.14 Consider a large plate of thickness L which is initially at uniform

temperature 7;. At time ¢ >0 one surface begins to exchange heat

with the surroundings by radiation while the other surface is

insulated. The temperature of the surroundings is 0 K.

[a] Show that the heat-balance integral for this problem is given by

5(1)
4= (-1,
pcp dt 0

EO0

where T, =T(0,7) is surface temperature.

[b] Use a third degree polynomial temperature

profile to determine the surface temperature

T

S

[c] Is the above heat-balance integral limited to

S()<L?

—_—
< [ —

ASNNNRRNRNNNNNNNNNNN
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PERTURBATION SOLUTIONS

9.1 Introduction

Perturbation methods are analytical techniques used to obtain approximate
solutions to problems in mathematics as well as in various engineering
disciplines. The basic idea in this approach is to construct an approximate
solution to a problem using an exact solution to a slightly different
problem. The mathematical simplification associated with this method is
linearization and/or replacement of a variable or its derivative with a
specified function.

Before the methodology of perturbation solutions is presented, the
following terms are defined.

Perturbation quantity ¢: A quantity which appears as a parameter or
variable in the dimensionless formulation of a problem. It can appear in the
differential equation and/or boundary condition. Its magnitude is assumed
small compared to unity.

Basic Problem: This is the problem corresponding to £ =0. It is also
known as the zero-order problem.

Basic Solution: This is the solution to the basic or zero-order problem. It
represents the lowest approximate solution to the problem.

Regular Perturbation Problem: A problem whose perturbation solution is
uniformly valid everywhere in the domains of the independent variables.

Singular Perturbation Problem: A problem whose perturbation solution
breaks down in some regions of an independent variable.
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Asymptotic Expansion: A representation of a function in a series form in
terms of the perturbation quantity&. As an example, the asymptotic
expansion of the temperature distribution 6 may take the form

e:::E: "0, . ©.1)
n=0

where n can be an integer or a fraction. The first term in the series, n = 0,
corresponds to the zero-order solution. The second term represents the
first-order solution, etc.

Parameter Perturbation. An expansion in which the perturbation quantity
is a parameter (constant).

Coordinate Perturbation. An expansion in which the perturbation quantity
is a coordinate (variable). The coordinate can be either spatial or temporal.

This chapter presents an abridged treatment of perturbation solutions. It is
limited to parameter perturbation of regular perturbation problems. More
details on perturbation techniques are found in References 1 and 2.

9.2 Solution Procedure

The following procedure is used to construct perturbation solutions:

(1) Identification of the Perturbation Quantity. Non-dimensional
formulation of a problem can reveal the relevant perturbation
parameter. Physical understanding of a problem is important in
determining how a problem is non-dimensionalized.

(2) Introduction of an Asymptotic Solution. Assuming that the
expansion proceeds in integer powers of &, eq. (9.1) gives

0=6,+c6,+5%0, +..... (9.2)

(3) Formulation of the &, Problems. Substitution of the assumed
solution, eq. (9.2), into the governing equations and boundary
conditions and equating terms of identical powers of &, gives the
formulation of the n-order problems. This step breaks up the original
problem into 7 problems.
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(4) Solutions. The n-order problems are solved consecutively and their
respective boundary conditions are satisfied.

Before illustrating how this procedure is applied, examples of perturbation
problems in conduction will be described.

9.3 Examples of Perturbation Problems in Conduction

Perturbation problems in conduction may be associated with the governing
heat equation, boundary conditions or both. The following describes
various applications.

(1) Cylinder with Non-circular Inner Radius. Fig. 9.1 shows a cylinder
with a distorted inner radius R;(¢). As an example, consider an inner
radius which varies with the angle ¢ according to

R(p)=a [1 — &sin? (oJ (9.3)

For steady state and uniform conditions at
the inner and outer radii the temperature
distribution is two-dimensional. For
€ <<1, the departure of R, from a circle
of radius a is small. The basic problem
corresponding to £ =0 is a cylinder of
constant inner radius R; = a. Note that
the basic problem is one-dimensional.

(2) Tapered Plate. The plate shown in
Fig. 9.2 is slightly tapered having a half
width W which varies with axial distance
x. An example is a linearly tapered plate
described by

WIW, =1+ (x/L), (9.4) Fig. 9.2

where L is length and W), is the half width at x =0. The basic problem in
this example is a plate of uniform width W =W,.

(3) Cylinder with Eccentric Inner Radius. Fig. 9.3 shows a hollow
cylinder with an inner radius whose center is eccentrically located. The
inner and outer radii are R; and R, and the eccentricity is e. The
perturbation parameter for this example is defined as
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e

E=——. 9.5
R _R, 9-5)

For uniform conditions along the inner and

dimensional. However, the basic problem ‘{
corresponding to e =& =0 represents a hollow °
cylinder with a concentric inner radius. This

basic problem is one-dimensional.

. . v
outer radii the temperature distribution is two- j
e

Fig. 9.3
(4) Surface Radiation. Since radiation heat '8

transfer rate is proportional to the fourth power of the absolute temperature,
problems involving radiation are non-linear. Perturbation solutions can be
obtained to such problems provided that radiation is small compared to
another mode of heat transfer. For example, if radiation is small compared
to convection, a perturbation parameter can be defined as the ratio of
radiation to convection heat transfer rate. The perturbation parameter in this
case takes the form

B eoT, 3 eol)
hT, h

o

£ , 9.6)

where

e = surface emissivity

h =heat transfer coefficient

T,, = characteristic surface temperature
o = Stefan-Boltzmann radiation constant

In eq. (9.6) the numerator, ec T, 04, is the radiation heat transfer rate. The
denominator, 2T, represents the convection rate. Thus in the basic
problem corresponding to & =0, radiation is neglected.

(5) Conduction with Phase Change. The Stefan number, which was
introduced in Chapter 6, represents the ratio of the sensible heat to latent
heat. Thus problems involving small Stefan numbers lend themselves to
perturbation solutions using the Stefan number as the perturbation
parameter. The definition of the Stefan number in eq. (6.13) becomes

o (Ty—Ty)

= Ste= (9.7)
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The basic problem corresponding to £ =0 represents a quasi-steady state
model in which temperature distribution corresponds to a stationary
interface.

(6) Temperature Dependent Properties. Conduction problems in which
properties are temperature dependent are non-linear. If the variation in
properties is small, a perturbation parameter can be defined and used to
constructed approximate solutions. For example, the perturbation parameter
for a temperature dependent thermal conductivity may be defined as
k,—k
g=—21, 9.8)
ky

where k, and k, correspond to thermal conductivities at two characteristic
temperatures of the problem.

9.4 Perturbation Solutions: Examples

The procedure outlined in Section 9.2 will be followed in obtaining several
perturbation solutions. The selected examples are simplified conduction
problems for which exact analytic solutions are available. Thus, the
accuracy of the perturbation solutions can be evaluated.

Example 9.1 Transient Conduction with Surface Radiation and
Convection

A thin foil of surface area Ay is initially at a uniform temperature T;. The
foil is cooled by radiation and convection. The ambient fluid and
surroundings are at zero kelvin. The heat transfer coefficient is h and
surface emissivity is e. Assume that the Biot number is small compared to
unity. Identify an appropriate perturbation parameter for the case of small
radiation compared to convection and obtain a second-order perturbation
solution for the transient temperature of the foil.

(1) Observations. (i) The lumped-capacity method can be used if the Biot
number is small compared to unity. (ii) A perturbation solution can be
constructed for the case of small radiation compared to convection. (iii) A
perturbation parameter which is a measure of the ratio of radiation to
convection is appropriate for this problem.
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(2) Formulation

(i) Assumptions. (1) The Biot number is small compared to unity, (2)
the simplified radiation model of eq.(1.19) is applicable, (3) constant
properties and (4) no energy generation.

(ii) Governing Equations. Application of conservation of energy, eq.
(1.6), to the foil gives

E,+E,-E,, =E. (1.6)
However, since no energy is added or generated, the above simplifies to

E =-E. (a)

out

Energy leaving the foil is formulated using Newton’s law of cooling and
Stefan-Boltzmann radiation law

E,,=hAT+ec A, T*, (b)

where o is Stefan-Boltzmann constant. Equation (b) is based on the
assumption that the ambient fluid temperature and the surroundings
temperature are at zero degree absolute. The time rate of change of energy
within the foil, £, is
. dT
E=pc,V—, (c)
Py
where ¢, is specific heat, V' is volume and p is density. Substituting (b)
and (c) into (a)
hAT +ec A, T* :—pchE. (d)
The initial condition on (d) is
T(0)=T,. ©

(iii) Identification of the Perturbation Parameter &. The radiation
term in (d) is non-linear. To identify an appropriate perturbation parameter
for this problem, equation (d) is expressed in dimensionless form using the
following dimensionless temperature and time variables

49=£, T= h t. H
i jys p V
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Substituting into (d) and (e) and rearranging gives

4
lgtrg=-27, @
hT; dr
and

0(0)=1. (h)

The dimensionless coefficient of the first term in (g) represents the ratio of
radiation to convection heat transfer. Defining this ratio as the perturbation
parameter £ gives

4
eoT! eoT;

c 9.9
= 9.9)
Substituting eq. (9.9) into (g)
cot o 99 (9.10)
dr

(iv) Asymptotic Solution. Assume a perturbation solution in the form
of the asymptotic expansion given in eq. (9.2)

O=0,+50,+&°0, +... 9.2)

(v) Formulation of the 6, Problems. Substituting eq. (9.2) into eq.
(9.10) gives

4 do dé de
g[@o+g«91+5292+..] +0p+60, 4820, +.=——L gL _ 224
drt dr dr

Expanding the first term and retaining terms of order &2, the above
becomes

e|0f +42030, + 2 (4030, + 60207) + .|+ 0, + 20, + 203 + .. =
_4% —gdel —g? 49, +...(1)
dr drt drt

Equating terms of identical powers of & gives the governing equations for &,

go : 90 = (j—O)
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g 0F +6, __ 4% G-1)
dr
&’ 46,6, + 6 :—@. (-2)
dr

Initial conditions on equations (j) are obtained by substituting eq. (9.2) into
(h)
0,(0)+£6,(0)+5>6,(0)+...=1.

Equating terms of identical powers of & yields the initial conditions on &,

g 6,(0)=1. (k-0)
g 6,(0)=0. (k-1)
g% 0,(0)=0. (k-2)

The following observations are made regarding equations (j) and (k):

(i) The zero-order problem described by (j-0) represents a foil which is
exchanging heat by convection only. This equation can also be
obtained by setting £ =0 in eq. (9.10).

(i1) In the first-order problem, (j-1), radiation is approximated by the
solution to the zero-order problem. That is, the radiation term is set
equal to 1951 . In the second-order problem, (j-2), the radiation
approximation is improved by setting it equal to 46’3 6,. The problem
is linearized by replacing the radiation term with a specified function.

(iii) Solutions to the n-order problems must proceed consecutively,
beginning with the zero-order problem, n = 0, and progressing to
n=1, n=2,....etc.

(iv) Each problem is described by a first order differential equation
requiring one initial condition. Equations (k) give the respective initial
condition of each problem.

(3) Solutions

Zero-order solution: The solution to (j-0) subject to initial condition
(k—-0)is
O,(r)=e"". (1-0)
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First-order solution: Substituting (1-0) into (j-1)

Using initial condition (k-1), the solution to this equation gives &,(7)

e*‘[’

3 (e -1). (1-1)

0,(r) =

Second-order solution: With 6, and 6, known, substitution of (1-0) and
(1-1) into (j-2) gives the governing equation for the second order problem

(4/3)e 7" —(4/3)e™ T +0, = ——2.

Solving this equation for €,(7) and using initial condition (k-2) gives
0,(t)=(4/9)e " (1-e7")—(4/18)e " (1—e7). (1-2)

Substituting (1-0), (I-1) and (I-2) into eq. (9.2) gives the perturbation
solution
Or)=e " +(/3) e (e - 1)+
2 [(4/9e " (1-e )= (4/18)e T (1-e )] +...
(m)
Rearranging (m)

Or)=e " [1+(e/3) (e =)+ (2/9)e” (1-2¢7 +e7 )] +..(9.11)

(4) Checking. Limiting checks: (i) Setting € =0 in eq. (9.11) gives the
correct solution corresponding to cooling with no radiation. (ii) At 7 =00
the foil should be at equilibrium with the ambient temperature. That
is T(0) =0 or 8(x) =0. Setting 7= in eq.(9.11) gives () =0.

Initial condition check: At 7 =0 eq.(9.11)reduces to (0) =1. Thus the

perturbation solution satisfies initial condition (h).

(5) Comments. The exact solution to eq.(9.10) can be obtained by
separating the variables @ and 7 and integrating directly using initial
condition (h)
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J'T J“g 40
dar= | -2
b 1849 +0

Performing the integration, rearranging the results and setting 8 =6, gives

-(1/3
0,(r)=[(1+&)e* -] "7, (9.12)
where 6, is the exact solution.
This result is used to examine the 1.02 =05
accuracy of the perturbation L]
solution. Fig. 9.4 gives the ratio of 0 /
the perturbation to exact solution  —- 1.01 0.4
. 9@ L—|
for various values of the
perturbation parameter &. As — 0.3
. : — 02
anticipated, the error associated 100 L —
with the perturbation solution 0 D 3
increases as & is increased. Fig.9.4

Nevertheless, agreement between

the two solutions is surprisingly good. This suggests that the perturbation
solution may converge to the exact solution. To explore this possibility, eq.
(9.12) is rewritten in a form resembling eq. (9.11). Binomial expansion of
eq. (9.12) gives

0,(r)=e " [1+(/3) (e =1)+(2/9)e* (1-2e7 +¢7°7)] -

(10/81)&’[1—(42/10)e™ +(24/10)e %" |+....  (9.12a)

Comparing eq. (9.11) with eq. (9.12a) shows that the exact solution
contains the first three terms of the perturbation solution. This trend points
to convergence of the perturbation solution.

Example 9.2: Variable Thermal Conductivity

Consider steady state one-dimensional conduction in a wall of thickness L.
One side is maintained at temperature T; while the opposite side is at T,.
The thermal conductivity varies with temperature according to

kTy=k,[1+ BT -T,)], (9.13)
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where T is temperature, [ is a constant and k., is the thermal conductivity
at T,. Identify an appropriate perturbation parameter for the case of small
variation of thermal conductivity with temperature and obtain a second-
order perturbation solution for the temperature distribution in the wall.

(1) Observations. (i) The term B(T —T,) is the source of non-linearity of
the problem. This term gives a measure of the variation in thermal
conductivity. (ii) A perturbation solution can be constructed for
BT -T,)<<1.

(2) Formulation

(i) Assumptions. (1) Steady state, (2) one-dimensional conduction and (3)
no energy generation.

(ii) Governing Equations. Based on the above

assumptions, the heat equation is \/\j
——k =0. 9.14 i

(iii) Boundary Conditions. The boundary
conditions for the coordinate axis shown in Fig. 9.5

are \/L\/J

M TO)=T; Fig. 9.5
2) T(L)=T,

(iv) Identification of the Perturbation Parameter ¢. To identify an
appropriate perturbation parameter, eq.(9.14) is cast in dimensionless
form using the following dimensionless variables

p-T=To o_%
T T, L

1 o

Substituting into eq. (9.14)

dg

This result suggests that the perturbation parameter & can be defined as

£= BT ~T,). (@

1+ B(T; - T,)01— | =0
®-+ﬂ( )0] 5}
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Equation (9.14) becomes

i (1+6‘9)ﬁ =0. (9.15)
dg dg
Note that eq. (9.15) is non-linear. The two boundary conditions become
(1) 6(0)=1
2) (1)=0

(v) Asymptotic Solution. Assume a perturbation solution in the form
of the asymptotic expansion given in eq. (9.2)

0=6,+50,+&°0, +... (9.2)
(vi) Formulation of the 8, Problems. Substituting eq. (9.2) into eq.
(9.15)
d%{[l L 5(0, +50,+5%0, + ...)]d%(eo 156, +50, + )} 0

Differentiating and expanding the above gives
2 2 2 2 2
d 6;‘) . 921 v 8 922 +g¢90d 920 +g %%\
dé g dé ag dé

2
g C0 50240 4O

0.

2
5 +&°6, d 020 =
dé dé d& d&

Equating terms of identical powers of & yields the governing equations for

2
o, o
ag
2 2 2
g d 921 +90d 920 {d%} =0, (b-1)
dg dé dg
2 2 2
gt d92+90d91+2d9° 9 g a0 _ (b-2)

d§2 d§2 dé: dé: 1 d§2

Substituting eq. (9.2) into the first boundary condition
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0,(0)+£6,(0)+ &> 6,(0)+...=1.

Equating terms of identical powers of ¢ yields

g 6,(0)=1, (c-0)
g 0,(0)=0, (c-1)
gt 0,(0)=0. (c-2)

Similarly, the second boundary condition gives
O, () +e0,()+&*0,(1)+...=0.

Equating terms of identical powers of &

gl 6,(1)=0, (d-0)
g 6,(1)=0, (d-1)
& 6,(1)=0. (d-2)

The following observations are made regarding equations (b):

(i) The =zero-order problem described by (b-0) represents one-
dimensional conduction in a wall having constant thermal
conductivity. This equation can also be obtained by setting £ =0 in
eq. (9.15).

(i1) In the first-order problem, (b-1), the effect of conductivity variation is
approximated by the solution to the zero-order problem. In the second
order problem, (b-2), conductivity effect is approximated by the zero
and first-order solutions. Note that (b-1) and (b-2) are linear.

(iii)) Solutions to the n-order problems must proceed consecutively,
beginning with the zero-order problem, n = 0, and progressing to
n=1n=2, ... etc.

(3) Solutions

Zero-order solution: The solution to (b-0) subject to boundary conditions
(c-0) and (d-0) is
6, =1-¢&. (e-0)



282 9 Perturbation Solutions

First-order solution: Substituting (e-0) into (b-1) gives

d’e,
d&?

Integrating twice and using boundary conditions (c-1) and (d-1) "give the
first-order solution
0, =(5/2)1-¢). (e-1)
Second-order solution: Substituting (e-0) and (e-1) into (b-2)
d’o,
d&?

=2-3¢&.

Integrating and applying boundary conditions (c-2) and (d-2) gives the
second order solution

0, = (£12)(28 - £ -1). 2)

Substituting (e-0), (e-1) and (e-2) into eq. (9.2) gives the perturbation
solution

O=(1-8E)+e(E/2)(A-E)+*(E/2)RE-E* =) +.... (9.16)

(4) Checking. Limiting check: Setting £ =0 in eq.(9.16) gives the
correct solution corresponding to constant conductivity.

Boundary conditions check: Evaluating eq.(9.16) at £=0 and =1
gives 8(0)=1 and 6(1)=0. Thus the perturbation solution satisfies the
two boundary conditions.

Table 9.1
(5) Comments. The exact so.lution to Oand 6, at £=0.5
the prgblem can be obtained by z 0 0 % Eror
direct integration of eq. (9.15) and e
using the two boundary conditions. 0 105 0.5 0.0

01 | 0512 | 0512 | 0.002
02 0523 | 0523 | 0038

1 1 03 [0.532 | 0.533 | 0.113
O =—1+2Q+e)1=O)=— 03 054 | 0.541] 0.258

0.5 10547 | 0.55 0.473

The result is

The accuracy of the perturbation
solution can be evaluated by comparing it with the exact solution. Table 9.1
examines the temperature at the mid-plane,& = 0.5, using both solutions
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for various values of the perturbation parameter&. Note that the error
increases as ¢ is increased. Nevertheless, even at the relatively large value
of & =0.5 the error is less than 0.5%.

Example 9.3: Fin with Convection and Radiation

A constant area semi-infinite fin of radius 1, exchanges heat by convection
and radiation. The heat transfer coefficient is h, thermal conductivity is k
and surface emissivity is e. For simplicity, the ambient fluid and the
surroundings are assumed to be at T, =T,, =0K  The base is

maintained at constant temperature 1. Identify an appropriate
perturbation parameter for the case of small radiation compared to
convection and obtain a second-order perturbation solution for steady state

temperature distribution in the fin and for the heat transfer rate.

(1) Observations. (i) A perturbation

solution can be constructed for the case T, =7T,=0K

of small radiation compared to T
convection. An appropriate perturbation h

parameter is the ratio of radiation to 0 > x /
convection heat transfer rates. (ii) This

problem is non-linear due to radiation. Fig. 9.6

(i) An exact solution to the heat
transfer rate is presented in Section 7.7.

(2) Formulation

(i) Assumptions. (1) Steady state, (2) fin approximation is valid (the Biot
number is small compared to unity), (3) the simplified radiation model of
eq. (1.19) is applicable, (4) constant properties and (5) ambient fluid and
surroundings are at zero degree kelvin.

(ii) Governing Equations. The heat equation for this fin is formulated
in Section 7.7. Setting 7., =0 in eq. (7.16) gives

2
d'T  hC T_eO'CT4 _0. 9.17)
dx*> kA kA

c c

where

A, = 7zr02 = cross section area
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C = 2rr, = perimeter

(iii) Boundary Conditions. The boundary conditions are

() T(0)=T,

(2) T(©)=0

(iv) Identification of the Perturbation Parameters. To express

eq.(9.17)and the boundary conditions in dimensionless form, the
following dimensionless variables are defined

O=—, &=—. (a)

Substituting (a) into eq. (9.17)

2 4
k d*0_, eol) . )
2hr, d&? hT,

o

The coefficient of the first term in (b) is the reciprocal of the Biot number,
defined as

_ 2hr,
P

The coefficient of the non-linear radiation term is the ratio of radiation to
convection heat transfer at the base. Defining this ratio as the perturbation
parameter & , we obtain

Bi (©)

ool 9.18)
P .
Substituting (c) and eq. (9.18) into (b) gives the heat equation for the fin
1 d*0
————0-£6"=0. (9.19)
Bi dé&
The two boundary conditions become
(1) 6(0)=1
(2) B(0)=0

(v) Asymptotic Solution. Assume a perturbation solution in the form
of the asymptotic expansion given in eq. (9.2)
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0=6,+50,+&°0, +... (9.2)

(vi) Formulation of the 6, Problems. Use eq. (9.2) into eq. (9.19)

L d’ % d2921 g d2922
dg* o dg dg

+ } -~ [90 +80,+&°60, + ]—
(d)

& [90 +50,+5°6, + ...]4= 0.

Expanding the fourth power term, equation (d) becomes

dZQ 2 2
L 2°+ed 021+52d 6;2+... —[00+g¢91+52492+...]—
d¢ d¢ dg
£ [95‘ +4£6;0, +...]+...=

Equating terms of identical powers of & yields the governing equations for
On

gl L d*0, , =0, (e-0)
Bi dcf
el L d” o -6, - 98‘—0 (e-1)
Bi dé’
2 1 d? 0, 3

Substituting eq. (9.2) into the first boundary condition gives
0,(0)+£6,(0)+ &> 6,(0)+...=1.

Equating terms of identical powers of & yields

g’ 0,(0) =1, (£-0)
gl 6,(0)=0, (f-1)
g% 0,(0)=0. (£-2)

Similarly, the second boundary condition gives
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6, (0) + €6, () + 8292 (©)+...=0.

Equating terms of identical powers of &

&% Gy (0) =0, (g-0)
e 6,(©0) =0, (g-1)
g% () =0. (g-2)

The following observations are made regarding equations (¢):

(i) The zero-order problem described by (e-0) represents a fin which is
exchanging heat by convection only. This equation can also be
obtained by setting £ =0 in eq. (9.19).

(i1)) In the first-order problem, (e-1), radiation is approximated by the
solution to the zero-order problem. That is, the radiation term is set
equal to Gé . In the second-order problem, (e-2), the radiation
approximation term is improved by setting it equal to 493 .

(iii)) Although eq. (9.19) is non-linear, the perturbation problems described
by equations (e) are linear.

(3) Solutions

Zero-order solution: The solution to (e-0) subject to boundary conditions
(f-0) and (g-0) is

0, =exp(—VBi £). (h-0)
First-order solution: Substituting (h-0) into (e-1)
d*6
d§21 — Bi6, = Biexp(—4/Bi &) .

This equation is of the type described in Appendix A. Its solution, based on
boundary conditions (f-1) and (g-1), is

0, = (1/15)[exp(-4+/Bi &) — exp(—/Bi &)]. (h-1)

Second-order solution: Substituting (h-0) and (h-1) into (e-2) gives the
governing equation for the second-order problem
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d*o,
d&?

— Bif, =(4/15) Bi[exp(~7/Bi &) — exp(~4+/Bi &)] .
Using Appendix A, the solution to this equation subject to conditions (f-2)
and (g-2) is

0, = (1/900)[11exp(—/Bi &) + Sexp(~7v Bi &) — 16 exp(—4+/Bi £)].

(h-2)
Substituting equations (h-0), (h-1) and (h-2) into eq. (9.2) gives the
perturbation solution

0 =exp(—/Bi &) + (1/15) & [exp(~4/Bi &) - exp(—VBi )] +
%[1 lexp(—/Bi &) + 5exp(~7+/Bi &) — 16 exp(~4+/Bi &)] +

(9.20)

The heat transfer rate from the fin is determined by applying Fourier’s law
at x=0

= kA, arQ . (1)
dx
Expressed in terms of € and &, equation (i) becomes
do0 .
q=-rxr,kT, 469 G
dé
Substituting eq. (9.20) into (j) and rearranging the result gives the
dimensionless fin heat transfer rate
2
g P (9.21)

Czkr,TNBi 5 50

(4) Checking. Limiting check: (i) Setting € =0 in eq. (9.20) gives the
correct temperature distribution for a fin with no radiation. Similarly,
setting £ =0 in eq. (9.21) gives the heat transfer rate for a fin with no
radiation. (ii) If any of the quantities 4., k, and T, vanishes, the heat
transfer rate g must also vanish. Eq. (9.21) satisfies this condition.

Boundary conditions check: Evaluating eq. (9.20) at £ =0 and =
gives 8(0) =1 and @(o0) =0. Thus the perturbation solution satisfies the
two boundary conditions.
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(5) Comments. The exact solution to the heat transfer rate, ¢g,, from a
semi-infinite fin with surface convection and radiation is obtained in
Section 7.7. Setting 7, =0 in eq. (7.18) gives

2 sl/2 Table 9.2
Go =2 kA|(he | 2kA)TE + (eo e/ SKATS |~

Fo */ *

Introducing the definition ¢ and expressing the 0 16]0 Te
result in dimensionless form gives 02 1099997

gf=1+2¢/5]2. (9.22) | 04 | 0.9998

0.6 | 0.9993

With the exact solution known, the accuracy of the 0.8 | 0.9985

perturbation solution can be evaluated. Table 9.2 1.0 | 0.9973

shows that the two solutions are remarkably close
even for £ =1.0. This leads one to suspect that the perturbation solution
converges to the exact solution. Binomial expansion of eq. (9.22) gives

* & 82 83

q. :1—{—;—5-{-2—50-{-... (9.22a)

Comparing eq.(9.21) with eq.(9.22a) suggests that the perturbation
solution appears to converge to the exact solution.

Example 9.4: Conduction with Phase Change: Stefan’s Problem

A semi-infinite liquid region is initially at the fusion temperature Ty. The
boundary at x=0 is suddenly maintained at constant temperature
T, <Ty. Assume that the Stefan number is small compared to unity, obtain
a second-order perturbation solution for the interface position x,(t).

(1) Observations. (i) A perturbation
solution can be constructed for the case T
of a small Stefan number (small sensible

heat compared to latent heat). (ii) The
Stefan number can be used as the
perturbation parameter for this problem. 7
(ii1) This problem is non-linear due to the
interface boundary condition. (iv) The
liquid phase remains at the fusion
temperature. (v) An exact solution to this
problem is given in Section 6.7.
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(2) Formulation

(i) Assumptions. (1) Constant properties, (2) semi-infinite region and
(3) one-dimensional conduction.

(ii) Governing Equations. Formulation of this problem is found in

Section 6.7. The heat equation for the solid phase is
o°T 10T
== @
ox o Ot

(iii) Boundary Conditions. The boundary conditions are
(1) 7(0,0)=T,

@ T(x.t)=T,

oT (x;,t) _ dx;

L
Ox r dt

where k is thermal conductivity of the solid phase, L is latent heat of
fusion and p is density. The initial condition is

(4) x(0)=0

3) k

(iv) Identification of the Perturbation Parameter . Following the
procedure used in Section 6.5, the following dimensionless variables are
introduced
r-T, X at g_cpS(Tf—To)

=, T=&—,
4 2 7

6= ,
T, T, L

(b)

where ¢, is specific heat of solid and L is characteristic length.
Substituting (b) into the heat equation and boundary conditions gives

0’0 00
652 = SE. (©)
(1) 6(0,7)=—1
(2) 6(&;,7)=0
3) 00(¢;,7) _ dg;
o dr

The interface initial condition is
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@ ¢ (0)=0
where ¢, is the dimensionless interface location.

(v) Asymptotic Solution. An asymptotic expansion is assumed for
each of the two variables @ and &;. Let

0=6,+c0,+&°6, +... (d)
E=Eg+e&y+etEn . (e)

(vi) Formulation of the 6, Problems. Substituting (d) into (c)

0%0, +8az<91 V2 2%0, .\ 00, , 206,

=E——+¢
& B&? ol ot ot ®
Equating terms of identical powers of &
0’6
g 2 =0, (g-0)
o5
0’6, 06
g 1="1, (g-1)
o0& or
0’0, 06
g 22 =1 (g-2)
o0& or
The first boundary condition gives
0,(0,7)+£6,(0,7)+ &> 6,(0,7) +...=—1.
Equating terms of identical powers of &
0,(0,7)=-1, (h-0)
6,(0,7)=0, (h-1)
6,(0,7)=0. (h-2)

Boundary conditions (2) and (3) require special attention. Both conditions
are evaluated at the interface location &;. However, according to (e) the
variable &; depends on the perturbation parameter &. Thus & appears
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implicitly in these conditions. This presents a problem since equating
terms of identical powers of & can not be done in an equation in
which ¢ appears implicitly. To circumvent this difficulty we use Taylor
series expansion about & =0 to approximate & and 060/0& at & =¢;.
Thus boundary condition (2) becomes

£ 0000.7) & 00°(0.0) & 00°(0.0) ,

0(&;,7)=6(0,7)+== =0
R TR R TP P TR
1)

Substituting (d) and (e) into (i) gives

0(&;,7)=0y(0,7)+£6,(0,7)+ &2 0,(0,7) +...

90,(0,7)  96,(0,7) 00, (0.7)

+[§io+€§i1+52 Ein +]{ 085 +& 185 e 285 +}

1 21 626,(0,7)  9%6,(0,7) 026,(0,7)
+E[§io+5§i1+82 ¢ +] { 6052 +¢& 61(52 D42 6252 Dy

1 318%6,(0,7)  8%0,(0,7) 9%0,(0,7)
+E[§io+5§i1+‘92 Ein +] { 80(53 +& 6153 2P 6253 Yi]=0

Note that & appears explicitly in this equation. Expanding, equating terms
of identical powers of & and using (g-0) and equations (h), the above gives

00, (0, :
£’ Sio % =1, (-0)
81 :

2 A2 3 A3
‘. aala(o,f) e 00,(0,7) , i 0 91((2),r) LS00 0 6’1((3),r) ~0, (1)
£ o& 2 & 6 o
82 :
2 A2
Sio 8028(;)’ 2, +&i 6916(2’ 2, + i—o 0 9825(8’ 2, +&n ‘8—906(2’ 2, +
(-2)
g 0000 G0 070,00  Eidy 2°60,07)
i05i1 ) 3 3 -
o 6 Of 6 o&

Using Taylor series expansion of 06/0¢ about & =0, boundary condition
(3) becomes
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260(0,7) . 20%(0,7) .\ & 00°(0,7) .\ & 064 (0,7) L 4

+¢&; w=—.(k
o0& d o&? 21 &} 31 agt ar
Substituting (d) and (e) into (k) and making use of (g-0)
06,(0,7) i 00,(0,7) L g2 00,(0,7) N
o5 o¢ o5
2 2
[fl.o +e& tet &y +] 2 91((2)’7) +e2 2 92((2)’1) o]+
05 0¢
2 A3 3
fotodirs a7 2000 2000 ]
2 I—C 0g
2 3 a4 4
foregitern e T 000, Lo000
& 7 + & ) +...|=
6 . 0¢ o¢
dSi +gd§i1 4 g2 déi +
dr dr dr
Expanding and equating terms of identical powers of &
60 . a90 (05 T) _ d‘/:iO (1_0)

o dr’

gl . 601 (09 T)

0°0,(0.7) , £ 0°6,(0.7) | £ 0°6,(0.7) _ A&,
0g

0> 2 ol 6 oft  dr
(I-1)
2 2 2 3
aez(o,r)Jréo d 92(3,1) e d 91((2),1) Lo 92(?,r)+
2. o0& 0¢ o0& 2 04
0’0,(0.7) , & 2'0,(0.7) & & 0'6.(0.0) _ d&;
éij é:zl 4 + 4 =
5 6 o¢ 2 o0& dr
(1-2)

+Sio

Substituting (e) into initial condition (4)

§i0(0)+5§i1(0)+52 $2(0)=0.
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Equating terms of identical powers of &

e $0(0)=0, (m-0)
g £,(0)=0, (m-1)
£ £2(0)=0. (m-2)

Having completed the formulation of the zero, first and second order
problems, the following observations are made:

(i) The zero-order problem described by equations (g-0), (h-0), (j-0), (1-0),
and (m-0) is identical with the quasi-steady approximation of the
Stefan problem detailed in Example 6.1. Note that in the quasi-steady
approximation the transient term in the heat equation is neglected.

(i1) In the first-order problem the transient term is approximated by the
solution to the zero order problem, as indicated in equation (g-1).

(3) Solutions
Zero-order solution: The solution to (g-0) which satisfies conditions (h-0)
and (j-0) is

° -1.
Sio(7)

The interface position &, (7) is obtained from the solution to (1-0).
Substituting (n) into (1-0)

0y (5,7) = ()

L)

Si dr
Solving this equation and using initial condition (m-0) gives
Sio(r)=+27. (0)

Thus the zero-order temperature solution (n) becomes

eo<§,r>=j;_r—1. ®)

First-order solution: Substituting (p) into (g-1)



294 9 Perturbation Solutions

0°6, & 3

=——=7
I ND)
Integrating twice and using conditions (h-1) and (j-1)
£ sn_ 5, & n
0 0)=-—F=1 """ —gu T =T 7. (@
1 1242 20 62

The interface position &;(7) is obtained from the solution to (I-1).
Substituting (o) and (q) into (I-1)

é:il T_l 1 -1/2 _ dgil ]

- 7 ——=7
2 342 dr
Solving this equation and using initial condition (m-1) gives

1/2
T

= 0
1 32
Thus the first-order solution (q) becomes
3
g 732 g o2 s)

MeDTThRT A

Second-order solution. Substituting (s) into (g-2)

826’2: 53 512 _ S ;302
asr 82 6+/2

Integrating twice and using conditions (h-2) and (j-2)

55 -5/2 53 -3/2 é -1/2 5 -1
——=T ——T +t—=7 =&, =T . (V)
16042 3642 1242 o)

The interface position &,(7) is obtained from the solution to (I-2).
Substituting (0), (r) and (t) into (1-2)

2 2 S _dép
——7 22 = :
9.2 2 dr

Solving this equation and using initial condition (m-2) gives

02 (éa Z') =
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2
;:,‘ 5 1/2 ) ( )
Thus the second-order solution (t) becomes

(:{»:5 -5/2 53 -3/2 é: -1/2
_S SRS 25 V)
16042 3642 3642

The perturbation solution for & becomes

0(&,7)= o —1-¢ 5_37—3/2_i7—1/2 4
T2 1242 W2

8{ £ 5o & an ¢

92 (5’ T) =

—F=T7 —=7
16042 3642 3642

With &, &, and &,, determined, the solution to the interface motion is
obtained by substituting (0), (r) and (u) into (e)

E() =27 [1-(1/6) e+ (1/9) £ +..]. (W)

‘”2}...(9.23)

Substituting (b) into (w) gives the dimensional interface location Xx; ()

x,()=+2at [e"2—1/6)e + 119+ 924

(4) Checking. Limiting check: (1) According to the definition of & in (b),
the special case of £=0 corresponds to a material of infinite latent
heat £. The interface for this limiting case remains stationary. Setting
& =0 in eq. (9.24) gives x,(¢) = 0. (ii) If the specific heat is infinite or if
the conductivity vanishes, the interface remains stationary. These limiting
conditions give o = 0. Setting & =0 in eq. (9.24) gives x,(¢) =0.

Boundary and initial conditions check: Evaluating eq. (9.23) at £ =0
gives #(0,7) =—1. Thus this condition is satisfied.

(5) Comments. (i) The exact solution to Stefan’s problem is given in
Section 6.7. The exact interface position, Xx;,, is

X, (1) =AJ4at, (9.25)

where A is the root of eq. (6.24)
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2
Jr Aet erfi=¢. (6.24)
Table 9.3

Table 9.3 compares the two solutions. The

: S € A X; /X,
perturbation solution is very accurate even

0.1 |1 0.2200 | 1.0005

at values of & as high as 0.8 where the
0.2 | 0.3064 | 1.0022

) o . .
error is 4.6%. (i) The perturbation 0.3 103699 | 1.0054

solution is expressed in a simple explicit 04 104212 1 1.0097

form while the exact solution involves a 05 | 04648 | 1.0160
transcendental equation whose solution 06 | 05028 | 1.0241
requires iteration. 0.7 | 0.5365 | 1.0341

0.8 | 0.5669 | 1.0463

9.5 Useful Expansions

To equate terms of identical powers of &, the perturbation parameter must
appear explicitly as a coefficient in a governing equation or boundary
condition. This rules out problems in which the perturbation parameter
appears as an exponent, such ase®, or in the argument of a function, such
as cos & . However, in such cases the use of an appropriate expansion, valid
for small &, may resolve the difficulty. In Example 9.4, a Taylor series
expansion was used. The following are other examples in which an
expansion is used to provide the desired form for &.

2 3 4
e ¢
Exponential expansion: ef =l+—+—+—+... (%)
21 31 4!
2 4
Trigonometric expansion: cosg =1- el + a +... (y)
. . . _ e 3¢&* 15¢°
Binomial expansion: (l-g)? =142+ =2 (2)
2 42! 8§ 3l

In each of these expansions, & appears as a coefficient and thus can
be equated to other terms containing ¢ raised to the same power.
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PROBLEMS

An electric wire of radius 7, is initially at uniform temperature 7;.
At time #>0 current is passed through the wire resulting in
volumetric energy generation ¢”. The wire loses heat to the
surroundings by convection and radiation. The ambient fluid and the
surroundings temperatures are at zero kelvin. The heat transfer
coefficient is 4 and surface emissivity is e. Assume that the Biot
number is small compared to unity and that radiation is small
compared to convection. Consider the case where energy generation
is such that the wire temperature does not exceed 7;. Formulate the
governing equations in dimensionless form and identify an
appropriate  perturbation parameter. Construct a first-order

perturbation solution to the transient temperature.

A foil is initially at a uniform
temperature 7.. At time >0 the T, =T, =0K

4 sur
lower surface is heated with uniform convection radiation

flux ¢ and the upper surface is

T A
allowed to lose heat to the /

surroundings by convection and T . .
90

radiation. The ambient fluid and the
surroundings are at zero kelvin. The heat transfer coefficient is 4 and
surface emissivity is e. Assume that the Biot number is small
compared to unity and that radiation is small compared to
convection. Consider the case where the heat flux ¢! is such that foil
temperature does not exceed 7;. Formulate the governing equations
in dimensionless form and identify an appropriate perturbation
parameter. Construct a first-order perturbation solution to the
transient temperature.

One side of a plate of thickness L and conductivity k is maintained
at T while the other side loses heat by convection and radiation. The
ambient fluid temperature and the surroundings temperature are at
absolute zero. The emissivity of the surface is e. Use a simplified
radiation model to obtain a second-order perturbation solution to the
temperature distribution in the plate.
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9.4

9.5

9.6

9 Perturbation Solutions

A rectangular sheet of length L, width W and thickness ¢ is initially
at uniform temperature 7;. Attime ¢ =0 the plate begins to lose heat
to the surroundings by convection. The ambient temperature is 7.
The heat transfer coefficient 4 varies with temperature according to

h(T) = h,[1+ BT -T,,)),

where h,, and £ are constant. Assume ‘
that the Biot number is small compared W I /
to unity. Formulate the governing o)
equations in dimensionless form and y

identify an appropriate perturbation parameter based on
P(T—T,)<<1. Construct a second-order perturbation solution to
the transient temperature distribution. Compare your result with the
exact solution for £ =0.1and 0.5.

convection T, h=h(T)

Consider one-dimensional steady state conduction in a wall of
thickness L. One side is at 7; while the opposite side exchanges heat
by convection. The heat transfer coefficient is 4 and the ambient
temperature is 7,, = 0°C. The thermal conductivity varies with

temperature according to
K(T)=k[1+ BT -T))],

where k; is the conductivity at the reference temperature 7;
and [ is constant. Formulate the dimensionless governing equations
and identify an appropriate perturbation parameter based
on BT; <<1. Construct a second-order perturbation solution to the
temperature distribution in the wall.

A metal sheet of surface area A, volume V and density p is initially

S
at a uniform temperature 7;. At time ¢ >0 the surface is allowed to
exchange heat by convection with the ambient. The heat transfer
coefficient is 4 and the ambient temperature is 7 . The specific heat

varies with temperature according to
o(T)=c.[l+ AT -T,)],

where ¢, is the specific heat at 7, and f is constant. Assume that
the Biot number is small compared to unity. Formulate the governing
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equations in dimensionless form and identify an appropriate
perturbation parameter based on S(7; —7,)<<1. Construct a
second-order perturbation solution to the transient temperature.

An electric wire of radius 7, is initially at a uniform temperature 7;.
At time £ >0 current is passed through the wire resulting in
volumetric energy generation ¢”.  Simultaneously, the wire is
allowed to lose heat to the ambient by convection. The heat transfer
coefficient is 4 and the ambient temperature is 7,,. The specific heat
varies with temperature according to

o(T)=c, [l+ AT -T,)],

where c,, is the specific heat at 7, and £ is constant. Assume that
the Biot number is small compared to unity. Formulate the governing
equations in dimensionless form and identify an appropriate
perturbation parameter based on S(7; —T, ) << 1. Construct a first-
order perturbation solution to the transient temperature.

Under certain conditions the heat transfer coefficient varies with
surface temperature. Consider an electric wire of radius 7, which is
initially at a uniform temperature 7;. At time ¢ >0 current is passed
through the wire resulting in volumetric energy generation ¢q".
Simultaneously, the wire is allowed to lose heat to the ambient by
convection. The heat transfer coefficient is 4 and the ambient
temperature is 7. The heat transfer coefficient varies with
temperature according to

WT)=h,[l- BT -T,)],

where A, and f are constant. Assume that the Biot number is small

compared to wunity. Formulate the governing equations in
dimensionless form and identify an appropriate perturbation
parameter based on S(T; —T,)<<1. Construct a second-order

perturbation solution to the transient temperature.
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9.9

9.10

9.11

9 Perturbation Solutions

Consider steady state heat

transfer in a semi-infinite fin T,=T,, =0 kelvin
of radius 7, which generates convection radiation
energy at volumetric rate ¢". A A

I I
The fin exchanges heat by 9 > X /

convection and radiation with T

the surroundings. The ambient

and surroundings temperatures are at zero kelvin. The heat transfer
coefficient is 4 and surface emissivity is e. The base is maintained at
constant temperature 7. Assume that the Biot number is small

compared to unity and that radiation is small compared to convection
heat transfer. Formulate the governing equations in dimensionless
form and identify an appropriate perturbation parameter. Construct a
first-order perturbation solution to the heat transfer rate from the fin.

A large plate of thickness L, conductivity k& and diffusivity o is
initially at uniform temperature 7;. At £ >0 one surface is insulated
while the other is allowed to exchange heat by convection and
radiation. The heat transfer coefficient is /4, emissivity e, ambient

temperature 7., and surroundings temperature is 7, .. Consider one-

sur*
dimensional transient conduction and assume that radiation is small
compared to convection. Formulate the heat equation and boundary

and initial conditions using the following dimensionless variables:

O=TI/T;,, é=x/L, t=at/l’ W, T

sur
convection radiation

Identify an appropriate perturbation

parameter and set up the governing T X
equations and boundary and initial L T
conditions for the zero, first and ‘L 0

second-order perturbation problems.

A thin plastic sheet of thickness ¢, width w and surface emissivity e is
heated in a furnace to temperature 7,. The sheet moves on a
conveyor belt with velocity U. It is cooled by convection and
radiation along its upper surface while the lower surface is insulated.
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The heat transfer coefficient

is h and the surroundings T = Ty = 0K

Sur .
convection

and ambient temperatures radiation

are at zero kelvin. Assume /iﬁ
that radiation is small w,
compared to convection heat 7 *

transfer and that the Biot
number is small compared to
unity. Formulate the governing equations in dimensionless form and
identify an appropriate perturbation parameter. Construct a first-order
perturbation solution to the steady state surface heat transfer rate.

9.12 Consider a plate with a slightly tapered side. The length is L and the

9.13

variable height H(x) is given by

H(x)=H,[l+&(x/L)], y I
where H, is constant. The T
perturbation parameter £ depends H, H(x) T,
on the taper angle f according to l
0 x
0

£ = L tan S
H()
Three sides of the plate are at zero temperature while the fourth side
is at uniform temperature 7, . Assume two-dimensional steady state
conduction and construct a first-order perturbation solution to the
temperature distribution.

A semi infinite solid region is
initially at the fusion temperature
T;. The surface at x=0 is
suddenly maintained at constant
temperature 7, > 7. Assume that
the Stefan number is small

compared to unity, construct a

first-order perturbation solution to
the liquid-solid interface location.
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Heat Transfer in Living Tissue

10.1 Introduction

The determination of temperature distribution in blood perfused tissue is
important in many medical therapies and physiological studies. Examples
are found in cryosurgery, frost bite, hyperthermia, skin burns and body
thermal regulation and response to environmental conditions and during
thermal stress. The key to thermal modeling of blood perfused tissue is the
formulation of an appropriate heat transfer equation. Such an equation must
take into consideration three factors: (1) blood perfusion, (2) the vascular
architecture, and (3) variation in thermal properties and blood flow rate.
The problem is characterized by anisotropic blood flow in a complex
network of branching arteries and veins with changing size and orientation.
In addition, blood is exchanged between artery-vein pairs through capillary
bleed-off along vessel walls, draining blood from arteries and adding it to
veins. Energy is transported between neighboring vessels as well as
between vessels and tissue. Thus, heat transfer takes place in a blood
perfused inhomogeneous matrix undergoing metabolic heat production.
The search for heat equations modeling this complex process began over
half a century ago and remains an active topic among current investigators.
Over the years, several bioheat transfer equations have been formulated. A
brief description of some of these equations will be presented and their
limitations, shortcomings and applicability outlined.  Before these
equations are presented, related aspects of the vascular circulation network
and blood flow and temperature patterns are summarized.

10.2 Vascular Architecture and Blood Flow

Blood from the heart is distributed to body tissues and organs through a
system of vessels (arteries) that undergo many generations of branching
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accompanied by diminishing size and flow rate. Because of their small size,
vessels are measured in micrometers, L =10"°m. This unit is also known
as micron. Fig. 10.1 is a schematic diagram showing a typical vascular
structure.

capillaries

tissue

vein
¢ =capillaries, 5-15 gm dia. SAV
s =secondary vessels, 50-100 ¢ m dia.
P =primary artery and vein, 100-300 & m dia. artery

SAV =main supply artery and vein, 300-1000 #m dia.
Fig.10.1

Blood leaves the heart through the aorta, which is the largest artery
(diameter =~ 5,000 um). Vessels supplying blood to muscles are known as
main supply arteries and veins (SAV, 300—1000 um diameter). They
branch into primary arteries, (P, 100 —300 um diameter) which feed the
secondary arteries (s, 50 —100 pm diameter). These vessels deliver blood
to the arterioles (20 —40 um diameter) which supply blood to the
smallest vessels known as capillaries (5—15um diameter). Blood is
returned to the heart through a system of vessels known as veins. For the
most part they run parallel to the arteries forming pairs of counter current
flow channels. The veins undergo confluence as they proceed from the
capillaries to venules, secondary veins and to primary veins. Blood is
returned to the heart through the vena cava, which is the largest vessel in
the circulatory system. It should be noted that veins are larger than arteries
by as much as 100%.
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10.3 Blood Temperature Variation

Blood leaves the heart at the arterial temperature 7,,. It remains
essentially at this temperature until it reaches the main arteries where
equilibration with surrounding tissue begins to take place. Equilibration
becomes complete prior to reaching the arterioles and capillaries where
blood and tissue are at the same temperature 7. Tissue temperature can be
higher or lower than T, depending on tissue location in the body. Blood
returning from capillary beds near the skin is cooler than that from deep
tissue layers. Blood mixing due to venous confluence from different tissue
sources brings blood temperature back to 7, as it returns to the heart via

the vena cava. Fig. 10.2 is a schematic of blood temperature variation along
the artery-vein paths.

tissue temperature > blood_ - - -

oy
o | T
-
2
<
=
(]
Q .
g tissue temperature <
= blood - - _
Q
2
m
\\
Blood flow path ———- ..
aorta primary capillaries primary ~ Vvena
arteries veins Cava

Fig.10.2 Schematicof blood tempearature variation
in vessels. (From[5] with permission.)

To maintain constant body temperature heat production due to metabolism
must be continuously removed from the body. Blood circulation is a key
mechanism for regulating body temperature. During conditions of thermal
stress, blood flow to tissues under the skin increases. This results in higher
rates of cooler venous blood which is used to bring the temperature of
blood returning to the heart to its normal level.
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10.4 Mathematical Modeling of Vessels-Tissue Heat Transfer

The complex nature of heat transfer in living tissue precludes exact
mathematical modeling. Assumptions and simplifications must be made to
make the problem tractable while capturing the essential features of the
process. The following is an abridged review of various heat equations for
the determination of temperature distribution in living tissues. We will
begin with the Pennes bioheat equation which was published in 1948. What
is attractive and remarkable about this equation is its simplicity and
applicability under certain conditions. Nevertheless, to address its
shortcomings, several investigators have formulated alternate equations to
model heat transfer in living tissues. In each case the aim was to refine the
Pennes equation by accounting for factors that are known to play a role in
the process. Improvements have come at the expense of mathematical
complexity and/or dependency on vascular geometry data, blood perfusion
and thermal properties. Detailed derivation and discussion of all equations
is beyond the scope of this chapter. Instead five selected models will be
presented and their main features identified.

10.4.1 Pennes Bioheat Equation [1]
(a) Formulation

Pennes bioheat equation is based on simplifying assumptions concerning
the following four central factors:

(1) Equilibration Site. The principal heat exchange between blood and
tissue takes place in the capillary beds, the arterioles supplying blood to
the capillaries and the venules draining it. Thus all pre-arteriole and
post-venule heat transfer between blood and tissue is neglected.

(2) Blood Perfusion. The flow of blood in the small capillaries is assumed
to be isotropic. This neglects the effect of blood flow directionality.

(3) Vascular Architecture. Larger blood vessels in the vicinity of capillary
beds play no role in the energy exchange between tissue and capillary
blood. Thus the Pennes model does not consider the local vascular
geometry.

(4) Blood Temperature. Blood is assumed to reach the arterioles
supplying the capillary beds at the body core temperature 7, . It
instantaneously exchanges energy and equilibrates with the local
tissue temperature 7. Based on these assumptions, Pennes [1]
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modeled blood effect as an isotropic heat source or sink which is
proportional to blood flow rate and the difference between body
core temperature 7, and local tissue temperature 7. In this
model, blood originating at temperature 7, does not experience
energy loss or gain as it flows through long branching arteries
leading to the arterioles and capillaries. Using this idealized
process the contribution of blood to the energy balance can be
quantified.

Consider the blood perfused tissue
element shown in Fig. 10.3. The
element is large enough to be
saturated with arterioles, venules
and capillaries but small compared
to the characteristic dimension of
the region under -consideration.
This tissue-vessels matrix is treated
as a continuum whose collective
temperature is 7. Following the
formulation of the heat conduction
equation of Section 1.4, energy
conservation for the element is
given by eq. (1.6)

capillary bed //R

venule

E,+ E,—E,,=E. (1.6)

In Section 1.4 the rate of energy added to the element is by conduction and
convection (mass motion). Here the convection component is eliminated
and replaced by energy added due to blood perfusion. The simplest way to
account for this effect is to treat it as energy generation E o Let

g, = net rate of energy added by the blood per unit volume of tissue

q,. = rate of metabolic energy production per unit volume of tissue

Thus equation (b) of Section 1.4 becomes
E, = q"dxdydz = (q; + qy )dxdydz . (a)

To formulate an expression for ¢, consider the elements shown in
Fig. 10.3. According to Pennes, blood enters the element at the body
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core temperature 7, it instantaneously equilibrates and exists at the
temperature of the element 7. Thus

m

a5 = PycyW (T = T), (10.1)
where
¢, = specific heat of blood
W, = blood volumetric flow rate per unit tissue volume
P, = density of blood

Substituting eq. (10.1) into (a)
q" =gy + pycywy (T —T). (10.2)

Returning to the heat conduction equation (1.7), we eliminate the
convection terms (set U =V =W = 0) and use eq. (10.2) to obtain

V-kVT + pycyw, (T, o —T)+q, = pc%—];, (10.3)

where
¢ = specific heat of tissue
k =thermal conductivity of tissue
p© = density of tissue

The first term in eq. (10.3) represents conduction in the three directions. It
takes the following forms depending on the coordinate system:

Cartesian coordinates:

V-kVT:i(ka—T +i(ka—T +i(ka—T . (10.3a)
ox  0Ox~ 0Oy 0y 0z o0z
Cylindrical coordinates:
o, 0T
\A kVT——— k k—)+—(k—). (10.3b
(V Zae( to, (k). a0
Spherical coordinates:
V. kVT———(k 28—T)
r

(10.3¢)

—(ks n—) _ (

r sm¢ o0¢ r?sin® ¢ 00
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Equation (10.3) is known as the Pennes bioheat equation. Note that the
mathematical role of the perfusion term in Pennes’s equation is identical to
the effect of surface convection in fins, as shown in equations (2.5), (2.19),
(2.23) and (2.24). The same effect is observed in porous fins with coolant
flow (see problems 5.12, 5.17, and 5.18).

(b) Shortcomings

The Pennes equation has been the subject of extensive study and
evaluation [2-11]. The following gives a summary of critical
observations made by various investigators. Attention is focused on
the four assumptions made in the formulation of the Pennes equation.
Discrepancy between theoretical predictions and experimental results
is traced to these assumptions.

(1) Egquilibration Site. Thermal equilibration does not occur in the
capillaries, as Pennes assumed. Instead it takes place in pre-arteriole
and post-venule vessels having diameters ranging from 70 —500 pm
[3-5]. This conclusion is based on theoretical determination of the
thermal equilibration length, L,, which is the distance blood travels
along a vessel for its temperature to equilibrate with the local tissue
temperature. For arterioles and capillaries this distance is much shorter
than their length L. Vessels for which L, /L >1 are commonly
referred to as thermally significant.

(2) Blood Perfusion. Directionality of blood perfusion is an important
factor in the interchange of energy between vessels and tissue. The
Pennes equation does not account for this effect. Capillary blood
perfusion is not isotropic but proceeds from arterioles to venules.

(3) Vascular Architecture. Pennes equation does not consider the local
vascular geometry. Thus significant features of the circulatory system
are not accounted for. This includes energy exchange with large
vessels, countercurrent heat transfer between artery-vein pairs and
vessel branching and diminution.

(4) Blood Temperature. The arterial temperature varies continuously from
the deep body temperature of the aorta to the secondary arteries
supplying the arterioles, and similarly for the venous return. Thus,
contrary to Pennes’ assumption, pre-arteriole blood temperature is not
equal to body core temperature 7, and vein return temperature is not
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equal to the local tissue temperature 7. Both approximations
overestimate the effect of blood perfusion on local tissue temperature.

(c) Applicability

Despite the serious shortcomings of the Pennes equation it has enjoyed
surprising success in many applications such as hyperthermia therapy,
blood perfusion measurements, cryosurgery and thermal simulation of
whole body. In some cases analytical results are in reasonable agreement
with experimental data. Studies have shown that the Pennes equation is
applicable in tissue regions where vessel diameters are greater
than 500 um and for which equilibration length to total length L, /L is
greater than 0.3 [6].

Example 10.1: Temperature Distribution in the Forearm

Model the forearm as a cylinder of radius R with volumetric blood
perfusion rate per unit tissue volume w, and metabolic heat production
qm- The arm surface exchanges heat with the surroundings by convection.
The heat transfer coefficient is h and the ambient temperature is T, . Use
Pennes bioheat equation to determine the steady state one-dimensional
temperature distribution in the arm.

T,

v
R .
@ W, model q,

Fig. 10.4

(1) Observations. (i) The forearm can be modeled as a cylinder with
uniform energy generation. (ii) Heat is transported to the surface by
conduction and removed from the surface by convection. (iii) In general,
temperature variation in the forearm is three-dimensional.

(2) Origin and Coordinates. Fig. 10.4 shows the origin and the radial
coordinate 7.

(3) Formulation.
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(i) Assumptions. (1) Steady state, (2) the forearm can be modeled as a
constant radius cylinder, (3) bone and tissue have the same properties and
are uniform throughout, (4) uniform metabolic heat production, (5) uniform
blood perfusion, (5) no variation in the angular direction, (6) negligible
axial conduction, (7) skin layer is neglected and (8) Pennes bioheat
equation is applicable.

(ii) Governing Equations. Pennes bioheat equation (10.3) for one-
dimensional steady state radial heat transfer simplifies to

( ,Ob CpWp

qll!
T,-T)+—=0.
dr ( a0 ) k (a)

rdr

(iii) Boundary Conditions. Temperature symmetry and convection at
the surface give the following two boundary conditions:

aQ _ 0, or 7(0) = finite, (b)
dr
k@:h[T(R)—TOO]- (©)
dr

(4) Solution. Eq.(a) is rewritten in dimensionless form using the following
dimensionless variables

T-T r
0 = a0 , . d
T,-T, d R @
Substituting (d) into (a)
LW R2 mR2
( 5 pb »Wb 0 qm _ ©)
5 dg k k(T = T.,)

The coefficient of the second term in (e) is a dimensionless parameter
representing the effect of blood flow. Let
. p2
_ PpCy Wy R
k

The last term in (e) is a parameter representing the effect of metabolic heat.
Let

8]
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_ an R
kT T ®
Substituting (f) and (g) into (e)
L2 po-y=o0. (h)

§d§ dg

Boundary conditions (b) and (c) are similarly expressed in dimensionless
form

%ZZO) — 0, or 6(0) =finite, (i)
_ 490 _ pitoqry -1y, ()

where Bi is the Biot number defined as

hR
Bi=—.
k
The homogeneous part of equation (h) is a Bessel differential equation. The
solution to (h) is

0(8) = C1,(JBE) + C Ky (JBE) —%, ()

where C| and C, are constants of integration. Boundary conditions (i) and
() give
Bi[l
¢ - BILGIp) 0 -
JBLGB)+Bil,(JB)
Substituting (m) into (k) gives
T(r)—Ty _ Bi[l+(y/p)]

T.-To  BLGB)+Bil,(Jp)

(5) Checking. Dimensional check: The parameters Bi, ff and y are
dimensionless. Thus the arguments of the Bessel functions and each term in
solution (n) are dimensionless.

o(r) =

I,(JBriR)-L . ()
WA )~
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Limiting check: If no heat is removed by convection (4 =0), the entire
arm reaches a uniform temperature 7, and all energy generation due to
metabolic heat is transferred to the blood. Conservation of energy for the
blood gives

q;;; :pbcbwb(To _TaO)'
Solving for T,

"

To = TaO + q—m . (0)
PpCpWph
Setting 4 = Bi =0 in (n)
q"l
T(r)=T,o+—"—. (P
PpCpWp

This agrees with (0).

(6) Comments. (1) The solution is characterized by three parameters:
surface convection Bi, metabolic heat 7, and blood perfusion parameter
B. (2) Setting r=0 and r =R in (n) gives the center and surface
temperatures, respectively. (3) The solution corresponding to zero
metabolic heat production is obtained by setting g, =y =0. However, the
solution for zero blood perfusion rate can not be deduced from (n) since
setting £ =0 in (n) gives terms of infinite magnitude. This is due to the
fact that £ appears in differential equation (h) as a coefficient of the
variable 6. To obtain a solution for zero perfusion one must first set
£ =0 in (h) and then solve the resulting equation. This procedure gives

o L iseiry] @
(R°q, k) 2Bi 4

The two solutions, (n) and (q), make it possible to examine the effect of
blood perfusion relative to metabolic heat production on the temperature
distribution.

10.4.2 Chen-Holmes Equation [5]

An important development in the evolution of bioheat transfer modeling is
the demonstration by Chen and Holmes that blood equilibration with the
tissue occurs prior to reaching the arterioles. Based on this finding they
modified Pennes perfusion term, taking into consideration blood flow
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directionality and vascular geometry, and formulated the following
equation
oT

V- kVT +viypyey (T, —T)— pycyit - VT +V -k, VT +q,, =pe .
t

(10.4)
Although the second term in this equation appears similar to Pennes’
perfusion term, it is different in two respects: (1) WZ is the perfusion rate at
the local generation of vessel branching and (2) T, : is not equal to the body
core temperature. It is essentially the temperature of blood upstream of the
arterioles. The third term in eq. (10.4) accounts for energy convected due to
equilibrated blood. Directionality of blood flow is described by the vector
u , which is the volumetric flow rate per unit area. This term is similar to
the convection term encountered in moving fins and in flow through porous
media (see equations (2.19) and (5.6)). The fourth term in eq. (10.4)
describes conduction mechanisms associated with small temperature
fluctuations in equilibrated blood. The symbol k » denotes “perfusion
conductivity”. It is a function of blood flow velocity, vessel inclination
angle relative to local temperature gradient, vessel radius and number
density.

In formulating eq. (10.4) mass transfer between vessels and tissue is
neglected and thermal properties &, ¢ and p are assumed to be the same as
those of the solid tissue. Other assumptions limit the applicability of this
equation to vessels that are smaller than 300 um in diameter and
equilibration length ratio L, / L < 0.6.

Although the Chen-Holmes model represents a significant improvement
over Pennes’ equation, its application requires detailed knowledge of the
vascular network and blood perfusion. This makes it difficult to use.
Nevertheless, the model met with some success in predicting temperature
distribution in the pig kidney.

10.4.3 Three-Temperature Model for Peripheral Tissue [7]

Since blood perfused tissue consists of three elements: arteries, veins and
tissue, it follows that to rigorously analyze heat transfer in such a medium it
is necessary to assign three temperature variables: arterial temperature 7,
venous 7, and tissue 7. This approach was followed in analyzing the
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peripheral tissue of a limb schematically shown in Fig. 10.5 [7]. Three
vascular layers were identified: deep layer, intermediate and cutaneous
layers. The deep layer is characterized by countercurrent artery-vein pairs
that are thermally significant. The intermediate layer is modeled as a porous
media exchanging heat with pairs of thermally significant vessels. The thin
cutaneous layer just below the skin is independently supplied by
countercurrent artery-vein vessels called cutaneous plexus. Blood supply to
the cutaneous layer is controlled through vasodilation and vasoconstriction
of the cutaneous plexus. This is an important mechanism for regulating
surface heat flux. This layer is divided into two regions; an upper region
with negligible blood effect and a lower region having uniform blood
perfusion heat source similar to the Pennes term.

Wep skin TS\ cutaneous plexus

cutaneous
layer

intermediate
layer

A total of seven governing equations were formulated: three coupled
equations for the deep layer, two for the intermediate and two for the
cutaneous. Although this model accounts for the vascular geometry and
blood flow directionality, solutions to the set of seven equations require
numerical integration as well as detailed vascular data. Nevertheless, it was
applied to peripheral tissue to examine the effect of various parameters
[12]. It was also used to evaluate the performance of other models [6].
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Formulation of the three-temperature equations for the deep layer will not
be presented here since a simplified form will be outlined in the following
section. However, attention is focused on the cutaneous layer. The one-
dimensional steady state heat equation for the lower region is given by

d>T, i
e - c;iwc” (T ~T) =0, (10.5)
X

where

1, =temperature distribution in the lower region of the cutaneous layer

T, =temperature of blood supplying the cutaneous pelxus

W,, = cutaneous layer volumetric blood perfusion rate per unit tissue
volume

X = coordinate normal to skin surface

The upper region of the cutaneous layer just under the skin surface is
governed by pure conduction. Thus the one-dimensional steady state heat
equation for this region is

d’T,
dx?

=0, (10.6)

where

T, =temperature distribution in the upper region of the cutaneous layer

10.4.4 Weinbaum-Jiji Simplified Bioheat Equation for Peripheral
Tissue [8]

Recognizing the complexity of the three-temperature model, Weinbaum
and Jiji [8] introduced simplifications reducing the three coupled deep layer
equations for 7, T, and 7 to a single equation for the tissue temperature.
Although the simplified form retains the effect of vascular geometry and
accounts for energy exchange between artery, vein and tissue, the added
approximations narrow its applicability. A brief description of this bioheat
equation follows.

Fig. 10.6 shows a control volume containing a finite number of
artery-vein pairs. Blood flow in each pair is in opposite direction
(countercurrent). In addition, artery blood temperature 7, is different
from vein temperature 7,. Thus, these vessels are thermally
significant (not in thermal equilibrium). Not shown in Fig.10.6 are



316 10 Heat Transfer in Living Tissue

numerous thermally insignificant
capillaries, arterioles, and venules
that saturate the tissue. In
formulating  conservation  of
energy for the tissue within the
control volume, one must take
into consideration the following:
(1) Conduction through the tissue.
(2) Energy exchange by
conduction between vessel pairs
and tissue. Note that heat Fig.10.6

conduction from the artery to the

tissue is not equal to conduction from the tissue to the vein. This
imbalance is described as incomplete countercurrent exchange. (3)
Energy exchange between vessels and tissue due to capillary blood
bleed-off from artery to vein.

" control
volume

(a) Assumptions. Key assumptions in the simplified bioheat equation are:
(1) blood bleed-off rate leaving the artery is equal to that returning to vein
and is uniformly distributed along each pair, (2) bleed-off blood leaves the
artery at7, and enters the vein at the venous blood temperature 7,,, (3)
artery and vein have the same radius, (4) negligible axial conduction
through vessels, (5) equilibration length ratioL, /L <<1 and (6) tissue
temperature 7' is approximated by the average of the local artery and vein
temperatures. That is

T'~({T,+T,)/2. (10.7)

(b) Formulation. Based on the above assumptions, application of
conservation of mass for the artery and vein and conservation of energy for
the artery, vein and tissue in the control volume, give the simplified bioheat
equation for tissue temperature. For the special one-dimensional case
where blood vessels and temperature gradient are in the same direction X,
the equation reduces to [8]

or &, oT
—=—(k,—)+q”, 10.8
P = ax ke g )+ (108)

where k- is the effective conductivity, defined as
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n
ko = k[l+kT(7zpbcba2u)2] (10.9)
O

WwEre

a = vessel radius

n =number of vessel pairs crossing control volume surface per unit
area

u = average blood velocity in countercurrent artery or vein

o =shape factor, defined in eq. (10.10)

The shape factor o is associated with the resistance to heat transfer
between two parallel vessels embedded in an infinite medium. For the case
of vessels at uniform surface temperatures with center to center
spacing /, the shape factor is given by [13]

T

c=— - (10.10)
cosh(//2a)

Equation (10.9) shows that keff reflects the effects of vascular geometry
and blood perfusion on tissue temperature. It is useful to separate these two
effects so that their roles can be analyzed individually. The variables a, o,
n and u depend on the vascular geometry. Using conservation of mass, the
local blood velocity # can be expressed in terms of the inlet velocity u, to
the tissue layer and the vascular geometry. Thus, eq. (10.9) is rewritten as

(2P4¢4a,,)°
kg =k 1+pbl’;—2V(§) , (10.11)
b
where

a, = vessel radius at the inlet to the tissue layer at x =0
V(&) = dimensionless vascular geometry function

& = x/ L =dimensionless distance

L = tissue layer thickness

u, = blood velocity at the inlet to the tissue layer at x =0

Given the vascular data the function V(&) can be constructed. It is
important to note that this function is independent of blood perfusion. In
addition, the coefficient (2p,c,a,u,/k,) which characterizes blood flow
rate is independent of the vascular geometry. It represents the inlet Peclet
number, which is the product of Reynolds and Prandtl numbers, defined as



318 10 Heat Transfer in Living Tissue

2
pe, = ZPs40M0 (10.12)
kb
Substituting eq. (10.12) into eq. (10.11) gives
ko = k[1+ PelV(£)]. (10.13)

The following observations are made regarding the definition of effective
conductivity k

(1) For the more general three-dimensional case, the orientation of vessel
pairs relative to the direction of the local tissue temperature gradient
gives rise to a tensor conductivity that has similar properties to an
anisotropic material [8].

(2) The second term on the right hand side of eqs. (10.11) and (10.13)
represents the enhancement in tissue conductivity. This enhancement is
due to countercurrent convection in the thermally significant
microvessel pairs and capillary blood bleed-off.

The two regions of the cutaneous layer shown in Fig. 10.5 are governed by
equations (10.5) and (10.6). However, for consistency with the formulation
of keff in the tissue layer, eq. (10.5) will be expressed in terms of the Peclet
number Pe . Blood perfusion rate W, in the tissue layer is given by
i ooty 10.14
Wy I ) (10.14)

wn, a

where 7, is the number of arteries entering the tissue layer per unit area.
Substituting eq. (10.12) into eq. (10.14) gives
. mn,a,k
Wy, =227 pe . (10.15)
2Lpycy,
Define R as the ratio of total rate of blood supplied to the cutaneous layer to
the fotal rate of blood supplied to the tissue layer. Thus
Lw,
R="1"¢% (10.16)
Lw,
where L, is the thickness of the cutaneous layer. Substituting eqs. (10.15)
and (10.16) into eq. (10.5) gives
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d*T, znyak
+

b RPe,(T,, —T;)=0. (10.17)

(c) Limitation and Applicability. To test the validity of assumptions made
in formulating eq. (10.8), numerical results using the solution to this
equation were compared with those obtained from the solution to the three-
temperature model developed in [7] and summarized in Section 10.4.3.
The comparison was made for a simplified representation of one-
dimensional heat transfer in the limb [6]. Results indicate that eq. (10.8)
gives accurate predictions of tissue temperature for vessels smaller than
200 pm in diameter and equilibration length ratio L,/L <0.3.
Experimental measurements on the rat spinotrapezius muscle showed that
eq. (10.8) is valid for L, /L < 0.2 [14]. It should be noted that the upper
limit on vessel size decreases sharply under conditions of exercise due to
an increase in blood flow rate.

Formulation of eq. (10.8) is based on vascular architecture characteristics
of peripheral tissues less than 2 cm thick. It does not apply to deeper layers
and to skeletal muscles where the vascular geometry takes on a different
configuration.

Example 10.2: Temperature Distribution in Peripheral Tissue.

Consider the peripheral tissue shown schematically in Fig.10.5. Tissue
thickness is L and skin surface is maintained at uniform temperature T, .
Blood at T, is supplied to the

thermally  significant  arteries at  7x107
x=0. During resting state and
neutral environment the effect of blood

flow through the cutaneous layer is
negligible. Consequently heat transfer
through this layer is essentially by
conduction. A representative vascular 0
geometry function V (&), shown in

Fig. 10.7, for a typical peripheral

tissue can be approximated by [15]

V(E)= A+ BE+CE,

koy = k[1+ Pe)V (&)]

4]

where A, B and C are constants:
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A=632x107,B=-159%x10" and C=10x107>.

Use the Weinbaum-Jiji simplified bioheat equation to obtain a solution to
the temperature distribution in the tissue. Express the results in
dimensionless form in terms of the following dimensionless quantities:

T_TS _ 2pbcbaouo _ qi’;;l’z

E=x/L, 6= , Pe, = = dnt
kb k(TaO_Ts)

a0 — s
Construct a plot showing the effect of blood flow rate (Peclet number Pe)
and metabolic heat production y on tissue temperature 8(&) . Note that an
increase in 'y brings about an increase in Pe,. Compare 0(&)

for Pey =60 and y = 0.02 (resting state) with Pe, =180 and y = 0.6

(moderate exercise).

(1) Observations. (i) The variation of conductivity with distance along the
three layers shown in Fig. 10.5 is known. (ii) The tissue can be modeled as
a single layer with variable effective conductivity and constant energy
generation due to metabolic heat. (iii) Tissue temperature increases as
blood perfusion and/or metabolic heat are increased.

(2) Origin and Coordinates. Fig. 10.8 shows the origin and coordinate x.

(3) Formulation.

(i) Assumptions. (1) All assumptions leading skin T,
to egs. (10.8) and (10.9) are applicable, (2) steady .
state, (3) one-dimensional, (4) tissue temperature I
at the base x = 0 is equal to 7,, (5) skin is ko (x)
maintained at uniform temperature and (6)
negligible blood perfusion in the cutaneous layer. X
(ii) Governing Equations. The bioheat T
equation for this model is obtained from eq. (10.8) 0 7
d, dTy Fig.10.8
E(keﬁ E)—I_qm =0, (a)

where ke_f is defined in eq. (10.13) as

ko = k[1+ Peg V()] (b)



10.4 Mathematical Modeling of Vessels-Tissue Heat Transfer 321

where k is tissue conductivity corresponding to zero blood perfusion
enhancement and V(&) is specified as

V(E)=A+BE+CE. (©)

(iii) Boundary Conditions. The two required boundary conditions are
T(0)=T,-, (d)
T(L)=T,. (e)

(4) Solution. To express the problem in non-dimensional form the
following dimensionless quantities are defined:

"2
Substituting (b), (c) and (f) into (a) gives
dié{{upeg(mza&cgz)}j—gw=0. ©
Boundary conditions (d) and (e) transform to
0(0)=1, (h)
f(1)=0. (1)

Integrating (g) once
[1+ P24+ BE+CE )]d—(:Z: C, 5.

Separating variables and integrating again

dé gdé ~
0=C - Gy,
1j1+Pe§(A+B§+C§2) yJ‘l+PeS(A+B§+C<§2)Jr 2 0

where C| and C, are constants of integration. The two integrals in (j) are

of the form
dé gd¢
d | —== k
Ia+b§+c§2 o Ia+b§+c§2 (0

where the coefficients a, b and ¢ are defined as

a=1+APe;, b=BPe;, c=CPe. (m)
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Evaluating the two integrals analytically and substituting into (j) give the
solution to &

2C, 1 bh+2c& 7{1 . b _1b+2c§}
0=""Ltan™" L ZIn(a+bé+céE7)———=tan +C,,
\/E \/E cl 2 ( é: é:) \/E \/E 2
(n)

where
d = 4ac—b*. (0)

Boundary conditions (h) and (i) give the constants C,and C,. The
solution to & becomes

C ab+2cé 1 b+2c
0=2—1|tan"" —tan™' }—
\/E{ Jd Jd
2
1, a+bé+cs® b[ o b+2E b+ ®)
c |2 a+b+c  d| Jd Jd

where the constant C, is given by

7)1 atbte b {tan_lb—tan_lb+zc:|
cl2  a d Jd Jd

= (@)
1 2{tan_1b —tan"! b+2c}
Jd Jd Jd
Table10.1 Table 10.2
Pe, keff lk
60 180 & | Pe,=60|Pe, =180
a 12275 30477 0 1.44 3.05
b |-0.5724 | -5.1516 02| 1.13 2.15
c | 0.36 3.24 04| 1.06 1.51
d| 144 12.96 0.6 | 1.01 1.12
0.8 1.00 1.02
1.0 1.02 1.14

The constants a, b, ¢ and d depend on Pe,. They are listed in Table 10.1.
The constant C, depends on both Pe, and y. For Pe, =60 and y = 0.02
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eq.(q) gives C; =—1.047 and for Pe,=180 and y =0.6 it gives
C, =-1.0176. Table 10.2 lists the enhancement in conductivity for the
two values of Pe,. Fig. 10.9 shows the corresponding temperature
distribution.

(5) Checking. Dimensional check: 1.0
Solution &, metabolic heat parameter

7, Peclet number Pe, and the
arguments of tan”' and log are f=0.6
dimensionless. 0.5 °

Boundary conditions check: Solution (p)
satisfies boundary conditions (h) and (i).

- , £ =0.02
Qualitative check: As anticipated, Fig. Pe, =60

10.9 shows that tissue temperature 0 05 1.0
increases as blood perfusion and Fig. 10.9

metabolic heat are increased.

(6) Comments. (i) Table 10.2 shows the

enhancement in keﬁf due to blood perfusion. Increasing perfusion rate
(Pe,) increases keff. However, the enhancement diminishes rapidly
towards the end of the tissue layer (& =0.8). (ii) Fig. 10.9 shows that
temperature distribution for Pe, = 60 and y = 0.02 is nearly linear. The
slight departure from linearity is due to metabolic heat production.
For Pey=180 and y =0.6 tissue temperature is higher. The increase in
temperature is primarily due to the increase in blood flow rate Pe, rather
than metabolic heat y. For example, at the mid-section & =0.5,
0(0.5) =0.688 for Pe,=180 and y =0.6. For zero metabolic heat
(¥ =0), the mid-section temperature drops slightly to 0.64. (iii) Although
solution (p) shows that tissue temperature is governed by the parameters
Pe, and y, the two are physiologically related. (iv) The increase in
metabolic heat production during exercise results in an increase in
cutaneous blood flow. Thus neglecting blood perfusion in the cutaneous
layer during vigorous exercise is not a reasonable assumption.

10.4. 5 The s-Vessel Tissue Cylinder Model [16]

In the Pennes bioheat equation the arterial supply temperature is set equal
to the body core temperature and venous return temperature is
approximated by the local tissue temperature. Both approximations have
been questioned. On the other hand the Chen-Holmes equation and
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Weinbaum-Jiji equation are more complex, requiring detailed vascular data
and have limited range of applicability. Furthermore, the Weinbaum-Jiji
equation is limited to peripheral tissue less than 2 cm thick. These
shortcomings motivated further search for a more tractable equation. The
s-vessel tissue cylinder model addresses some of these issues [16]. An
important contribution of this model is the development of a rational theory
for the determination of the venous return temperature.

(a) The Basic Vascular Unit. Comprehensive anatomical studies on the
vascular geometry of different types of skeletal muscles have identified
significant common arrangements [17]. Fig. 10.10 is a schematic
representation of the vascular structure in the cat tenuissimus muscle. The
sizes of the thermally significant vessels are indicated. The main supply
artery and vein SAV branch into primary pairs P. The P vessels branch
into secondary pairs s which run roughly parallel to the surface. Terminal
arterioles and venules ¢ branch off the s vessels to feed and drain the
capillary beds c in the tissue. Blood flow in the SAV, P, and s vessels is

countercurrent.
1 %‘é&' P& s
%E m' 50-1004m dia.

muscle

<— 100-300xm dia.
SAV
300-10004m dia.

Fig.10.10 Schematic of a representative vascular arrangement

(From[17] with permission.]

The vascular arrangement shown in Fig. 10.10 has an important feature
which is central to the formulation of the new model for tissue heat
transfer. Each countercurrent s pair is surrounded by a cylindrical tissue
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which is approximately 1000 pm in diameter. The length of the cylinder
depends on the spacing of the P vessels along the SAV pair, which is
typically 10-15 mm. The tissue is a matrix of numerous fibers, arterioles,
venules and capillary beds. Attention is focused on this repetitive tissue
cylinder as the basic heat exchange unit found in most skeletal muscles.
Formulation of a bioheat equation for this basic unit can be viewed as the
governing equation for the temperature distribution in the aggregate of all
cylinders comprising the muscle.

(b) Assumptions. To formulate a bioheat equation for the tissue cylinder,
the following assumptions are made: (1) bleed-off blood flow rate in
vessels leaving the artery is equal to that returning to the vein and is
uniformly distributed along each pair of s vessels, (2) negligible axial
conduction through vessels and tissue cylinder, (3) radii of the s vessels do
not vary along the tissue cylinder, (4) changes in temperature between the
inlet to the P vessels and the inlet to the tissue cylinder is negligible, (5) the
temperature field in the tissue cylinder is based on pure radial conduction
with a heat-source pair representing the s vessels, and (6) the outer surface
of the cylinder is at uniform temperature 7, .

(¢) Formulation. The capillaries, arterioles and venules (¢ vessels) are
essentially in local thermal equilibrium with the surrounding tissue.
However, the pair of s vessels within the cylinder is thermally significant
having blood temperatures that are different from tissue temperature. Three
temperature variables are needed to describe the temperature distribution in
the tissue cylinder: arterial temperature7,, venous temperature 7, and
tissue temperature 7. Fig. 10.11 shows a tissue cylinder and its cross

<~ vein

X <—]
v tissue > artery < 4|¢

(a) tissue cylinder (b) enlarged cross section

Fig. 10.11
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section containing a pair of s vessels. Three governing equations for the
temperature field in the s vessels and tissue cylinder were formulated [12].
The two-dimensional velocity field of the axially changing Poiseuille flow
in the s vessels was independently determined from the solution to the
Navier-Stokes equations. Continuity of temperature and flux at the surfaces
of the vessels provides two boundary conditions in the radial direction 7.
Tissue temperature at the outer radius R of the cylinder is assumed uniform
equal to 7}, ;. Turning to the boundary conditions in the axial direction x,
note that each cylinder extends a distance x=2L between two
neighboring P vessels (see Fig. 10.11). Thus there is symmetry about the
mid-plane x = L. At the inlet to the cylinder, x = 0, the bulk temperature
of the artery 7, is specified. At x = L the flow in the s vessels vanishes
and the artery, vein and tissue are in thermal equilibrium at the local tissue

temperature 7}, .

(d) Solution. The three differential equations for the artery, vein and tissue
temperature were solved analytically [16]. The most important aspect of the
solution is the determination of 7,,,, the outlet bulk temperature of the
vein at x = 0. The importance of this finding will become clear later. For
simplicity, we will present only the results for the special case of equal size
blood vessels symmetrically positioned relative to the center of the
cylinder, i.e., [, =1, (see Fig. 10.11). For this case the dimensionless
artery-vein temperature difference, A7 at x = 0 is given by

o Tyo-T, ;
AT = ab0 ~ w0 _q A + A121 -1, (10.18)
TabO _Tlocal A12 A12
where
1 12 11
A, =—In| R(1-—-2) [+ —", 10.19

2 2 4
=L R 1o Hacosd L | (10.20)

where @, [, and / (vessel center to center spacing) are defined in Fig. 10.11.

(d) Modification of Pennes Perfusion Term. With the venous return
temperature 7,,, determined, application of conservation of energy to the
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blood atx =0 gives the total energy g, delivered by the blood to the
tissue cylinder

2
gy = Ppcpa u, (Typg —Tipo) (10.21)
where
a, = artery radius

a
u average artery blood velocity at x =0

a

Using eq. (10.18) to express the temperature difference (7,,, — 7o) in
terms of AT, eq. (10.21) becomes

qp =pbcb”a§uaAT*(Tab0 = Thocar) -

Dividing through by the volume of the cylinder gives

2
a5 g,

= pyCy—L AT (T,p0 — Trpeat) - (10.22)
TRL Pp b7Z'R2L 50 — Liocal

Energy generation due to blood flow per unit tissue volume, g;, and
volumetric blood flow per unit tissue volume w,, are

" qb

gl = , (10.23)
b ARL
and
2
W, =2 %ata (10.24)
" IRL

Substituting eq.(10.23) and eq.(10.24) into eq.(10.22) gives
qy = Py Wy AT (T = Tipear) - (10.25)

Since R >>1, T, is approximately equal to the local average tissue
temperature 7. Thus, eq. (10.25) becomes

qy = Pycy Wy AT (T —T). (10.26)

This result replaces eq. (10.1) which was introduced in the formulation of
the Pennes equation. It differs from eq. (10.1) in two respects: First, the
artery supply temperature is not set equal to the body core temperature.
Second, it includes the AT™ factor. Using eq.(10.26) to replace the blood

perfusion term in the Pennes equation (10.3) gives the bioheat equation for
the s-vessel tissue cylinder model as
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* m T

The following observations are made regarding this result:

(1) The dimensionless factor AT is identified as a correction coefficient.
Its definition in eq.(10.18) shows that it depends only on the vascular
geometry of the tissue cylinder. More importantly, it is independent of
blood flow rate. The analysis provides a closed-form solution for the
determination of this factor. Its value for most muscle tissues ranges
from 0.6 to 0.8. Thus the description of microvascular structure needed
to apply this equation is much simpler than that required by Chen-
Holmes and Weinbaum-Jiji equations.

(2) The model analytically determines the venous return temperature and
accounts for contribution of countercurrent heat exchange in the
thermally significant vessels.

(3) The artery temperature 7, appearing in eq. (10.27) is unknown. It is
approximated by the body core temperature in the Pennes bioheat
equation. Its determination involves countercurrent heat exchange in
SAV vessels which have diameters ranging from 300 pum to1000 pm.
The determination of T, is presented in Reference [18].

(4) While equations (10.5) and (10.6) apply to the cutaneous layer of
peripheral tissue, eq. (10.23) applies to the region below the cutaneous
layer.

Example 10.3: Surface Heat Loss from Peripheral Tissue.

Fig. 10.12 is a schematic of a peripheral
tissue of thickness L with a cutaneous layer . )
of thickness L,. Blood at a volumetric rate L \ch' T
Wy, per unit tissue volume and temperature

T,o is supplied to the tissue by the W, tissue

cutaneous T,

a.
primary arteries. Cutaneous plexus supplies |

blood to the cutaneous layer at a volumetric X

rate Wy, and temperature T, . Skin surface

is maintained at uniform temperature T.

Assume that blood perfusion W, is T o '\\\\ \\& chO
uniformly  distributed  throughout  the
cutaneous layer, including the skin. Assume

Fig. 10.12



10.4 Mathematical Modeling of Vessels-Tissue Heat Transfer 329

further that metabolic heat production per unit tissue volume is q,, and
neglect metabolic heat in the cutaneous layer. Using the s-vessel tissue
cylinder model, determine surface heat flux for a specified correction

coefficient AT".

(1) Observations. (i) Surface heat flux can be determined once the
temperature distribution in the tissue is known. (ii) This is a two layer
composite problem: tissue and cutaneous.

(2) Origin and Coordinates. Fig. 10.12 shows the origin and coordinate x.
(3) Formulation

(i) Assumptions. (1) All assumptions leading to bioheat equations (10.5)
and (10.27) are applicable, (2) steady state, (3) one-dimensional, (4)
constant properties, (5) uniform metabolic heat in the tissue layer, (6)
negligible metabolic heat in the cutaneous layer, (7) uniform blood
perfusion throughout the cutaneous layer, (8) tissue temperature at the base
x=01isequalto 7, and (9) specified surface temperature.

(ii) Governing Equations. Application of Fourier’s law at the surface
gives surface heat flux

g __kﬁTl(L+L1)’
ox

(@)
where

k = tissue conductivity
g = surface heat flux
1} = temperature distribution in the cutaneous layer

Two equations are needed to determine the temperature distribution: one
for the tissue layer and one for the cutaneous layer. For the tissue layer eq.
(10.27) gives

d2T4_pbcbwaT*
dx? k
where T is the temperature distribution in the tissue layer. Treating the

cutaneous layer as a single region having uniform blood perfusion
throughout, equation (10.5) gives

qn
T.,—T1)+
( ab0 ) k

=0, 0<x<L, (b

d’T; n PpCpW

— p D(Tp—T)=0, L<x<L+1L,. (©
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(iii) Boundary Conditions. Four boundary conditions are required for eqs.

(b) and (c)

T(0)= T, (d)
T(L)=TL), (e
dT(L) dTy(L)
dc  dx @
N(L+L)=T. (9]

(4) Solution. Equations (b) and (c) are rewritten in dimensionless form
using the following dimensionless variables

T-T T,-T
Q= abO) ¢: 1 abO’ gzi (h)
Ts_TabO Ts_TabO L
Substituting (h) into (b) and (c) gives
2 . 2 my?2
L * L
df—pbcbwb AT - — D= _ 0<&E<L, ()
dé k k(TabO_Ts)

and

d2¢ . Pbcbwchz b Tapo = Tepo
dg’ k Ty =T

N

}:o, 1<E<1+&,. ()

a

Introduce the following definitions of the dimensionless parameters in (i)
and (j)

ﬂ:pbcbwbl‘2 Y =PbechL2
" koo
mr2 _
yo kT =T ®)
k(TabO_TS) TabO_Ts
Substituting (k) into (i) and (j)
d*e "
AT O -y =0, 0<E&<I, (m)
2 % y
d*¢
Bb+B.A=0, 1<ELI+E,, (n)

as
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where
L
So = Tl (0)
Boundary conditions (d)-(g) transform to
0(0)=0, (p)
o) =¢(), (@
do) d¢Q
W) _dg() o
dx dx
p(1+&))=1. (s)

The solutions to (m) and (n) are

0 = A sinh~ BAT" &+ B cosh/ pAT" & ——7 (t)

BAT"
¢=Csinh\/ﬂ_C§+Dcosh\/ﬂ_c§+l. (w)

where A, B, C and D are constants of integration. Application of boundary
conditions (p)-(s) gives the four constants

1-2)cosh,/ All- h\/AT*|
/“L+( coshy /e + eo8 *7/ +C,C,C,

Lo coshyB (1+¢,) BAT ©
sinhy AT — C,C3+/ BAT" coshy/ pAT" ’
y
B = s
BAT (W)
C= lA\/ BAT" coshlwpAT” +C, J C,. ®)
_ 1— V4 _ * *
D= XTI CZ[A BAT™ cosh+/ BAT™ + Cl}tanh\/z(l +&).
)

The constants C,, C, and C; are given by
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| - (1-2){B, sinh /B,
C, =—2sinh+ BAT" - ,
T par A s B+ &)

C, = . [cosh /B, —sinh B, tanh /B, (1+ &, ]| ",
C; :sinh\/ﬂ_c—cosh\/ﬂ_ctanh\/ﬂ_c(l+§0).

Surface heat flux is determined by substituting (u) into (a)

_aE (5 [ccosh (B (1+&)+ Dsinh B, (14 £)]. @
k(TabO _Ts)

(5) Checking. Dimensional check: The parameters S, 5., 7,4, and &,
and the arguments of the sinh and cosh are dimensionless.

Limiting check: For the special case of T, =7,,=T,., and q; =0,
solutions (t), (u) and (z) reduce to the expected results of

T(x)=T,(x) = T,y and ¢ =0.

(5) Comments. (i) The solution is characterized by five parameters:
B, B, v, A, and &,. (ii) Equation (z) can be used to examine the effect of
cutaneous blood perfusion on surface heat flux. Changing blood flow rate
through the cutaneous layer is an important mechanism for regulating body
temperature. (iii) The solution does not apply to the special case of zero
blood perfusion rate since # and [, appear in the differential equations as
coefficients of the variables & and ¢, respectively. To obtain the solution
to this case, f and £. must be set equal to zero in equations (m) and (n)
prior to solving them.
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PROBLEMS

10.1  Pennes[1] obtained experimental data on temperature distribution in
the forearm of several subjects. The average center and skin surface
temperatures were found to be 36.1°C and 33.6°C, respectively.
Use the Pennes model to predict these two temperatures based on
the following data:
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¢, = specific heat of blood = 3.8 J/g—°C

h = heat transfer coefficient= 4.18 W/m?*—°C

k, = thermal conductivity of blood = 0.5 W/m—°C
k = thermal conductivity of muscle = 0.5 W/m—°C
g = metabolic heat production= 0.000418 W/cm?>
R = average forearm radius= 4 cm

T,, =363°C

T,=266°C

W, =volumetric blood perfusion rate per unit tissue volume
=0.0003cm’/s/cm’

p,, =blood density = 1050 kg/m*

10.2 Blood perfusion rate plays an important role in regulating body

10.3

10.4

temperature and skin heat flux. Use Pennes’s data on the forearm of
Problem 10.1 to construct a plot of skin surface temperature and
heat flux for blood perfusion rates ranging from w, =0 to

w, =0.0006 (cm?/s)/em’ .

Certain clinical procedures involve cooling of human legs prior to
surgery. Cooling is accomplished by maintaining surface
temperature below body temperature. Model the leg as a cylinder of
radius R with volumetric blood perfusion rate per unit tissue volume
W, and metabolic heat production rate ¢,,. Assume uniform skin
surface temperature 7. Use the Pennes bioheat equation to
determine the steady state one-dimensional temperature distribution
in the leg.

A manufacturer of suits for divers is interested in evaluating the
effect of thermal conductivity of suit material on skin temperature.
Use Pennes model for the forearm to predict skin surface
temperature of a diver wearing a tight suit of thickness & and
thermal conductivityk,. The volumetric nT,

blood perfusion rate per unit tissue volume
is W, and metabolic heat production rate
is gy. The ambient temperature is 7, and
the heat transfer coefficient is 4. Neglect
curvature of the suit layer.
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Consider the single layer model of the
peripheral tissue of Example 10.2. Tissue
thickness is L and blood supply
temperature to the deep layer at x =0
is T,,. The skin surface exchanges heat ko (%)
by convection. The ambient temperature

skin #,T,

n
9

is 7, and the heat transfer coefficient is

X
h. Assume that the vascular geometry T
function V(&) can be approximated by
2 0 T, ao
V(E)=A+BE+CET,

where
A=632x10", B=-159x10", and C=10x10"".
Use the Weinbaum-Jiji simplified bioheat equation to obtain a

solution to the temperature distribution in the tissue. Express the
result in non-dimensional form using the following dimensionless

quantities:
T-T mL2 I
g=— "o g, AT Bi:h—,
TaO_Too L k(TaO_Too) k
Pe, = 2PCp gt ‘

ky
Construct a plot showing the effect of Biot number (surface

convection) on tissue temperature distribution @(&) for Pe, =180,
y =0.6 and Bi =0.1 and 1.0.

. ) cutaneous /];
In Example 10.3 skin surface is \ rs )
Web

I

maintained at specified temperature.
To examine the effect of surface
convection on skin surface heat flux, w,  tissue
repeat Example 10.3 assuming that L

the skin exchanges heat with the =

surroundings by convection. The T T
ambient temperature is 7., and the

0 7.1
L T po \ i
heat transfer coefficient is 4.
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The vascular geometry of the peripheral tissue of Example 10.2 is
approximated by a polynomial function. To evaluate the sensitivity
of temperature distribution to the assumed vascular geometry
function, consider a linear representation of the form

V(g)=A+Bg,

where 4=6.32x10"" and B =-6.32x107. Determine &, / k
and @(&) for ¥ =0.6 and Pe, =180. Compare your result with
Example 10.2.

A digit consists mostly of bone surrounded by a thin cutaneous
layer. A simplified model for analyzing the temperature distribution
and heat transfer in digits is a cylindrical bone covered by a uniform
cutaneous layer. Neglecting axial and angular variations, the
problem reduces to one-dimensional temperature distribution.
Consider the case of a digit with negligible metabolic heat
production. The skin surface exchanges heat with the ambient by
convection. The heat transfer coefficient is 4 and the ambient
temperature is 7, . Using the Pennes equation determine the steady
state temperature distribution and heat transfer rate. Note that in the
absence of metabolic heat production the bone in this model is at
uniform temperature.

Fin approximation can be applied in modeling organs such as the
elephant ear, rat tail, chicken legs, duck beak and human digits.
Temperature distribution in these organs is three-dimensional.
However, the problem can be significantly simplified using fin
approximation. As an example, consider the rat tail. Anatomical
studies have shown that it consists of three layers: bone, tendon and
cutaneous layer. There are three major axial artery-vein pairs: one
ventral and two lateral. These pairs are located in the tendon near
the cutaneous layer as shown. The ventral vein is small compared to
the lateral veins, and the lateral arteries are small compared to the
ventral artery. Blood perfusion from the arteries to the veins takes
place mostly in the cutaneous layer through a network of small
vessels. Assume that blood is supplied to the cutaneous layer at
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uniform temperature 7, all along the tail. Blood equilibrates at the
local cutaneous temperature 7" before returning to the veins. Assume
further that (1) cutaneous layer, tendon and bone have the same
conductivity, (2) negligible angular variation, (3) uniform blood
perfusion along the tail, (4) negligible metabolic heat, (5) steady
state, (6) uniform outer radius and (7) negligible temperature
variation in the radial direction (fin approximation is valid,
Bi <<1). Surface heat exchange is by convection. The heat
transfer coefficient is 4 and the

cutaneous

ambient temperature is 7,,. Using latral
atra

Pennes model for the cutaneous artery
/

tendon
layer, show that the heat equation

for the rat tail is given by

d*o
2_(m+ﬂ)€+m:07 latral
dé: vein
where
T_T artery
6= £=7,
I,-T, L
. 2hI? . Wy Py, L

kR k

Here L is tail length, R tail radius ! @
X <—

and x is axial distance along the tail.

Consider the rat tail model described in Problem 10.9. Assume that
the base of the tail is at the artery supply temperature 7, and that
the tip is insulated. Show that the axial temperature distribution and
total heat transfer rate from the tail are given by

(%) = ﬂ’" (tanh /3 + m)sinh B+ m & - cosh [+ mé+1],

+m
and

m mtanh,/f +m

Bem (BrmnBim|

q=2mhRL(T,, - T,)|1-
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Construct a plot of the axial temperature distribution and calculate
the heat transfer rate for the following data:

¢, =3. SL h—159W m’ s W-m
g— °c’
L=225cm, R=0.365cm, 7,, =36 °C, T, =22.5°C,
3
/
Wy = 0019472 p=1.05-5.
cm cm
Studies have shown that L >|
blood perfusion along the rat < Ll_)‘
tail is non-uniform. This I ' '
. .
case can be analyzed by 0l—>x Wy, Wyy

dividing the tail into sections
and assigning different blood
perfusion rate to each section. Consider the rat tail described in
Problem 10.9. Model the tail as having two sections. The first
section extends a length L, from the base and the second has a
length of (L—L,). Blood perfusion rate in the first section
is wy; and in the second section Ww,,. Determine the axial
temperature distribution in the tail in terms of the following
dimensionless quantities

T-T, X L 2hL?
=—, = e m = ,
T, -T, 6= L d L kR
_ Wb1PbeL2 _ szPbeLz
ﬂl - k 5 ﬂ2 - k

The cutaneous layer of a peripheral tissue is supplied by blood at
temperature 7, and a fotal flow rate /4 .- The tissue is supplied by
blood at temperature 7, and fotal flow rate Wb. Tissue thickness
is L and cutaneous layer thickness is ;. One mechanism for
regulating surface heat loss is by controlling blood flow through the
cutaneous layer. Use the Weinbaum-Jiji simplified bioheat equation
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. . W, Lw
to examine the effect of blood flow ratio, R =—Cb=1—_d’, on
Wb LWb

surface heat flux. The skin is maintained at uniform temperature 7.
Assume a linear tissue vascular geometry function of the form

V(E)=A+BE.

10.13 Studies have concluded that the plates on the back of the dinosaur
Stegosaurus served a thermoregulatory function as heat dissipating
fins [19]. There are indications that
the network of channels within the
plates may be blood vessels. Model
the plate as a rectangular fin of
width W, length L and thickness .
Use the Pennes model to formulate
the heat equation for this blood

perfused plate. The plate exchanges
heat with the ambient air by
convection. The heat transfer
coefficient is /4 and the ambient
temperature is 7. Assume that

o0

blood reaches each part of the plate
at temperature 7, and that it
equilibrates at the local temperature 7. Assume further that (1)
blood perfusion is uniform, (2) negligible metabolic heat
production, (3) negligible temperature variation along plate
thickness ¢ (fin approximation is valid, Bi <<1), (4) steady state
and (5) constant properties. Show that the heat equation for this
model is given by

2

%—(m+ﬂ)9+m=0,

dg
where
_ T-T, fo X m:2h(W+t)L2 ﬂ:wbp,,cbﬁ'
T,-T, L’ kwe k



Problems 341

10.14 Modeling the plates on the back of the dinosaur Stegosaurus as

10.15

rectangular fins, use the bioheat fin equation formulated in Problem
10.13 to show that the enhancement in heat transfer, 77, due to
blood flow is given by

ﬂ‘l‘L
q _ Jm NB+m

q, _,B+m tanh /m ’

tanh /S +m

77:

where
- 2h(W +1) L . Wy L
kwe k
q = heat transfer rate from plate with blood perfusion
q, = heat transfer rate from plate with no blood perfusion

Compute the enhancement 77 and total heat loss from 10 plates for
the following data:

¢, = specific heat of blood=3800J/kg—°C

h = heat transfer coefficient=14.9 W/m?*—°C

k = thermal conductivity = 0.6 W/m—°C

L =plate length=0.45m

t =plate thickness= 0.2m

T, =blood supply temperature= 37 °C

T,, = ambient temperature= 27 °C

W, =blood perfusion rate per unit tissue volume
=0.00045 (cm® /s)/cm’

W = plate width = 0.7 m

p,, =blood density = 1050 kg/m*

Elephant ears serve as a thermoregulatory device by controlling
blood supply rate to the ears and by flapping them. Increasing blood
perfusion increases heat loss due to an increase in surface
temperature. Flapping results in an increase in the heat transfer
coefficient as air flow over the ears changes from natural to forced
convection. Consider the following data on a 2000 kg elephant
which generates 1640 W:

¢;, = specific heat of blood = 3800J/kg—°C
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h, =natural convection heat transfer coefficient= 2 W/m*—°C

h s = forced convection heat transfer coefficient (flapping)
=17.6 W/m*-°C

k = thermal conductivity = 0.6 W/m—°C

L = equivalent length of square ear = 0.93m

t = average ear thickness= 0.6cm

T,, =blood supply temperature= 36 °C

T, = ambient temperature = 24 °C

W, =blood perfusion rate per unit tissue volume
=0.0015 (cm’ /s)/cm’
p,, =blood density = 1050 kg/m’

Neglecting metabolic heat production in the ear, model the ear as a
square fin using the bioheat equation formulated in Problem 10.13
to determine the total heat
transfer rate from two sides
of two ears with and without

flapping. In addition compute
the enhancement in heat
transfer for the two cases.

Define enhancement 77 as
q
n=—,
9,

where

q = heat transfer rate from ear

q,, = heat transfer rate from ear with no blood perfusion and no

flapping

Cryosurgical probes are used in medical procedures to selectively
freeze and destroy diseased tissue. The cryoprobe surface is
maintained at a temperature below tissue freezing temperature
causing a frozen front to form at the surface and propagate outward.
Knowledge of the maximum frozen layer or lesion size is helpful to
the surgeon in selecting the proper settings for the cryoproble.
Maximum lesion size corresponds to the steady state temperature
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distribution. Consider a planar probe which is inserted in a large
region of tissue. Probe

thickness is L and its unfrozen x; w, / T,

surface temperature is 7). X

Usi . frozen T,
sing the s-vessel tissue ya

cylinder model, determine E‘probe 0 ‘ L
the maximum lesion size

for the following data:

¢, = specific heat of blood =3800J/kg—°C
L = probe thickness = 4mm
k = thermal conductivity of unfrozen tissue= 0.6 W/m—°C
k, = thermal conductivity of frozen tissue=1.8 W/m—°C
g = metabolic heat production= 0.021W/cm’
T, =artery blood temperature = 36.5 °C
T, =tissue freezing temperature =0 °C
T, =probe surface temperature = —42 °C
w,, =blood perfusion rate per unit tissue volume
=0.0032 (cm’ /s)/cm’
P, =blood density = 1050 kg/m”’

AT =0.75

10.17 A cylindrical cryosurgical probe consists of a tube whose surface
temperature is maintained below tissue freezing temperature T’ I
The frozen region or lesion around
the cryoprobe reaches its maximum
size at steady state. Predicting the
maximum lesion size is important
in avoiding damaging healthy tissue
and in targeting diseased areas.

Consider a cylindrical probe which
is inserted in a large tissue region. unfrozen

Probe radius is 7, and its surface

temperature is 7. Metabolic heat

production is g, and blood perfusion rate is w;. Let T be the
temperature distribution in the unfrozen tissue and 7 the
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temperature distribution in the frozen tissue. Using the s-vessel
tissue cylinder model, determine the steady state temperature
distribution in the two regions and the maximum lesion size. Note
that the conductivity of frozen tissue k, is significantly different
from the conductivity k of unfrozen tissue. Express the result in
dimensionless form using the following dimensionless quantities:

gl =lao o L=l om0
Tf_TabO’ y Tf_TO’ I"o, ! I"o,

B = WbeCbAT*”oz y= dm s '

k k(Tapo = T)

10.18 A brain surgical procedure requires the use of a spherical
cryosurgical probe to create a frozen region (lesion) 6 mm in radius.
A 3 mm radius spherical cryoprobe is selected for insertion into the
diseased area. Using the Pennes model, determine the required
probe surface temperature such that the maximum lesion size does
not exceed 6 mm. Note that maximum size corresponds to the
steady state temperature distribution in the frozen and unfrozen
regions around the probe. The following data is given

¢, = specific heat of blood=3800J/kg—°C
k = thermal conductivity of unfrozen tissue= 0.6 W/m—°C
k, = thermal conductivity of frozen tissue=1.8 W/m—°C
g" = metabolic heat production= 0.011W/cm’
T,, = artery blood temperature=36.5 °C
T, = tissue freezing temperature = 0 °C
W, =blood perfusion rate per unit tissue volume
=0.0083 (cm’ /s)/cm’
p,, =blood density =1050 kg/m®

10.19 Analytical prediction of the growth of the frozen region around
cryosurgical probes provides important guidelines for establishing
probe application time. Consider the planar probe described in
Problem 10.16. Use the s-vessel tissue cylinder model and assume a
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quasi-steady approximation to show that the dimensionless interface
location &; is given by:

_ %[,15[ —In(1+ A&)],

where
7:M _\/_k(Tf abO) 1_{_1 (f :ﬁ
pL* 2 ko(T,-T,) | p| 7" L’
. *52 m 52
Wy PpCy AT L _ dn i

B =

2

k k(T —T,)

where £ =333,690J)/kg is the latent heat of fusion and
ps =1040 kg/m3 is the density of frozen tissue. How long should
the probe of Problem 10.16 be applied so that the frozen layer is 3.5
mm thick?

Consider the cylindrical cryosurgical described in Problem 10.17.
Using the s-vessel tissue cylinder model and assuming quasi-steady
interface motion, determine lesion size as a function of time.

10.21 The spherical cryosurgical probe of Problem 10.18 is used to create a

10.22

lesion corresponding to 95% of its maximum size. Using the Pennes
model and assuming quasi-steady interface motion, determine the
probe application time. Probe temperature is 7, = —29.6°C, latent
heat of fusion is £ = 333,690 J/kg and the density of frozen tissue
is p, =1040kg/m> .

Prolonged exposure to cold environment of elephants can result in
frost bite on their ears. Model the elephant ear as a sheet of total
surface area (two sides) 4 and uniform thickness 0. Assume
uniform blood perfusion W, and uniform metabolic heat g, . The
ear loses heat by convection. The ambient temperature is 7,, and
the heat transfer coefficient is 4. Using lumped capacity
approximation and the Pennes model, show that the dimensionless
transient heat equation is given by
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do
—— =1+ -01+50,
dr
where
. T-T, e 2h ; ﬁ:wbpbcb5 __ 4x9 '
T,-T, Spc’ 2n 20T, —T,,)

Here p is tissue density and c tissue specific heat. The subscript b
refers to blood. Determine the maximum time a zoo elephant can
remain outdoors on a cold winter day without resulting in frost bite
when the ambient temperature is lower than freezing temperature

T - Assume that initially the ears are at uniform temperature T.
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11.1 Introduction

Heat conduction at the microscale can be dramatically different than at the
macroscale. The differences become clear by comparing the thermal
conductivity of a “bulk” material (that is, a large sample that is by
definition free of microscale effects) to the effective thermal conductivity
of a microscopic sample of the same material. The values of thermal
conductivity that are readily available in textbooks and standard reference
books (so-called “handbook values™) apply to bulk samples, but must be
used with great caution for microscale samples. As one example,
according to a standard reference [1], the thermal conductivity k of pure
silicon at room temperature is 148W/m-°C. This value is appropriate for
silicon samples with characteristic lengths ranging from meters to
millimeters to microns. However, a silicon nanowire of diameter 56 nm
(1nm =10 m) has thermal conductivity of only 26 W/m-°C [2], a reduction
by more than a factor of five compared to the bulk value. The reductions
are even more dramatic at low temperature: at 20 K the values are
4940 W/m-°"C for bulk Si [1], and 0.72W/m-"C for the Si nanowire [2], a
difference of more than a factor of 6000! By the end of this chapter,
readers should understand the physical reasons for this tremendous
reduction, and be able to evaluate it numerically with approximate
calculations.

Although the great majority of microsystems follow this same pattern of
having thermal conductivity less than their bulk counterparts, there are also
certain materials that exhibit nanoscale thermal conductivity greater than
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their bulk forms. Carbon is the most prominent example. At 300 K the
thermal conductivity of bulk diamond is 2310 W/m-"C, and the value for
graphite (in-plane) is 2000 W/m-°C [1], whereas single-walled carbon
nanotubes have been measured with thermal conductivity of 3500 W/m-°C
and up [3,4].

These dramatic variations in the thermal conductivity between macro- and
micro-systems are of great importance for many modern applications. The
feature sizes in microelectronics (transistors and memory) and some
optoelectronics (certain solid-state lasers) are now in the range of 100 nm
or less, and the corresponding reduction in the thermal conductivity of the
constituent materials presents a serious obstacle to dissipating heat away
from the device regions. Of course, there are also applications where
reduced thermal conductivity is desirable, for example, in thermoelectric
energy converters [5] and thermal barrier coatings.

11.1.1 Categories of Microscale Phenomena

Heat transfer at the microscale is a rich and challenging research field that
encompasses many different phenomena [6-9]. The classical Fourier law
of diffusive heat conduction will break down for processes that are too fast,
or systems that are too small. In this chapter we will limit ourselves to the
second category, by focusing exclusively on steady-state problems. The
essential questions are:

e What are the physical mechanisms by which the classical macroscopic
Fourier’s law will fail for small systems?

e At what length scales does this happen?

e How can we modify the macroscopic Fourier’s law to still be useful at
the microscale? What is the effective thermal conductivity k for a
microstructure such as a nanowire or thin film?

Our framework for answering these questions is shown in Fig. 11.1. A
useful concept for discussing the fundamentals of microscale heat transfer
is the “wavepacket.” As shown in Fig. 11.1(a), a wavepacket is a wave-
like disturbance that is localized within a small volume of space. The
wavepacket represents an energy carrier propagating through a medium. A
wavepacket is like a particle in that it has a small size and propagates in a
certain direction, and a wavepacket is like a wave in that it has an average
wavelength A. For heat conduction in an insulator like diamond, the
wavepacket can be thought of as a small pulse of a sound wave, whereas
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for heat conduction in a metal like copper the wavepacket can be thought of
as the wavefunction of an electron. (These energy carriers, and others, will
be discussed in detail later in the chapter.) Figure 11.1(b) depicts the
wavepacket traveling through a medium for an extended period of time.
The characteristic length of the medium is denoted by L, which might be
the thickness of a thin film, or the diameter of a nanowire. Occasionally
the wavepacket collides with something in the medium (for example, an
impurity atom, a grain boundary, or even another wavepacket) which
causes the packet to scatter and change direction. These collisions impede
the packet’s progress through the medium, thereby slowing down the
energy transport from bottom to top in Fig. 11.1. The average distance
between such scattering events is known as the “mean free path,” denoted
by A. Aslongas A<<A<<L, we can generally ignore the wave nature of
the packet, and treat it simply as a particle [10].

In Fig. 11.1(c) the characteristic length has been decreased to be smaller

- Smaller L
Characteristic length, L
N\ \
%‘- z‘ A
.V: N N
<R 2K _|.‘ A ’4_
N
\
9
' 2 R
\V/
N2
Qs /,-’ I
7/\‘~~\ :\n<
v collision h/8 '/
A
=
L>A>> A1 AZL>A L~A

(@) (b) (¢ (d)

Fig. 11.1 (a) A wavepacket of wavelength A propagating from bottom to top. (b)
Bulk behavior: wavepacket in a large system with characteristic length L. The
average distance between collisions is the mean free path, A. (c) Classical size effect
(the focus of this chapter): If the characteristic length is reduced to be comparable to
or smaller than A, the frequency of collisions is greatly increased by scattering on the
boundaries of the system. The wavepacket can be treated as a particle. (d) Quantum
size effect: If the characteristic length is further reduced to be comparable to the
wavelength, the wavepacket can no longer be treated as a particle, and a more
sophisticated analysis is required.
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than A. In this case the wavepacket has numerous collisions with the
boundaries of the system (for example, with the surfaces of a thin film),
and these collisions further impede the energy flow from bottom to top.
This is the essence of the “classical size effect,” which is the focus of this
chapter. Because the wavelength is still small compared to L and A, we
again ignore the wave nature of the packet and approximate it as a particle.
(The reader is advised that there are certain systems where this particle
approximation breaks down even though 4 <<A,L [6]. The most common
failure is transport perpendicular to multilayer structures with interfaces
that are very sharp compared to A, most notably the constructive and
destructive interference of light rays in thin film optics. The propagation of
sound waves through multilayer thin-film “superlattices” is less commonly
a concern, because the roughness of the layer interfaces is usually not
negligible compared to A. When the particle approximation does break
down, such systems require a more careful treatment of multiple coherent
scattering events [6,7], which is beyond the scope of this chapter.)

Finally, Fig. 11.1(d) depicts the “quantum size effect.” If the system length
is so small as to be comparable to the wavelength of the energy carrier,
then the wave nature of the wavepackets cannot be ignored. For example,
due to the boundary conditions at the surfaces of a thin film, the
wavelengths may be quantized into discrete allowed values. In this case
the calculations become much more complicated than for the classical size
effect [6,7]. The quantum size effect is not discussed in this chapter.

11.1.2 Purpose and Scope of this Chapter

The purpose of this chapter is to introduce the key concepts of the classical
size effect in steady-state heat conduction at the microscale, in a manner
accessible to readers coming from a background in classical engineering
heat transfer. In particular, we do not assume any background in solid state
physics, quantum mechanics, or statistical thermodynamics.

It is hoped that this chapter will help the dedicated reader develop the skills
to think critically about the major issues in the field, to be confident
reading a specialized journal paper, and to make realistic numerical
estimates for the heat transfer in a range of microscale systems.

Readers interested in pursuing this subject at a more advanced level can
choose from several excellent resources, including comprehensive
textbooks by Chen [6] and Zhang [7] and a volume edited by Volz [8].
Also of particular value are an extensive chapter by Majumdar [9], and a
review article by Cabhill ez al. [11]. Truly dedicated students may also want
to strengthen their background in the supporting subjects of solid state
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physics  [12-14], quantum mechanics [15,16], and statistical
thermodynamics [17,18].

The chapter is organized as follows. In Section 11.2 we introduce the
framework of kinetic theory and derive a key equation for the thermal
conductivity of a substance in terms of other, more fundamental properties.
These fundamental properties are outlined in Section 11.3 for four
important types of energy carriers, with coverage of ideal gases, metals,
insulators, and radiation. Finally, in Section 11.4 we introduce theoretical
tools to model the thermal conductivity reduction in nanostructures
including nanowires and thin films.

11.2  Understanding the Essential Physics of Thermal Conductivity
Using the Kinetic Theory of Gases

Microscale heat transfer in solids can be understood using a variety of
theoretical approaches, including the Boltzmann transport equation,
molecular dynamics, the Landauer formalism, the Green-Kubo formalism,
radiation analogies, and other techniques [6-9,11]. In this chapter we focus
on the theoretical framework of kinetic theory, because this approach offers
maximum physical insight for minimal complexity, and can be applied
fruitfully to a wide range of realistic problems in microscale conduction.
Furthermore, we shall see that in many cases even the results of more
complicated analyses (e.g. Boltzmann equation, Landauer formalism) can
still be understood and explored using kinetic theory.

11.2.1 Derivation of Fourier’s Law and an Expression for the
Thermal Conductivity

Figure 11.2(a) depicts a gas of particles, such as the individual molecules in
an ideal gas. Later we will generalize this derivation to other types of
particles, such as free electrons in a solid piece of metal. Some particles
travel faster than others, but their representative speed is denoted by v.
Consider the particle labeled “1” in Fig. 11.2(a,b). At the instant in time
depicted in Fig. 11.2(a), it is clear that particle 1 is on a collision course
with particle 2. Thus, a short time later these two particles collide, as
indicated in Fig. 11.2(b). The collision changes the direction of both
particles, and also causes some energy to be exchanged between them.
Thus, if particle 1 was initially “hot” compared to particle 2, after the
collision in Fig. 11.2(b), particle 1 will have given up some of its energy to
particle 2. This energy exchange is an essential feature of the kinetic
theory framework.
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Such collisions happen repeatedly over time, causing each particle to
undergo a “random walk” between collisions (Fig. 11.2(c)), exchanging
energy in every collision. The distance that a particle travels between any
two consecutive collisions is called the free path, and the average value of
this free path over many collisions is called the “mean free path,” which we
denote by A. It is sometimes helpful to consider the corresponding “mean
free time” between collisions, denoted by T, and defined through the simple
relation

A=vz. (11.1)

Now let this gas of particles be placed in a large box with a negative
temperature gradient in the x-direction. That is, the particles are hotter
towards the left (small x) and colder towards the right (large x). As shown
in Fig. 11.2(d), we will evaluate the net energy flow crossing an imaginary
control surface defined by the plane x=x,, by evaluating the difference
between energy flows from left-to-right and from right-to-left.

Consider two control volumes each of thickness A in the x-direction, and
with some large and arbitrary area A in the y-—z direction. The “left”
control volume extends from x, to x, —A, and the “right” control volume
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Fig. 11.2 (a) Schematic of a gas of particles. (b) A collision between two
particles. (c) Each particle undergoes many random collisions over time.
The average distance between these collisions is known as the "mean free
path." (d) Control volumes used to analyze heat transfer.
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extends from x, to x,+A . If we wait a time 7= A/v, approximately half

of the particles in the left control volume will exit that control volume
through the plane x=x,, and the other half will exit through the plane

x=x,—A. Similarly, in that same time 7 approximately half of the
particles in the right control volume will exit through x = x,, and the other
half will exit through x=x,+A.

Due to the imposed temperature gradient, the particles crossing x = x, from
the left control volume are hotter on average than those particles crossing
x =x, from the right control volume. Thus there is a net energy exchange

from left to right. We estimate the energy exchange as follows. The total
energy contained in the left control volume is

Uleft =AA Uleft,avg >

where U is the internal energy in J (joules), and U lefr.ave 18 the internal

energy density per unit volume, in J/m’, averaged over the left control
volume. (Note that it will prove more convenient to work with energy per
unit volume [J/m’] rather than energy per unit mass [J/kg], even though the
latter quantity is more common in engineering thermodynamics. Properties
per kg are easily converted to a per m® basis simply by multiplying by the
mass density p. For example, U, .o = Pllp 4, -) Similarly, the energy in

the right control volume is

Urighl =A AUright,avg .
As a result of the energy leaving each control volume, the net energy
crossing x = x; is thus

Al]LR = %Uleft _%Uright = %AA(Uleft,avg - Uright,avg ) .
We next assume that U is a smoothly-varying function of x which can be
approximated as a straight line over very small distances of the order of A.

This means that

Ulefl,avg = U(x() _%A) ’

namely, U evaluated at the location x, -+ A. Similarly,
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U =U(xy +1 7).

right,avg

Now we use a Taylor series expansion to write

du

Uleﬁ‘,avg _Urighz‘,avg = _|:d_:| A. (1 12)
x 1y,

Our assumption that the energy density of the particles conforms to the

local temperature, even at the microscale, is also known as the assumption

of local thermodynamic equilibrium.

The exact analysis of this problem shows that the correct expression is only
2 aslarge aseq. (11.2),

3

du
Uleft,avg _Uright,avg = _%l:g:| A
R

This 2 coefficient is found from a more careful treatment of the full three-
dimensional problem including the varying locations of the particles’ most
recent collisions. For the rest of this chapter we proceed using the correct

% coefficient.

We wish to present our results in terms of temperature rather than internal
energy, so we use the chain rule of calculus to write

U _dvdr_ dr
dx dT dx dx

’

where C = pc, is the specific heat capacity at constant volume, per unit
volume, in J/m’—°C. Notice again the normalization per unit volume
rather than per unit mass.

Finally, we collect our results, and divide by the area and the elapsed time
to evaluate the heat flux in W/m™:

~ AU _ 1) T (11.3)
AT dx

"

Notice the proportionality between ¢'' and dT/dx: here we have derived
Fourier’s law of heat conduction, an equation which is usually presented as
an empirical experimental observation. Furthermore, we have derived an
equation for the thermal conductivity of a gas of particles:
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k=%CvA. (11.4)

1
3
These last two equations are the most important theoretical results in the
study of heat conduction by kinetic theory. Equation (11.4) in particular
forms the framework for the rest of this chapter. To understand heat
conduction in any system, we need to methodically evaluate each term in
eq. (11.4): what are the specific heat capacity, the particle velocity, and the
mean free path? In microscale systems, we will see that the small size of
the microstructure will generally reduce A without affecting C or v, thus
leading to reductions in the thermal conductivity.

11.3 Energy Carriers

Having derived the kinetic theory expression eq. (11.4), we now discuss the
relevant properties C, v, and A for a range of heat-conducting materials.
We will begin with an ideal gas, the system for which kinetic theory is
most easily understood. However, one of the most powerful aspects of our
kinetic theory derivation is that the key results, eqs. (11.3) and (11.4), are
also directly applicable to heat conduction in solids, as long as we can
identify the corresponding “particles” that carry the heat. Thus we will
extend our analysis to metals, such as gold and copper, as well as insulators
and semiconductors, such as diamond and silicon. Finally, we will further
extend this kinetic theory approach to heat transfer by radiation. In all
cases (ideal gas, metal, insulator, radiation), we first identify the important
energy carrier, and then ask the same three questions: For these carriers,
what is C? What is v? And what is A?

11.3.1 Ideal Gases: Heat is Conducted by Gas Molecules
The kinetic theory of ideal gases has been thoroughly studied and is well-

understood [19-22]. As a starting point, the reader is certainly familiar
with the ideal gas law,

pV =m,,RT , (11.5)

where p is absolute pressure, V is volume, m, . is the total mass of the gas,

tot
T is absolute temperature in Kelvin, and R is the gas constant for the

particular gas being studied, found from

R=R, /M, (11.6)
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where R, =8.314 J/mol-K is the universal gas constant, and M is the
molecular weight of the gas molecule. It will also prove convenient to
express R, as

Ry =N kg, (11.7)

where N, =6.022x10%mol™ is  Avogadro’s  number, and
ky =1.381x107 J/K is Boltzmann’s constant.

Note that in eq. (11.5) it is essential to express 7T in units of Kelvin (K)
rather than centigrade (°C). This need to use absolute units is a recurring
theme in this chapter, for all types of energy carriers. In this chapter the
reader is strongly encouraged to use absolute units throughout, although
conversion back to centigrade units can be made as the final step if desired
when solving any particular problem. In particular note that W/m-°C and
W/m-K are equivalent, as are J/m® —"C and J/m® K.

In the rest of this section we summarize the main results that are useful for
understanding the thermal conductivity of ideal gases. It is important to
distinguish between monatomic gases (such as Ar and He) and
diatomic/polyatomic gases (such as N,, O,, CO,, and H,O). The key
distinction between these two categories is that a molecule of a monatomic
gas can only store energy in its translational kinetic energy, whereas a
molecule of diatomic/polyatomic gas has additional mechanisms for energy
storage, namely rotational kinetic energy and interatomic vibrations within
the molecule. These additional mechanisms make an exact theory much
more complicated. Therefore, for simplicity we will focus our discussion
on monatomic gases, while briefly commenting on the connections to
diatomic/polyatomic gases.

Specific heat. Recall from the basic thermodynamics of an ideal gas that
the specific heats at constant pressure (c,) and constant volume (c,),
expressed on a per-unit-mass basis, are always related through

c,=c,*+R [J/kg-°C].

To convert to a per-unit-volume basis, we multiply by the density
p=p/RT tofind

C,=C,+p/T  [Jm’-Cl. (11.8)



11.3 Energy Carriers 357

For a monatomic ideal gas, the specific heat has the particularly simple
form

¢, =3R,

3p
c =2£ 11.9
Y ( )

The specific heats of diatomic and polyatomic gases have a similar form
but the numerical coefficient is in general a function of temperature that is
larger than or equal to 2, a reflection of the additional modes of energy

storage.

Speed. Even at fixed pressure and temperature, the molecular speeds are
distributed over a broad range of values. The distribution of speeds
depends on the temperature and is known as the Maxwellian velocity
distribution.  For simplicity we would like to represent that entire
distribution by a single representative “thermal velocity” v,,, for use in the
kinetic theory framework of eq. (11.4). We will represent v,, by the root-
mean-square (rms) velocity v,,,, given by

vy =V, =3RT . (11.10)

— Vrms

Other relevant velocities that are sometime used to characterize a
Maxwellian distribution are the most-probable speed (v,,, =V2RT ), the

mean speed (v,,,, =y2RT ), and the speed of sound (v, =+7RT),
where y=c,/c,. Note that all of these velocities are proportional to

VRT , with numerical prefactors varying by only tens of percent.

Mean free path. For ideal gas molecules the mean free path between
collisions is

1
Aoy = ———»
coll T /_277612

where n=pN,/M = p/kgT is the average number of molecules per unit
volume and d is the effective diameter of the gas molecule. This
expression accounts for the relative motion between the different molecules
[19]. However, when molecules collide, they do not exchange 100% of
their energy. The effectiveness of the energy exchange depends on
whether the molecules are monatomic or diatomic, and how the
intermolecular forces are modeled. Based on several different detailed
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calculations for a monatomic ideal gas modeled as elastic spheres [19,22],
the mean free path for energy exchange is given to within about 2% by

12 E 12 JkBT ‘ ALY

A = =
“ 5J3xnd® |\ 537 ) pd?

Note that A,, is about 3.5x larger than A and thatitis A, (not A, )
that is the correct choice for evaluating thermal conductivity using eq.
(11.4). For diatomic and polyatomic ideal gases, the energy-exchange
mean free path has a similar form as eq. (11.11), but there is no such tidy
theory for the numerical coefficient.

coll »

Example 11.1: Thermal Conductivity of an Ideal Gas.

The molecular diameter of He at 0°C and atmospheric pressure was

determined to be d=02193nm using viscosity measurements [22].

Calculate the corresponding thermal conductivity, and compare with the

experimental value listed in Appendix D.

(1) Observations. Helium is a monatomic gas, so we expect the theory

outlined above to work well here.

(2) Formulation.

(i) Assumptions. (1) Helium can be modeled as a monatomic ideal gas.

(2) Helium atoms can be treated as elastic spheres.

(ii) Governing Equation. We will evaluate the kinetic theory expression

eq. (11.4) using the expressions for C, v, and A given above in eqs. (11.9),

(11.10), and (11.11).

(3) Solutions.

Specific heat. Application of eq. (11.9) at 273.15 K and 101,300 Pa gives
_3p _3101,300Pa I

g = =556.3 ,
2T 2 273.15K m’ —°C

where we have used the convenient identity that 1Pa =1J/m” .
Speed. The atomic weight of He is M =4.003 g/mol , so from eq. (11.7) we
have R =R, /M =2077J/kg-K . Thus, using eq. (11.10) we have

vy, =V3RT =4/3(2077J/kg - K)(273.15K) =1305 m/s .

Mean free path. Applying eq. (11.11), we have
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R :{ 12 JkBT { 12 J(1.381><10‘23J/K)(273.15K)
en (

5V3z ) pd®  (5V37 )(101.300Pa)(0.2193x10m
o 3
A,, =605%10 > =605nm .
Pa-m

Thermal conductivity. Combining these values for C, v, and A, we find

k=LCvA= %[556.3 ! J[l3052j(605nm) ~0.1464— .
S

m3-°C m-"C

For comparison, from Appendix D the experimental value of £ at 0°C is
0.142 W/m-°C. The error in our calculation is therefore

0.1464-0.142
0.142

error = 3.1%.

(4) Checking. Dimensional check. The wunits of CvA are
(J-m?-°C"(m-s"")(m), correctly giving W/m-°C, the required units of k.

(5) Comments. (1) The observed 3.1% error in k is only slightly larger
than the 2% uncertainty stated in our equation (11.11) for A, and also
reflects experimental uncertainty in the values we used for d and k from
Appendix D. Overall this agreement between theory and experiment is
very good. (2) This mean free path of 605 nm may appear quite small, but
because helium’s d is smaller than all other gases, this value of A is
actually a relatively large value for an ideal gas. As revealed by eq.
(11.11), molecules with larger diameters will necessarily have smaller A.
(3) You may wonder what would happen if this helium gas were used to
conduct heat between parallel plates with a gap much less than the
calculated mean free path of 605 nm. This very important question refers
to a “classical size effect,” which is discussed later in the chapter. (4) See
also the end-of-chapter Problems 11.1-11.3.

11.3.2 Maetals: Heat is Conducted by Electrons

For the purposes of heat conduction, the defining feature of a metal is that
it has a very large concentration of electrons that are free to roam
throughout the material. These “free electrons” are responsible for the very
high electrical conductivity of metals such as copper and gold. In addition,
besides carrying charge, these free electrons also carry energy, and thus are
the dominant transporter of heat in metals.
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A theoretical discussion of the thermal properties of electrons in metals
requires some knowledge of solid-state physics and thus is beyond the
scope of this chapter. However, the key theoretical results are simple and
compact, and are now presented below.

Speed. The electrons that contribute to heat conduction in a given metal all
travel at virtually the same speed, known as the Fermi velocity, v, for that
metal. These electrons are very fast indeed: as shown in Table 11.1, typical
values of v, are around 1-2x10°m/s. The Fermi velocity for many
metals can be found tabulated in handbooks and textbooks from the field of
solid state physics. It is also common to characterize the free electrons by
their Fermi energy, E,, which is related to v, simply through
Ep =1m,v}, where m, =9.110x107" kg is the mass of an electron. Thus,
the Fermi energy is simply the kinetic energy associated with an electron
traveling at the Fermi velocity. The Fermi energy is often reported in units
of electron volts, denoted eV, with the conversion 1eV =1.602x107"°J. The
Fermi velocity can also be related to the concentration of free electrons 7, ,
through

Ve =mi(37z2776 )2 (11.12)

e

where 7 =1.055x10"2* J-s is the reduced Planck’s constant.

Table 11.1 Free electron properties of selected metals

Metal | Concentration Fermi Fermi Fermi Specific heat

of free Velocity, Energy, Tempera- coefficient, ¥

electrons, 177, Vi Ep [eV] ture, [J/m? —K?]

m~] [m/s] Tr [K]

Li 470 x 10% 1.29 x 10° 475 5.52%10* 58.1
Na 2.65 x 10% 1.07 x 10° 3.24 3.76 x 10* 48.0
K 1.40x10% | 8.63x 10° 212 2.46 x 10* 38.8
Cu 8.45 x 10% 1.57 x 10° 7.03 8.15x 10* 70.6
Ag 5.85x 10% 1.39x 10° 5.50 6.38 x 10* 62.5
Au 5.90 x 10% 1.39x 10° 5.53 6.42 x 10* 62.6
Al 1.81x10% | 2.03x10° 11.66 1.35x10° 90.9
Pb 1.32 x 10% 1.82x 10° 9.46 1.10x 10° 81.9

Source: Kittel [14]
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Specific heat. The specific heat of free electrons C, also follows a very
simple equation, which we express in three equivalent ways:

C, =17’ ksTI1E,
C, =1mnkyTITy (11.13)
C,=yT.

The second form of eq. (11.13) defines a characteristic “Fermi
Temperature”,
T, =Eg kg (11.14)

and the third form expresses the fact that the specific heat is simply
proportional to temperature, where the coefficient 7 has the units J/m? - K?
and is also summarized in Table 11.1. Note that the electron specific heat
C, is typically several orders of magnitude smaller than the standard
handbook values of C for metals, even though the electrons dominate the
thermal conductivity [23].

Mean free path. The physics of electron scattering in metals is more
complicated than our current treatment allows. Around room temperature
and above, for most metals of reasonable purity the dominant mechanism
of electron scattering is collisions with sound waves [12]. In practice the
electron mean free path in many metals at 300 K and above is
approximately proportional to 7', the inverse of absolute temperature. As
explored in Problem 11.5 at the end of the chapter, the electron mean free
path in metals is typically of the order of tens of nm at room temperature.

11.3.3 Electrical Insulators and Semiconductors: Heat is Conducted
by Phonons (Sound Waves)

The defining feature of electrical insulators (also known as dielectrics) is
the extreme scarcity of free electrons as compared to metals. Of course,
many electrons are still present in such crystals, but due to the nature of the
atomic bonding, essentially all of these electrons are tightly bound to the
vicinity of their parent atomic nucleus: virtually no electrons are free to
roam around the crystal. Note that it is also possible to intentionally add a
small percentage of free electrons to materials that are normally insulating,
by incorporating impurity atoms known as “dopants” into the crystal.
Although technologically very important for modifying the electrical
properties of semiconductors, the additional free electrons due to doping
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are usually only a minor contribution to the thermal conductivity, and thus
are ignored in our treatment below [24].

If free electrons are unimportant, how is thermal energy stored and
transported in dielectric crystals? The answer: atomic vibrations. For heat
transport, the simplest and most important class of atomic vibrations is
sound waves. Sound waves by definition have wavelengths that are much
larger than the typical spacing between individual atoms (this interatomic
spacing is intimately related to, but not always equal to, the “lattice
constant”). In this limit, the wavelength A and oscillation frequency @ (in
rad/s ) follow a particularly simple relationship:

27v,
=
A
Here v, is the speed of sound, which is tabulated in Table 11.2 for several
dielectric materials. You may recognize eq. (11.15) as being analogous to
the equation for the frequency of a light wave from elementary physics.
Indeed, the analogy is quite relevant, and in particular we now introduce

the concept of a “phonon,” referring to the quantum of a sound wave, in the
same way that a “photon” is the quantum of a light wave.

(11.15)

Table 11.2 Acoustic phonon properties of selected solids

Material Number Atoms Sound Debye Thermal
density of per velocity temp- conductivity
primitive unit primitive (effective erature, of solid at
cells, 77 pye uniteell | average), v P 6y [X] 300K, &
[m=] [m/s] [W/m-°C]
C 8.80x10%* 2 13400 1775 2310
Si 2.50x10% 2 5880 512 148
Ge 2.21x10% 2 3550 297 53
Ar 2.66x10% 1 1030 92 (gas)
Kr 2.17x10% 1 867 72 (gas)
Xe 1.64x10% 1 846 64 (gas)

Notes: Debye temperature is based on number density of primitive unit cells.
Carbon is diamond phase. Ar, Kr, and Xe are only solids below 84 K, 116 K,
and 161 K, respectively. Sources: Purdue University Thermophysical
Properties Research Center [1], Kittel [14].
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Phonons are the key to thermal energy storage and transport in insulators.
Although a detailed discussion of phonons is beyond the scope of this
chapter, we now give the essential concepts. As summarized in Table 11.3,
there are two broad classes of phonons: acoustic and optical.

Acoustic phonons can largely be thought of as sound waves following eq.
(11.15), with the modification that there is an upper limit on the allowed
frequencies. That there should be such a limit is evident by noting that the
phonon wavelengths in eq. (11.15) become shorter at higher frequencies.
At sufficiently high frequency, the wavelengths become so short as to be
comparable to the lattice constant. It is unphysical to speak of wavelengths
shorter than twice the interatomic spacing, thus placing an upper limit on
the allowed frequencies. Typical values of the maximum frequency are
10" -10" rad/s , depending on the material. In fact, eq. (11.15) itself breaks
down near these limiting frequencies. If the details of phonon behavior at
high frequencies are important, eq. (11.15) is replaced with a more general
function w=aw(4), which can be found simply by solving Newton’s
equations of motion for a collection of masses and springs (representing the
atomic nuclei and interatomic forces, respectively), a technique known as
“lattice dynamics.” Even a full lattice dynamics solution for w(4) will
always reduce to the linear form of eq. (11.15) in the limit of small @
(large A).

Table 11.3 Comparison between acoustic and optical phonons

Acoustic Phonons Optical Phonons
Present in 51mp.les.t‘crysta.ls (only Yes No
1 atom per primitive unit cell)
Present in cryst;.ﬂs .V\./lth more than Yes Yes
1 atom per primitive unit cell
Relationship between frequency w=2mw, 11
and wavelength i
g (approximately) @~const..
Minimum frequency 0 typically
) 10" -10' rad.
Typically radrs

Maximum frequency 10 210" rad/s

Sound velocity

Zero (common

conductivity

Speed (approximately) approximation)
Important f0.r energy storage Yes Yes
(specific heat)
Important for thermal Yes Usually neglected
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Optical phonons are present in all but the simplest materials. Specifically,
optical phonons are present if and only if the material’s crystal structure
has more than one atom per “primitive unit cell.” A primitive unit cell is
the smallest possible repeating unit that can be used to build up an entire
crystal. In simple crystals including those that are “simple cubic”, “body-
centered cubic”, and “face-centered cubic”, the number of primitive unit
cells is simply equal to the number of atoms. All of the metals in Table
11.1 fall in this category, as do solid Ar, Kr, and Xe (Table 11.2).
However, many important materials (such as Si, Ge, GaAs, and NaCl) have
two atoms per primitive unit cell, and some complicated materials (for
example, Bi,Te;) have even more than two atoms per primitive unit cell.

In contrast to acoustic phonons, the dynamics of optical phonon vibrations
are generally dominated by the oscillations of atoms locally against their
nearest neighbors [12-14]. For example, in the simplest case of two atoms
per primitive unit cell, in the limit of long wavelengths every atom
oscillates 180° out of phase with its neighbors. If adjacent atoms have
opposite electric charges (as in an ionic crystal like sodium chloride, made
up of Na* and CI ions), these oscillations lead to a local electromagnetic
field inside the crystal that oscillates over time, making these crystals
capable of interacting strongly with light of certain frequencies. This is the
reason for the name “optical” phonon.

The oscillation frequencies of optical phonons are slightly higher than the
maximum frequencies of the acoustic phonons, and again typically around

10" -10" rad/s , depending on the material. Importantly, and in contrast to
acoustic phonons, the oscillation frequencies of optical phonons for any
particular crystal are relatively insensitive to changes in the phonon
wavelength. This leads to the very important fact that optical phonons
propagate through the crystal at velocities that are far slower than the speed
of sound — so slow, in fact, that the velocity of optical phonons is
commonly set to zero. Referring to eq. (11.4), this approximation of zero
velocity is of great significance: it implies that optical phonons make a
negligible contribution to the thermal conductivity.

For the purposes of this chapter, when discussing thermal conductivity we
will ignore optical phonons to focus exclusively on acoustic phonons and
use the following approximations, which are generally known as the Debye
approximation.

Speed. All acoustic phonons will be approximated as traveling at the speed
of sound, v,. Real crystals have different sound speeds for transverse

waves (waves with atomic displacements perpendicular to the direction of
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wave propagation) and longitudinal waves (atomic displacements are
parallel to the direction of wave propagation). There are always twice as
many transverse waves as longitudinal waves. We will designate the
former speed as v, and the latter as v ;. For calculations of the thermal

conductivity of nanostructures, it is convenient to combine v, ; and v,

into a single effective sound velocity, in which case the best averaging
method is

v= (22402 (11.16)

Averaging in this inverse-squares sense ensures that the result becomes
exact at low temperature (see problems 11.10 and 11.11 at the end of the
chapter).

Specific Heat. The specific heat in the Debye model is given by an
integral expression (not presented here) which in general must be evaluated
using numerical methods [12-14]. Although the numerical integration is
not difficult, a convenient and practical approximation to the exact Debye
calculation is

= evcky (11.17)
1+ [6”)
4zt T

which is exact in the limits of low and high temperature. In the
intermediate temperature range, eq. (11.17) can be used with less than 12%
error compared to the exact Debye calculation. In eq. (11.17) 77pyc is the
number of primitive unit cells per unit volume, and 8, is the “Debye
temperature,” defined through

h 1/3
6= (672mppc) . (11.18)
B

Both 77, and 6,, are included in Table 11.2.

Readers are advised that a slightly different definition of &, is also in
common use [14], which is identical to eq. (11.18) except that 7, is
replaced by the number density of atoms, 7, . For simple crystals with
one atom per primitive unit cell, the two definitions are equivalent. For
more complicated crystals, the alternate definition results in a higher value
of 8,,. For example, referring to Table 11.2, because silicon has two atoms
per primitive unit cell it must have 7, =27pyc- Thus, the alternate
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definition would lead to a 6,, that is larger by a factor of 2, namely,
645 K [14]. Although this alternate Debye approach defining 6, using
N..ms 18 convenient for calculating the total specific heat, it is inappropriate
for modeling the thermal conductivity because it treats optical phonons as
if they were traveling at v,. Therefore, in this chapter we will use
exclusively 6,, as defined in eq. (11.18) and listed in Table 11.2.

In the limits of low and high temperature, eq. (11.17) reduces correctly to
the well-known limiting expressions

3
C=12;f“ ”PUCkB[eiJ (T<26p), (11.19)
D

C=3pcky (T>16,) . (11.20)

Equation (11.19) is exact for 7/6;,, —0, and can be used up to 7 =3-6,

with errors less than 20% compared to the exact Debye calculation.
Similarly, eq. (11.20) is exact for 7/6,, — o, and can be used down to

T =16, with errors less than 20%. The transition between low and high
temperature regimes occurs around 7 = 6,/3. The low-temperature result

eq. (11.19) is known as the “Debye 7° law”, and the high-temperature
result eq. (11.20) is known as the “Law of Dulong and Petit.”

Note that all of the results in eqs. (11.16) — (11.20) are only for the specific
heat of acoustic phonons. Optical phonons, if present, make their own
contribution, which is commonly described using an “Einstein model” (not
discussed here). The values of specific heat reported in handbooks are for
the total specific heat, including optical and acoustic phonons.

Mean Free Path. The physics of phonon scattering is beyond our present
treatment. At room temperature and above, the thermal resistance is
usually dominated by phonons scattering with other phonons in such a way
that the overall energy flux is impeded, a process known as “Umklapp”
scattering. Like electrons, in practice the phonon mean free path in many
insulators is approximately proportional to 7~' at room temperature and
above. Alloy atoms, if present, can also result in strong phonon scattering
(for example, the Ge atoms in a crystal with composition Sig9Geg;). If a
crystal is “doped” with impurities to generate additional free electrons, the
dopant atoms can also scatter phonons, an effect which is sometimes
significant in reducing the phonon thermal conductivity, especially if the
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dopant concentration is larger than -~ 107 ecm? (~10% m?) [25]. At
temperatures around 300 K and below it may also be important to consider
the effects of phonons scattering off of impurities, isotopes, defects, and
grain boundaries. Phonons may also scatter off of the boundaries of the
sample itself, an effect which is revisited later in the chapter as the
“classical size effect.”
Example 11.2: Thermal Conductivity Trend with Temperature for
Silicon.
In many situations the temperature-dependence of the thermal conductivity
of a material can be approximated with a power law of the form
k(T)=aT", where a and b are constants. Assuming that the mean free
path is proportional to T™", use data from Table 11.2 to propose a power-
law approximation for the thermal conductivity of bulk silicon for
temperatures from 300 K to 1000 K.

(1) Observations. Silicon is extremely important for applications in the
microelectronics industry, and its thermal conductivity has been very well
studied over a broad range of temperatures. However, in this example we
will limit ourselves to the information given in Table 11.2.

(2) Formulation.

(i) Assumptions. (1) The thermal conductivity is dominated by acoustic
phonons, for which the Debye model is an adequate approximation. (2)
The specific heat can be approximated by the high -7 limit, because the
temperatures of interest are always greater than 6, /2. (3) The mean free
path will be assumed to vary inversely proportional to temperature.

(ii) Governing Equations. @ We will approximate the specific heat of
acoustic phonons using eq. (11.20).

(3) Solutions.

Speed. From Table 11.2, the sound velocity in silicon is 5880 m/s, which is
assumed independent of temperature.

Specific heat. Using eq. (11.20) and the values from Table 11.2, we have

C =3npucky =3(2.5%10%m)(1381x102 1K)
=1.04x10°J/m* -°C,

which is assumed constant from 300 K to 1000 K.
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Thermal conductivity at 300 K. From Table 11.2 we have k =148 W/m -°C
at 300 K.

Mean free path. Combining these values for &, C, and v, we find at 300 K

A3k 3 (148 Wim <)

= 73nm.
Cv (104100 0m’ ~C)(5880mss)

Because the mean free path is assumed to vary in proportion to 77", we
have

A= const.
T
AT = const.

A(T)XT = A(B00K)x 300K
Thermal conductivity power law. Consider the ratio k(T)/k(300K) . From
kinetic theory we have
k(T)  $CvA(T)
k(300K) %CVA(:%OO K)

Because we assume C = const.,

KT) AT
k(300K) A(300K)’

and using our result for A,

K(T) 300K
k(300K) T

k(T = k(3OOK)>{¥}

=148 W/m -Kx300 K xT"
Thus we have our final result

k(T) = (44,400 W/m)xT "

Comparing to the given form k(T)=aT", we identify a = 44,400 W/m and
b=-1, where T must be expressed in Kelvin.
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(4) Checking. Dimensional check. The right-hand side of the last equation
has units of K'-W/m, which is equivalent to the expected units of
W/m-"C. Magnitude check. Our calculation can be compared to the
standard reference values listed in Appendix D as follows

T k (our model) | k (reference) | Error = (model-ref)/(ref)

300K 148 148 0%
600 K 74 61.9 20%
1000 K 44.4 312 42%

(5) Comments. (1) Once again the mean free path is best measured in
nanometers. Values in the range of tens to hundreds of nm are typical for
phonons in dielectric crystals at room temperature. As discussed later in
Example 11.5, a more realistic estimate for the average mean free path of
acoustic phonons in Si at 300 K is around 200-300 nm. (2) Using the
density of silicon p=2330kg/m® from Appendix D, we can convert the
acoustic phonon specific heat to a mass basis, finding 446J/kg-°C. For
comparison, the handbook value listed in Appendix D is 712 J/kg-°C . This
indicates that the optical phonons are making a significant contribution to
the total specific heat. (Indeed, a more exact calculation gives the Debye
acoustic specific heat as 380J/kg-°C and the optical contribution as
298 J/kg-°C, for a total of 678J/kg-°C, within 5% of the value from
Appendix D.) (3) Clearly the T~' power law is only approximate. Over
this temperature range the actual thermal conductivity varies by a factor of
4.74, compared to our expected variation by a factor of 3.33. A better
power law in this temperature range would be k o 77'*. (4) The power
law is strongly dependent on temperature. For example, below 10 K the
power law for bulk silicon is approximately k o« 7.

Example 11.3: Bulk Mean Free Paths as a Function of Temperature.

Estimate A for acoustic phonons in bulk silicon as a function of
temperature.  Consider T ranging from 1K to 1000K. Use the
approximate Debye model for the specific heat and sound velocity. The
thermal conductivity of bulk Si is given in Appendix D.
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(1) Observations. This problem spans a large temperature range both far
above and far below 6,,. Above room temperature we expect the mean
free path to be dominated by phonon-phonon scattering with a power law
of approximately Ao T7', or, based on the results of Example 11.2,
AT We are not sure what to expect at low temperature, but clearly
there is something interesting because the thermal conductivity climbs as T
1s reduced from 300 K down to 20 K, but then k& falls rapidly as T is further
reduced below 20 K.

(2) Formulation.

(i) Assumptions. (1) The thermal conductivity is dominated by acoustic
phonons over this entire temperature range. (2) The Debye model is an
adequate approximation for the acoustic phonons.

(i) Governing Equations. For the specific heat we will use eq. (11.17).
The sound velocity will be taken from Table 11.2.

(3) Solutions.
The mean free path is given by

A=3k/Cv.
Fromeq. (11.17),
__ 3Npucks

3’
L5 (¥
art T

where from Table 11.2 we have 7y, =2.5%x10* m™ and 6, =512K . The
sound velocity is v=5880m/s. Combining these expressions we can
calculate the mean free path from the data for k in Appendix D. The results
are depicted in Fig. 11.3 and Table 11.4 on the following page.

(4) Checking. Limiting behavior check. The specific heat transitions from
T? at low temperature to constant at high temperature, as expected from
eqs. (11.19) and (11.20). Furthermore, the transition occurs at
approximately 120K, which is near the expected transition of
0,/3=170K . The trends of mean free path and thermal conductivity are
both approximately 7' at high temperature, as expected from Example
11.2. Value check. At 300 K we can compare our values to those from
Example 11.2.  Our Cis 9.73x10° J/m® -°C, which is close to the value of
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Fig. 11.3 Analysis of the mean free paths of acoustic phonons in bulk silicon,
using the Debye model.
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1.04x10° J/m* -°C found in Example 11.2 using the high-temperature
approximation. Our A is 78 nm, which is also close to the value of 73 nm
found in Example 11.2 using the high temperature approximation.

(5) Comments. The low-temperature behavior is quite distinctive. The
mean free path at low temperature appears to saturate at an almost constant
value of around 4 mm. Because the low-7 specific heat goes as T2, this
causes the low-T thermal conductivity to also go as 7. This cubic trend is
quite general for phonon thermal conductivity at very low temperature. As
will become clear in Section 11.4 and Example 11.6, the reason is that even
this nominally “bulk” sample transitions to behavior dominated by the
classical size effect at sufficiently low temperatures. In fact, the low-
temperature value of A=4mm corresponds to the characteristic length of
the sample measured to generate the values of “bulk” k reported in
Appendix D. It is important to recognize that other references for “bulk”
silicon may report different values at low temperature, if their sample size
is different, but the reported values at high temperature should be in very
close agreement amongst different references.

11.3.4 Radiation: Heat is Carried by Photons (Light Waves)

Radiation heat transfer is usually studied as a phenomenon completely
unrelated to conduction heat transfer. However, part of the beauty of the
microscale perspective using kinetic theory is that radiation and conduction
can be seen simply as two limiting cases of a single general phenomenon.
This equivalence will become clearer in the sections below on boundary
scattering and the classical size effect. For now we will simply review
several major features of radiation heat transfer, focusing on the example of
radiation between two parallel plates in a vacuum. We treat the radiation
as a gas of photons.

Speed. The speed of light in vacuum is a physical constant,
¢ =2.998x10% m/s .

Specific Heat. Although not wusually discussed in engineering
thermodynamics or heat transfer, photons store energy just as do
molecules, electrons, and phonons. Consider a vacuum chamber at
absolute temperature 7. The higher the temperature, the greater the number
of photons inside the chamber, and the greater the energy per photon on
average. Assuming a perfect vacuum inside the chamber, the specific heat
of this photon gas is given by

C=160T/c, (11.21)

regardless of the emissivity of the walls of the chamber. Here
0=5.670x10"° W/m? -K* is the Stefan-Boltzmann constant. (Note that
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photons have no mass, so it would not be meaningful to attempt to convert
the photon specific heat from J/m®-K to J/kg-K .)

Mean Free Path. The mean free path of photons varies tremendously but
is usually much longer than the mean free path of molecules, electrons, and
phonons. For example, photons emitted from the surface of the Sun travel
over 90 million miles to reach the Earth without any scattering. In a typical
vacuum chamber, on the other hand, the walls may be approximated as
parallel plates with a gap of perhaps 10-100 mm. In this case the
corresponding photon mean free path should also be of this approximate
magnitude. Finally, heat transfer in crystals that are practically transparent
in the infrared, such as glasses, may also have important contributions from
the photons within the crystal itself, especially at high temperatures. In this
case the photon mean free path usually depends strongly on the wavelength
and material, with typical values of A in the range of microns to
millimeters.

Example 11.4: Effective Thermal Conductivity for Radiation Heat
Transfer between Two Parallel Plates (One Black, One
Gray).

From elementary heat transfer, we know that the net radiation heat
transfer from a gray plate “1” to a parallel black plate “2” is given by

0=eoAl! -13), (11.22)

where & is the emissivity of plate 1, both plates have the same area A, and
the gap L between the plates is much smaller than their length and width.
Using the kinetic theory framework, re-express the heat transfer in terms of
a “conduction thermal resistance” R=L/k,,,A, where k,,, will represent
the effective thermal conductivity of the photon gas. Also derive an
effective mean free path for the photons. You may assume that the
temperature differences are much smaller than the average temperature.

Evaluate your results numerically for a pair of plates with A=0.1m?,
L=0.001m, £=02, and T, =600K, T, =500K.

(1) Observations.

It is initially surprising that we might be able to express radiation as
conduction, but considering that we have an expression for the speed and
specific heat of photons, it should be possible. We will proceed carefully.
Because in vacuum there are no photon scattering mechanisms other than at
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the plates themselves, we expect that the photon mean free path should be
somehow proportional to the gap L.

(2) Formulation.
(i) Assumptions. (1) Small temperature differences:

|Tl _T2| << %(Tl +15).
(2) Properties like the specific heat can be evaluated at the average
temperature, T =1(7; +T,).

(ii) Governing Equations. We will use the radiation heat transfer equation
(11.22), the kinetic theory equation (11.4), and the specific heat of photons
from eq. (11.21).

(3) Solutions.

Conduction resistance. We need to rearrange eq. (11.22) into the familiar
form

(Tl =T, )=RQ’

and the resulting coefficient R will be the desired conduction resistance.
The challenge is obtaining an equation in (7; —7,) from our starting point

of (Tl4 - T24). First define the temperature difference A=7, —7,. Thus,
Ty=T+%A,and T, =T —LA. Substituting these into eq. (11.22), we have

R oy
0 - caul(r+1a) ~(r-1a)"|.
Factoring out 7%, we have
0= gaAT“[(H%)“ - (1—%)4} :

From the binomial theorem, or equivalently, a Taylor series expansion, we
know that (1 + x)” =~1+nx, if x<<1. Thus, because A<<T, we have

(1+%)4 ~1+22. Then
0=goAT*[[1+28)-(1-22]].

Simplifying,

Q =4Ae0AT?.
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or

Y

T,-T, =———.
e 4£0AT?

Thus, we have found the “conduction resistance”

T-T, 1

R= = 3
0 4e0AT

(11.23)

Effective thermal conductivity. By comparing eq. (11.23) to the standard
form R=L/kA, we can solve for k,,, :

L
4ec0AT® kA

rad

k,, =4eo0T’L.

Effective mean free path. We now compare k,,, to the standard form
k=$CvA 4, to solve for A :

kg =460T°L=1CvA 4

12¢0T’L
Ay _1cé0l 1L
Cv

Substituting eq. (11.21) for C and recognizing that v =c, we have

3
A, =A2E0TL sy (11.24)

ff 2\ 4
(6073 ¢}y
Numerical calculation. From the exact radiation equation, we find that
0 =76.1W. From the conduction resistance equation, using 7 =550K , we
find R=1.33K/W , resulting in Q =75.5W , within 1% of the exact value.

(4) Checking. Dimensional check. Our conduction resistance has units of
[(K*-m?-W(m?)K?)], correctly yielding the expected units of [K/W].
The effective mean free path has dimensions of length. Trend check:
conduction resistance. The equivalent conduction resistance is inversely
proportional to area, which makes sense because reducing the area must
reduce the heat transfer, thus increasing the thermal resistance. We also
note that the conduction resistance is inversely proportional to the
emissivity & This also makes sense, because from eq. (11.22) we know
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that reducing the emissivity should reduce the heat transfer in equal
proportion. Trend check: mean free path. We see that the effective photon
mean free path is simply proportional to the gap L: Doubling the gap will
double the effective mean free path, which is physically satisfying.

(5) Comments. (1) This example reveals how classical radiation heat
transfer through a vacuum can sometimes be viewed as heat conduction, if
k.. 1s defined appropriately. (2) The effective thermal conductivity of this
photon gas is proportional to the cube of temperature. This can be
understood by recalling that higher temperatures result in many more
photons, of higher energy, which are available to transport the heat. You
may also have heard the assertion in introductory heat transfer classes that
“radiation is only important at high temperature,” which is qualitatively
consistent with our result here. (3) The effective mean free path requires
further consideration. We see from eq. (11.24) that A, is proportional to
the emissivity. How can a shinier plate result in a shorter A, even though

the gap L remains constant? The answer to this apparent paradox is that
A 18 not only a function of the geometry of the system (in this case the

gap between plates), but it also describes how effectively energy is
exchanged between the two plates, per photon collision. Thus the
distinction here between L and A, is analogous to the distinction between

A, and A,, made in Section 11.3.1 in the context of gas molecules. We

know from eq. (11.22) that reducing the plate emissivity must reduce the
radiation energy exchange. In the conduction framework, reducing the
energy exchange must correspond to reducing the effective thermal
conductivity. Because the specific heat and speed of light are independent
of the plate emissivity, we are left with the effective mean free path as the
only term which can capture the emissivity effect. (4) It is interesting to
evaluate the numerical values of C and k separately. From eq. (11.21),
C=5.03x10"J/m*>-°C.  Apparently the specific heat of photons is
extremely small, which is why photons are usually ignored for energy
storage. However, when evaluating heat transfer, we must recall that this
small specific heat is countered by the very large speed, ¢ =3.00x10° m/s .
For this particular problem, the effective mean free path is 0.150mm,
resulting in an effective thermal conductivity of
k=3CvA ; =0.00754 W/m-"C. This is about 5 times lower than the

thermal conductivity of air. However, the effective k,,; can vary by many
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orders of magnitude depending on the temperature and geometry of a
particular problem. (5) The result of eq. (11.24) that A, =3L for £=1

(that is, for perfectly absorbing, plane-parallel boundaries) will come up
again later in the chapter in the context of heat conduction by electrons or
phonons perpendicular to thin solid films. (6) If the vacuum between the
plates is replaced by a dense gas or other medium that scatters the photons
significantly, A, will be reduced, and so will the radiation heat transfer.

11.4  Thermal Conductivity Reduction by Boundary Scattering:
The Classical Size Effect

With the exception of Example 11.4, our discussion thus far has focused on
“bulk” materials: systems that are much larger than the mean free path of
the energy carrier. In bulk materials the thermal conductivity is a property
of the material, but is independent of the exact size and shape of the
sample. In this case we can write

_1
K = ECVAbuzk .

As we have seen above, typical A,, for molecules, electrons, and

phonons are in the range of 10-1000nm at 300 K. For traditional
applications with sample sizes ranging from millimeters to meters, the bulk
mean free path is several orders of magnitude smaller than the sample, and
the handbook values of thermal conductivity are appropriate. However, in
many modern technologies the characteristic length of a structure may
easily be as small as 10—-100nm . In this case the energy carriers will
collide frequently with the boundaries of the structure. This is the essence
of the “classical size effect” depicted in Fig. 1(c): the boundary collisions
impede the transport of heat, which may lead to dramatic reductions in the
thermal conductivity. The remainder of this chapter is dedicated to further
exploring the classical size effect.

11.4.1 Accounting for Multiple Scattering Mechanisms:
Matthiessen’s rule

For a micro- or nano-structure where the classical size effect is important,
we will still express the effective thermal conductivity k as

—1
k _§CVAqﬁ' 5

where A, is the effective mean free path. Note the very important fact

that the speed and specific heat of the energy carriers in the nanostructure
will be approximated as identical to the values in a bulk sample. That is,
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Cy =Cyy and v =v,, , allowing us to focus our efforts purely on
determining A, (which will be smaller than A, ). This tremendous

simplification requires that quantum size effects be negligible, which
means that situations such as Fig. 11.1(d) are forbidden.

An exact calculation of A, is a demanding task, usually involving the

Boltzmann transport equation, that depends on the details of the geometry,
boundary conditions, and other scattering mechanisms. Fortunately a
powerful approximation is available that has good accuracy, provides
excellent physical insight, is widely used, and can be adapted to represent
the results of the more detailed solutions found from the Boltzmann
equation. This approximation is known as Matthiessen’s rule:

A= DA (11.25)

mechanism i

Matthiessen’s rule simply states that the effective mean free path A, is

made up of a sum of the mean free paths corresponding to each of the
various scattering mechanisms, all summed in a reciprocal sense. The sum
will include as many terms as there are distinct scattering mechanisms in
the system. For example, phonons may scatter on impurities, on grain
boundaries, on electrons, on other phonons, and on the sample boundaries,
in which case there would be five terms in the sum of eq. (11.25):

Ao =Koy + N + A e+ K+ Ay -

imp. ph—e

— _
~—

-1
Abulk

However, for the purposes of this chapter we can partition all possible
scattering mechanisms into two simple categories: all of those mechanisms
that are present in a large, bulk sample (denoted A, , representing for
example the effect of the first 4 terms on the right-hand side of the above

equation), and the additional scattering mechanism(s) due to “boundary
scattering” (denoted A, ) which is only present in small samples.

Therefore, we will focus on Matthiessen’s rule expressed as

- -1 Y1 Apui Mg
Ay = Ak + AGL, ) ! = oy (11.26)
off butk T Dpay
’ Aputie + Npay
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We have already seen in Section 11.3 how to evaluate A, for various
types of energy carriers. Thus, the major remaining task is to determine
Ay, for various nanostructures, such as nanowires and thin films. We will
break the discussion into two common cases (Fig. 11.4): heat transport
parallel to boundaries, such as heat flow along the plane of a thin film, and
heat transport perpendicular to boundaries, such as heat flow perpendicular
to a thin film.

11.4.2 Boundary Scattering for Heat Flow Parallel to Boundaries

As shown in Fig. 11.4(a), standard configurations for heat flow parallel to
boundaries include nanowires and thin films.

P
(a) Heat flow parallel < 3
to boundaries / interfaces d \m‘
l .
Thin film ~ Nanowire
\ )
Superlattice
( N T
(b) Heat flow perpendicula2 \
to boundaries / interfaces 2\
YZAVA
Thin film AN
Superlatncel
Fig. 11.4

Nanowires

For heat transport along a nanowire of diameter D, the mean free path due
to boundary scattering is given by [13]

Abdy:D[lerj, (11.27)
I-p
where p is the specularity, defined as follows (Fig. 11.5):

p=0: scattering is 100% diffuse (rough surfaces)

p=1: scattering is 100% specular (smooth surfaces)

0< p<1: scattering is p specular and (1- p) diffuse
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In this definition, “specular” scattering refers to mirror-like reflections,
where the angle of incidence equals the angle of reflection. “Diffuse”
scattering refers to reflections off of a very rough surface, such that
incident particles are reflected with equal intensity in all directions (also

Incident Incident
malected \/Reﬂected
b
@ Boundary (b) Boundary

Fig. 11.5 Specularity. (a) Diffuse reflection (p=0): Reflection intensity is equal
in all directions. (b) Specular reflection (p=1): Angle of reflection equals angle
of incidence.

known as “Lambertian” or “cosine-law” reflection), regardless of the angle
of incidence.

The specularity depends strongly on the surface roughness as compared to
the wavelength of the energy carrier (molecule, electron, phonon, photon).
For surface roughness much smaller than the wavelength, reflections will
be specular (p=1). For roughness larger than the wavelength, reflections
will be diffuse (p=0). For intermediate roughness, the specularity is
commonly estimated using the following expression from Ziman [13]:
362

b= exp[%j , (11.28)
where & is the root-mean-square (rms) roughness, and A is the wavelength
of the energy carrier [13,26]. At low temperatures, the wavelengths of
most energy carriers become significantly longer than their 300 K values
(see Problem 11.8).

Thin films (Diffuse: p=0)

Analysis of heat transport along a thin film of thickness L is best done
using the Boltzmann transport equation. Fortunately, the results are easily
expressed in the framework of kinetic theory by using equivalent mean free

paths. For purely diffuse scattering (p =0), the standard result is known as
the Fuchs-Sondheimer solution [6,7,27-29]:
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L L
+4E . (11.29)
A puik J ; (Abulk H

where E; and Es are “exponential integrals,” special functions defined
through

A, 3A
ﬁ — l _ bulk 1 _ 4E3
Ay 8L ‘

1
E,(x)= J'O 1" exp(—x/ w)du ,

where (£ is a dummy variable of integration.

The exponential integrals E; and E; are

depicted in Fig. 11.6, and these functions are 05 E,

also available tabulated and as functions in
mathematical software packages such as .,z |
Maple and Mathematica.  Although eq. (Ey-Es)
(11.29) can be combined with Matthiessen’s
Rule and solved for an effective boundary 0 -
scattering mean free path A, , it is usually 0 1 2 3

more convenient to work with eq. (11.29)
directly. For thick and thin films, the
following asymptotic forms are also useful
(28]

Fig. 11.6 Exponential integrals.

A _1
n o =[1 + SI?SbLqu j L>> Ay s (11.30a)
bulk

Azﬁ" _ 3Lln(Abqu / L)
Apuik AN bk

L<<Apy. (11.30b)

Compared to the exact solution, eq. (11.30a) has errors less than 10% for
L>05A,,;, and errors less than 20% for L as small as 0.025A,, .

Similarly, eq. (11.30b) has errors less than 10% for L<0.019A,,, , and
errors less than 20% for L as large as 0.125A,,, . Thus, for many practical

calculations (tolerant of errors up to 20%), if evaluating the exponential
integrals is inconvenient it would always be reasonable to use one of the
limiting forms of egs. (11.30).
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Thin films (Some specularity: p>0)

When the film specularity becomes significant, the effective thermal
conductivity increases. For p >0, the effective mean free path is given by

the following integral [6,7]:

Ao —1— 3Abulk(1 p) J‘(ﬂ 3\ 1—exp(=L/ uAy,y ) du. (11.31)

Apuik /1 — pexp(—=L/ uN,;)

This integral is readily evaluated numerically. The resulting A, are

shown in Fig. 11.7 for a range of specularities. Note that the p=0 case
reduces correctly to eq. (11.29), while in the p=1 case there is no
reduction in k compared to bulk regardless of the value of L.

1

0.8
0.6 p=0.9

0.4 - p=0.2

0.2 - p=0

Aett / Abulk = Keif / Kbuik

O T T T T
0.001 0.01 0.1 1 10 100

L/ Apuk

Fig. 11.7 The Fuchs-Sondheimer solution for heat transfer along a thin film, as a
function of film thickness L and interface specularity p.

Example 11.5: Thermal conductivity of a silicon nanowire.

A silicon nanowire has diameter D=56 nm. What are the specularity, p,
and the effective thermal conductivity, k, at T =300K ? You may assume
that the surface roughness is approximately 6 =0.5nm, and the average
phonon wavelength at this temperature is A =1nm.

(1) Observations. (1) The roughness is slightly smaller than the
wavelength, so we expect that the specularity may be somewhere in the
transition regime 0< p<1. (2) From Table 11.4 we know that the mean
free path of acoustic phonons in bulk silicon using our Debye
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approximation is A, (300K)=78nm. Because the diameter of the
nanowire is comparable to A, , we expect that the thermal conductivity
may be significantly reduced compared to bulk.

(2) Formulation.

(i) Assumptions. (1) The thermal conductivity is dominated by acoustic
phonons, which are adequately represented by our Debye model. (2) The
specific heat and phonon speed in the nanowire are identical to those in
bulk.

(ii) Governing Equations. The specularity will be calculated using eq.
(11.28), the boundary scattering mean free path from eq. (11.27), and the
effective mean free path found from Matthiessen’s Rule, eq. (11.26).

(3) Solutions.
Specularity. From eq. (11.28), for 6/1=0.5, we have
167752 ( 3 2 —54
p =exp T =expl—-1677(0.5) ): exp(—-124) =1.37x10
which for all practical purposes is zero.

Boundary scattering mean free path. From eq. (11.27), with p=0 we
have

Apgy = D| FEP | = p[ 10~ p = 561m.
’ 1-p 1-0

Effective mean free path. From Matthiessen’s Rule, eq. (11.26), we have

AbulkAbdy _ (78nm) (56nm)

eff = 33nm
Apu + Npgy  78nm+56nm

Thermal conductivity. Although we could evaluate k from C, v, and A, it
is insightful to first consider the ratio of k/k,,, :
k TCOVA

== .
Kpuie 3 CVA b

Because we assume that C and v are independent of the structure size, we
have simply
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ko Ay Ay 1
kgu — Npure D + Dy 1+(Abulk/ Abdy)

or, using A, =D,

= . (11.32)
Kpare 1+ (Abulk /D)

Thus, k/ky,,; =0.42,0r k=62W/m-"C.

(4) Checking. Dimensional check. Because we have expressed all
equations as dimensionless ratios, there are no dimensions to check
separately. Limiting behaviors. When the diameter is much larger than the
bulk mean free path, eq. (11.32) reduces to k =k, , correctly showing that
the diameter no longer matters in such case. In the opposite limit,
D << A, we have k=k,,;, D/A,, , which can be written k :§CvD . In

this case further reductions in the nanowire diameter should reduce the
thermal conductivity in direct proportion. This also makes sense: a smaller
diameter results in increased scattering, reducing thermal conductivity.

(5) Comments. (1) A nanowire like this has actually been measured by Li
and co-workers [2], and selected values of their k(7) have been reproduced
in Appendix D. Their result at 300 K is 25.7 W/m-°C, which is less than
half of our estimate. The reason for the discrepancy is that our Debye
approach to estimating the bulk mean free path of acoustic phonons
(78 nm) is too conservative. (2) A better estimate for the average bulk
mean free path in Si at 300 K is A, =200-300nm [30-32], which takes
into account the frequency dependence of the C and v contributions from
the various acoustic phonons. Taking A,,, =250nm as a representative
average value and repeating the calculation, we would find k =27 W/m-°C,
in remarkably good agreement with the experimental value (in fact, it is
fortuitous that the agreement should be this good). (3) It is common that
the Debye estimate for the bulk mean free path is too low by a factor of 2
or more. A better analytical approach is the Born-von Karman
approximation [32], which in this case gives A, =210nm and
k=31W/m-"C. However, the Born-von Karman approach requires a
(simple) numerical integration to evaluate Cv, so we do not pursue it here.
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Example 11.6: Temperature Dependence of the Thermal Conductivity
of a Nanowire.

For Si nanowires of several diameters, plot the thermal conductivity as a
function of temperature. Consider T from 1K to 1000 K. Use the
approximate Debye model for the specific heat. You will also need the bulk
mean free path as a function of temperature: use the results from Example
11.3. Assume purely diffuse scattering. Consider three different diameters:

Macro-wire(D=1 mm)

Micro-wire (D=1 um)

Nanowire (D=56 nm)
Compare your calculations for the 56 nm wire with the experimental
measurements of Ref. [2], some of which are included in Appendix D .

(1) Observations. Based on the results of Example 11.3, we know that
boundary scattering dominates the thermal conductivity at low temperature.
For small samples, boundary scattering becomes even stronger, so we
expect the thermal conductivity to be reduced as D is reduced.

(2) Formulation.

(i) Assumptions. (1) The thermal conductivity is dominated by acoustic
phonons, which are adequately represented by our Debye model. (2) The
specific heat and phonon speed in the nanowire are identical to those in
bulk. (3) Boundary scattering is perfectly diffuse (p =0).

(ii) Governing Equations. For the specific heat we will use eq. (11.17).
The sound velocity will be taken from Table 11.2. The boundary scattering
mean free path will be calculated from eq. (11.27), the bulk mean free
paths will be taken from Table 11.4, and the effective mean free path
calculated using Matthiessen’s rule, eq. (11.26).

(3) Solutions.
From eq. (11.27), as in Example 11.5, with p=0 we have A, =D. The

bulk mean free paths were tabulated as part of Example 11.3, allowing us
to calculate A, from Matthiessen’s Rule as

Mg A Ay D Ay )
A _ bulk**bdy — bulk — Abulk[l'i_ glk] .

eff —
Apuk + Npay  Apue +D

Similarly, multiplying both sides by +Cv , we have

-1
A u
k‘-’ﬁ' = kbulk [1 + %j .
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The resulting mean free paths and thermal conductivities are shown in Fig.

............ (a)

1.0E-05 ~

1.0E-06

Mean Free Path [m]

A (D=1 micron)
1.0E-07 ~

At (D=56 nm)

1.0E-08 ‘ ‘
1 10 100 1000

Temperature [K]

1.0E+04
1.0E+03 4

1.0E+02

D=56 nm, improved
calculation.

D=56 nm, experiments
(D. Lietal)

Thermal Conductivity [W/m-°C]

1 10 100 1000
Temperature [K]

Fig. 11.8 Calculations using the Debye model for acoustic phonons in silicon
wires of various diameters. (a) Phonon mean free paths. (b) Thermal
conductivity. Also included in (b) are: reference values (squares) for bulk [1]
from Appendix D; measured values (dots) for a 56 nm nanowire from [2] (given
in Appendix D); and the result of an improved calculation (dashed line) for the
56 nm diameter wire [33].

(4) Checking. Trend check. The calculated thermal conductivities of the
nanowires have the same general shape as a function of 7T as the
recommended data for bulk Si: increasing as T® at low temperature,
reaching a peak value, and then decreasing at high temperature. Similarly,
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the effective mean free paths become constant (A, =D) at low

temperature, and decrease at high temperature. As expected, reducing the
diameter leads to lower thermal conductivity. At very low temperature, we
can see that k oc D, as expected.

(5) Comments. (1) Note that the diameter effect is much more dramatic at
low T than high 7. This is because the bulk mean free paths are short at
high T, so boundary scattering is relatively less important. (2) Reducing the
diameter reduces the peak value of the k(7)) curve and also shifts the peak
to a higher temperature. (3) It is interesting to consider the limiting
behavior for even smaller diameters. At 1000 K the bulk mean free path in
our Debye approximation for silicon is around 15 nm. If we consider a
diameter 10x smaller than this, namely D=1.5 nm, then boundary scattering
dominates over the entire temperature range from 1-1000K . In this case
the effective mean free path simply becomes a constant over the entire
temperature range. Returning to eq. (11.4), if A and v are now both
constants, then the shape of k(7) would simply reproduce the shape of
C(T): cubic at low temperature, and constant at high temperature (Fig.
11.3b). (4) On the other hand, the limiting behavior for infinitely large
diameters is that the thermal conductivity will diverge (“blow up”) at low
temperatures, because all of the bulk scattering mechanisms become
continually weaker as T — 0K . That is, if D — o, by reducing T we find
that A, becomes larger even “faster” than C becomes smaller. (5) The
comparison in Fig. 11.8(b) with the experimental results of Li et al. [2]
(points) shows that our simple Debye model (solid lines) explains all the
major trends of the experiments, including the reduction in k£ by more than
a factor of 6000 at low 7. However, the disagreement between model and
experiment can be more than a factor of 2 at higher temperatures. As
explained in the comments of Example 11.5, a more careful analysis using
the Born-von Karman approach gives better agreement with experiment,
especially if the frequency-dependence of the mean free paths is taken into
account (dashed line in Fig. 11.8(b) [33].)

11.4.3 Boundary Scattering for Heat Flow Perpendicular to
Boundaries

As shown in Fig. 11.4(b), the standard configurations for heat flow
perpendicular to boundaries include a thin film or a superlattice (a stack of
thin films with some repeating unit). Although the kinetic theory
framework is in general less appropriate for these configurations (as
compared to transport parallel to boundaries), kinetic theory still gives
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useful physical insight which, in simple cases such as a thin film with no
heat generation, is also accurate.

Thin films with no heat generation

For heat transport perpendicular to a thin film of thickness L with no heat
generation, the heat flow can be described using an effective thermal
conductivity obtained from kinetic theory and Matthiessen’s Rule, as long
as the boundary scattering mean free path is expressed as

3
<L

_— 11.33
0{{1+0{2’1—1 ( )

Abdy =

where ¢ and «, represent the absorptivities of the two bounding surfaces.

Note that the concept of emissivity and absorptivity has been generalized
from photon radiation to other types of energy carriers (recall also Example
11.4). The absorptivity must range from 1 (“black” surface) to O (perfectly
reflecting surface), and represents the fraction of incident energy that is
absorbed at the surface. In the context of heat conduction by gases, the
absorptivities can be replaced by the “energy accommodation coefficients”
[19-21]. We assume that emissivity and absorptivity are approximately
equal after averaging over wavelength and direction (Kirchhoff’s Law [34-

36]).

Equation (11.33) is one expression of the so-called Rosseland diffusion
approximation with Deissler jump boundary conditions, which is
commonly derived in the field of radiation heat transfer in a participating
medium [34-36], or using the Boltzmann transport equation [6,7]. We have
simplified the result here to be expressed in the form of a mean free path
for boundary scattering.

Example 11.7: Thermal Conductivity Perpendicular to a Silicon Thin
Film.

Consider a silicon film at 300 K and with thickness L, sandwiched between
two heat sinks. Assuming that the phonon absorptivities of the two contacts
are both perfect, plot the effective thermal conductivity as a function of film
thickness, for L ranging from I nm to 1 mm. Also plot the conduction
thermal resistance for a sample of (I cm x 1 cm) cross sectional area.

(1) Observations. Based on Table 11.4, we know that A, =78nm for
Si in our Debye approximation at 300 K, although the comments of
Example 11.5 suggest that A, =250nm would be a better choice. In
either case, because the thinnest films of the problem (L=10nm) are
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significantly thinner than A,, ., we expect that the effective thermal
conductivity will be significantly reduced compared to the bulk value of k.

(2) Formulation.

(i) Assumptions. (1) The thermal conductivity is dominated by acoustic
phonons, which can be approximated using the Debye model. (2) The
specific heat and phonon speed in the thin film are identical to those in
bulk. (3) Phonon absorptivities and emissivities at both contacts can be
approximated as unity. No other contact resistance effects will be
considered. (4) The bulk mean free path at 300 K will be approximated as
Apux =250nm .

(ii) Governing Equations. The specific heat is found from eq. (11.17).
The boundary scattering mean free path is given by eq. (11.33), and the
effective mean free path by Matthiessen’s rule, eq. (11.26).

(3) Solutions. The functional dependencies of various quantities on the
film thickness L are summarized in the plots of Fig. 11.9.

Specific heat. Same as bulk. Using eq. (11.17), with 6, =512K and
Npue =2.50x10%* m™ from Table 11.2, at 300 K we have

Mpycky _ 3-2.5%10%m™ - 1.381x10 J/K
3 3
+ 5 eiD 1 + 5 %
4 4
4"\ T 477\ 300K
Speed. Same as bulk. From Table 11.2, v=5880m/s .
Effective mean free path. For o =, =1, eq. (11.33) simplifies to

=9.73x10° J/m* -°C..

3 3
iL Lo

o +o5' -1 1+1-1 4

Abdy =

Substituting this into eq. (11.26), we have

_ AL _ A )
T Ny + %L 1+ AN i
3L

A

bulk
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Fig. 11.9 Analysis of the thermal conductivity and thermal resistance
perpendicular to a silicon thin film.

Thermal conductivity. Combining C, v, and A, using eq. (11.4), we
arrive at (Fig. 11.9)
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Leva
k(L) =LtovA =20 = Ayl (11.34)
1+ 4Apurc 3L+4A,,

3L

which can be rewritten
k(L) 1

khulk 1+ M
3L

(11.35)

Thermal resistance. The conduction thermal resistance is defined as
R=L/kA. Substituting from eq. (11.34), we have (Fig. 11.9)

L+4A
R(Ly=-L =23 Rma (11.36)
KA~ kA

(4) Checking. Dimensional check. All terms in eq. (11.35) are
dimensionless, as they must be. In eq. (11.36), both terms in the numerator
have units of (m), and the denominator has units of (W / m-"C)(m?), so that
overall units are those of a conduction resistance: (K/W).  Limiting
behavior. In the limit L>>A,,, eq. (11.35) correctly reduces to
k =k, =148 W/m-"C and eq. (11.36) correctly reduces to R=L/k,,, A.

(5) Comments. (1) The general sequence of plots in Fig. 11.9 is an
excellent summary of the classical size effect. Although these plots were
developed for heat conduction perpendicular to a thin film, the qualitative
behavior and trends are quite general. For example, a calculation for the
diameter-dependence of k in a copper nanowire would yield a similar
collection of plots, except that the abscissa would be the nanowire diameter
rather than the film thickness. (2) A subtle detail is that by eliminating the
Cv product in eqgs. (11.35) and (11.36), we have made the results for k(L)
and R(L) more accurate. Because we know that the simplest Debye model
estimate of A,,; =78nm is too small, using the forms of eqs. (11.35) and
(11.36) allows us to use the improved estimate A,, =250nm, without
worrying about the details of correcting for an effective C and v. (3) The
thick-film limit, L>>A,, , is also known as the “diffusive” regime,
because the thermal resistance is dominated by the diffusion of energy
carriers from the hot side to the cold side. In this case the thermal
resistance is linearly proportional to the film thickness. (4) It is equally
important to study the limiting behavior for a thin film, L<<A,,, . In this
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case eq. (11.35) shows that k is proportional to L. This is correct because
further reducing the film thickness will increase the phonon scattering rate
at the boundaries, thereby reducing the effective mean free path in equal
proportion. Just as important is the fact that R becomes independent of L in
the thin-film limit. This is known as the “ballistic” regime. In this limit
there are effectively no scattering events within the film itself, and instead
the thermal resistance is dominated by emission and absorption at the
surfaces. This is identical to the traditional blackbody radiation resistance
for photons traveling between two parallel plates in vacuum (recall
Example 11.4). (5) In this example the transition between diffusive and
ballistic regimes occurs when the film thickness is approximately equal to
the bulk mean free path. More generally, it is clear from Matthiessen’s
rule, eq. (11.26), that the transition occurs when the bulk mean free path is
comparable to the boundary scattering mean free path.

11.5 Closing Thoughts

Summary. We have used the kinetic theory framework of eq. (11.4) to
introduce the essential concepts of conduction heat transfer by various
energy carriers (gas molecules, electrons, phonons, and photons) in both
bulk and nanostructures. For any choice of energy carrier and
nanostructure the key tasks are always the same: we must determine the
specific heat C, the carrier velocity v, and the effective mean free path A .

We have limited ourselves to the classical size effect: problems where the
wavepacket of the energy carrier can be approximated as a particle, and the
characteristic length L of the sample may be larger than, comparable to, or
much smaller than the bulk mean free path A,, (Fig. 11.1(c)). In such

problems we can use Matthiessen’s Rule (eq. 11.26) to analyze the
conduction heat transfer in terms of an effective thermal conductivity based
on the effective mean free path A ;. As summarized in Fig. 11.9(c-e) and

Table 11.5 an important recurring theme is the transition from diffusive to
ballistic behavior.

Suggestions for further study. This chapter has only addressed a tightly-
focused subset of the rich pool of topics in microscale heat transfer
[6-9,11]. Interested readers may like to pursue one or more of the
following directions with natural links to the content of this chapter:

Improving kinetic theory by integrating over frequency. By expressing

kinetic theory in the form of eq. (11.4), we have treated C, v, and A as
lumped, frequency-independent quantities. This assumption captures the
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most important physics and all of the major trends. However, depending
on the particular nanostructure and energy carrier, this assumption can
sometimes lead to significant errors: it would not be surprising for this
approach to result in an error of a factor of two or more when calculating
the effective k. For example, one common scenario leading to significant
errors is if the value of C for acoustic phonons is obtained from a handbook
rather than by calculation. The problem arises because the handbook value
of C includes the contribution of optical phonons as well as acoustic
phonons, even though the former have a far slower velocity than the latter.
This leads to a calculated A,, which is too small, which causes the

effective k calculated for a nanostructure to be too big.

Table 11.5 Comparison between diffusive and ballistic limits

Diffusive Ballistic
Behavior Behavior

Large: Small:

Sample size
L>> Ay L << Ay
Thermal conductivity compared to handbook k =k, K<k

values kbulk < bulk

Heat transfer along a nanowire: Dependence of | k independent koD

thermal conductivity on diameter D of D

Heat transfer along a thin film: Dependence of

k independent

k increases

thermal resistance on film thickness L

thermal conductivity on film thickness L of L with L
Heat transfer across a thin film: Dependence of k independent koo L
thermal conductivity on film thickness L of L
Heat transfer across a thin film: Dependence of R L R independent

of L

Fortunately, a simple solution exists: kinetic theory can be generalized to
account for the frequency dependence of the properties of the energy
carriers. In this way eq. 11.4 can be written as an integral over frequency:

K(T)=14 jcw(w,T)v(w)Aeﬂ (@.T)do, (11.37)

where the arguments in parentheses indicate the functional dependencies of
the various quantities, and now C,, is the specific heat per unit volume per
unit frequency, with units of [(J/m> -°C)/(rad/s)] . Equation (11.37) can be
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further generalized by treating the longitudinal and transverse waves
separately. The quantities C,(@,T) and v(w) are readily determined by
studying the physics of each type of energy carrier, and Matthiessen’s Rule
can be applied on a frequency-dependent basis:

A (@.T) = Ky (@,T) + AL (@) .

Typically A, (o,T) is parameterized by one or several fitting parameters,
and A, is calculated using the methods already discussed in this chapter.

As shown by the dashed line in Fig. 11.8(b), calculations using the
frequency-dependent eq. (11.37) are significantly more accurate than the
calculations using the lumped eq. (11.4).

Alternative theoretical techniques. Several of the expressions given above
for A,; have their origins in solutions of the Boltzmann transport
equation, which is widely used in solid state physics [12,13]. Readers from
a traditional engineering background may find it easier to approach these
concepts from the perspective of radiation heat transfer in a participating
medium, such as radiation through the atmosphere or through a cloud of
soot [34-36]. One explicit link between these two similar approaches is the
“equation of radiative transfer.”

Superlattices. Solutions for the heat transfer in superlattices (Fig. 11.4) are
generally derived using the Boltzmann transport equation [6,7], although
again the results can sometimes be cast in the simple language of kinetic
theory, especially if the superlattice interfaces are approximated as purely
diffuse [32].

Ultrafast phenomena. Recall that classical size effects are important if the
characteristic length of a sample is smaller than, or comparable to, the
mean free path A, of energy carriers in the bulk. In a very similar way,
ultrafast effects are important if the characteristic time of a process is
shorter than, or comparable to, the mean free time 7 of the energy carriers
(recall eq. 11.1). The time scale 7 is also sometimes known as a relaxation
time. The order-of-magnitude of z depends on the energy carrier and
temperature. ~ For example, for phonons in Si at 300K, using
Ay =250nm  and v, ~5880m/s, we have 7~43x10""'s.  These
timescales are readily studied experimentally using pulsed lasers, with
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pulse widths typically measured in picoseconds (1ps=10"%s) or
femtoseconds (1fs=10"s). In most cases the energy carriers can still be
treated as particles.

REFERENCES

[1]

Touloukian, Y. S., ed., Purdue University Thermophysical
Properties Research Center, Thermophysical Properties of Matter.
IFI/Plenum, New York, 1970.

Li, D., Wu, Y. Y., Kim, P, Shi, L., Yang, P. D., and Majumdar, A.,
“Thermal Conductivity of Individual Silicon Nanowires,” Applied
Physics Letters, vol. 83, pp. 2934-2936, 2003.

Yu, C. H,, Shi, L., Yao, Z., Li, D. Y., and Majumdar, A., “Thermal
Conductance and Thermopower of an Individual Single-Wall
Carbon Nanotube,” Nano Letters, vol. 5, pp. 1842-1846, 2005.

Pop, E., Mann, D., Wang, Q., Goodson, K., and Dai, H. ],
“Thermal Conductance of an Individual Single-Wall Carbon

Nanotube above Room Temperature,” Nano Letters, vol. 6, 96-
100, 2006.

Rowe, D. M., ed., Thermoelectrics Handbook: Macro to Nano,
CRC Press, 2005.

Chen, G., Nanoscale Energy Transport and Conversion: A Parallel
Treatment of Electrons, Molecules, Phonons, and Photons, Oxford
University Press, 2005.

Zhang, Z. M., Nano / Microscale Heat Transfer, McGraw-Hill,
New York, 2007.

Volz, S., ed., Microscale and Nanoscale Heat Transfer, Springer,
2007.

Tien, C. L., Majumdar, A., and Gerner, F., “Microscale Energy
Transport in Solids,” Micro-scale Energy Transport, Editors
Taylor & Francis, 1998.

Strictly speaking, this requires that the sample size is much larger
than the “phase coherence length,” A, to ensure that coherence

effects are negligible. See also the comment at the end of the next
paragraph.



396

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

11 Microscale Conduction

Cahill, D. G., Ford, W. K., Goodson, K. E., Mahan, G. D.,
Majumdar, A., Maris, H. J., Merlin, R., and Phillpot, S. R.,
“Nanoscale Thermal Transport,” Journal of Applied Physics, vol.
83, 793-818, 2003.

Ashcroft, N. W., and Mermin, N. D., Solid State Physics, Harcourt
College Publishers, 1976.

Ziman, J. M., Electrons and Phonons, Clarendon Press, Oxford,
1960.

Kittel, C., Introduction to Solid State Physics, gh edition, Wiley,
2004.

French, A. P., and Taylor, E. F., An Introduction to Quantum
Physics, Norton, New York, 1978.

Hagelstein, P. L., Senturia, S. D., and Orlando, T. P., Introductory
Applied Quantum and Statistical Mechanics, Wiley, 2004.

Kittel, C., and Kroemer, H., Thermal Physics, o edition, W. H.
Freeman, 1980.

Baierlein, R. Thermal Physics, Cambridge University Press, 1999.

Vincenti, W. G., and Kruger, C. H., Introduction to Physical Gas
Dynamics, Wiley, 1965.

Springer, G. S., “Heat Transfer in Rarefied Gases,” Advances in
Heat Transfer, vol. 7, Edited by Irvine and James, Elsevier, 1971.

Cercignani, C., Rarefied Gas Dynamics, Cambridge University
Press, 2000.

Chapman, S. and Cowling, T. G., The Mathematical Theory of
Non-Uniform gases, Cambridge University Press, 1995.

The resolution to this apparent paradox is the fact that the specific
heat of metals at typical temperatures is dominated by phonons, as
discussed in the next section. This issue is explored further in
Problem 11.6 at the end of the chapter.

However, the dopant atoms can still have a significant effect on the
thermal conductivity because of the increased scattering of
phonons.  (One class of semiconductors where the electron
contribution to the total thermal conductivity is important is
thermoelectric materials. See Ref. 5.)

Asheghi, M., Kurabayashi, K., Kasnavi, R., and Goodson, K. E.,
“Thermal Conduction in Doped Single-Crystal Silicon Films,”
Journal of Applied Physics, vol. 91, 5079-5088, 2002.



[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

References 397

The detailed form of this equation is in dispute. Some workers (Z.
M. Zhang, Ref. [7]) argue that  should be squared rather than
cubed.

Fuchs, K., “The Conductivity of Thin Metallic Films according to
the Electron Theory of Metals,” Proceedings of the Cambridge
Philosophical Society, vol. 34, 100-108, 1938.

Sondheimer, E. H., “The Mean Free Path of Electrons in Metals,”
Advances in Physics, vol. 1, 1-42, 1952.

Majumdar, A., "Microscale Heat-Conduction in Dielectric Thin-
Films," Journal of Heat Transfer, vol. 115, 7-16, 1993.

Ju, Y. S., and Goodson, K. E., "Phonon Scattering in Silicon Films
with Thickness of Order 100 nm," Applied Physics Letters, vol. 74,
3005-3007, 1999.

Chen, G. “Thermal Conductivity and Ballistic-Phonon Transport in
the Cross-Plane Direction of Superlattices,” Physical Review B,
vol. 57, 14958-14973, 1998.

Dames, C., and Chen, G., “Theoretical Phonon Thermal
Conductivity of Si/Ge Superlattice Nanowires,” Journal of Applied
Physics, vol. 95, 682-693, 2004.

Dames, C. and Chen, G. “Thermal Conductivity of Nanostructured
Materials,” in Thermoelectrics Handbook: Macro to Nano, Edited
by D. M. Rowe, CRC Press, 2005.

Modest, M., Radiative Heat Transfer, o edition, Academic Press,
2003.

Siegel, R., and Howell, J., Thermal Radiation Heat Transfer, 4
edition, Taylor & Francis, 2001.

Brewster, M. Q., Thermal Radiative Transfer and Properties,
Wiley-Interscience, 1992.

Mingo, N., and Broido, D. A., “Carbon Nanotube Ballistic Thermal
Conductance and its Limits,” Physical Review Letters, vol. 95,
096105, 2005.

Mingo, N., and Broido, D. A., “Length Dependence of Carbon
Nanotube Thermal Conductivity and the ‘Problem of Long
Waves’,” Nano  Letters, vol. 5, 1221-1225,  2005.



398

11.1

11.2

11.3

114

11.5

11.6

11 Microscale Conduction

PROBLEMS

Power-law dependencies for the thermal conductivity of an ideal
gas in bulk. Use the ideal gas equations for C, v, and A to derive
an equation expressing thermal conductivity in the form
k=oT?p”, where o, B, and y are constants (3 and y are
dimensionless, while « is not). What happens to k if we increase
temperature while holding pressure constant? What happens if we
increase pressure while holding temperature constant?

Heat transfer through a gas at low pressure. Vacuum chambers are
widely used to reduce the air pressure inside an experimental or
processing chamber, in order to reduce undesirable heat losses by
convection / air conduction. Consider the pressure-dependence of
the heat transfer through helium gas between two parallel plates.
The plates are separated by a gap L=10cm and have
accommodation coefficients o; =, =1. The gas is at a
temperature 7=300 K. Calculate the thermal conductivity as a
function of pressure for p ranging from one atmosphere down to
107 Pa (typical of a good high-vacuum pump). Repeat for a gap of
1 mm and 10 pm. In each case, what vacuum level is necessary to
reduce the thermal conductivity to below 1% of its value at 1 atm?

Effect of accommodation coefficients. Repeat the previous
problem assuming ¢ = o, =0.1.

Estimate the mean free path of phonons in fused silica glass
(polycrystalline silicon dioxide: SiO;) at 300 K. How does this
compare to the mean free path of phonons in silicon?

Estimate the mean free path for heat conduction by electrons in
copper at 300 K. How does this compare to the mean free path of
phonons in silicon?

Compare the specific heat of acoustic phonons in silicon at 300 K
to the specific heat of electrons in copper at 300 K. Why is your
calculated specific heat of copper so much smaller than the
handbook value? If the specific heat of electrons in copper is so
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much smaller than that of phonons in silicon, how can the thermal
conductivity of copper be higher than that of silicon?

Diameter-dependence of the thermal conductivity of a nanowire.
For Si and Ge nanowires at 300 K, plot the thermal conductivity as
a function of diameter. Consider D ranging from 1 mm down to
1 nm. Assume the specularity is approximately zero.

Temperature-dependence of effective diameter. Equation (11.27)
can be thought of as defining an “effective diameter” D, in terms

of the true diameter D and the specularity p, namely
D = D(t—i} The specularity equation (11.28) links p to the
roughness and average wavelength A of an energy carrier. At
lower temperatures, the average wavelengths become longer, so we
anticipate that the specularity and effective diameter will both

increase at low temperature. In analogy to Wien’s displacement
law of photon radiation, for phonons the average wavelength 4, at

a given temperature can be estimated from [33]

1%

AT =500m - Kx| ————
5000 m/s

j Aoy > 2b), (11.38)

A, =2b (otherwise), (11.39)

av

where v is the sound velocity and b is the spacing between nearest-
neighbor atoms (typically 5=0.2 to 0.3nm for most solids).
Consider a silicon nanowire of diameter D=100nm. Assuming
b=0.25nm and rms roughness of 6 =0.1nm, plot the specularity p
and effective diameter D, as functions of temperature, from
1000 K down to 1 K. For simplicity in analysis it is usually
desirable to approximate the boundary scattering as being perfectly
diffuse (p=0). What is the lowest temperature for which this
approximation is valid? That is, find the lowest temperature for
which D, differs from D by less than 10%. Repeat for 6 =1nm .

Single-walled carbon nanotubes (SWCNTs) are one-dimensional
conductors with extremely high thermal conductivity, with
reported values of 3500W/m-"C or higher at 300K [3,4]. A
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SWCNT of length L transporting heat between two contacts is in
some ways similar to heat conduction perpendicular to a thin film
of thickness L. Specifically, in both cases the presence of the
contacts results in boundary scattering. (Note that, unlike a
nanowire, an isolated SWCNT does not have boundary scattering
at the sidewalls.) The simplest way to model the effective phonon
mean free path is with Matthiessen’s Rule. Assuming perfect
contacts (¢, = a, =1), the mean free path for boundary scattering
Ay can be approximated simply as L. At 300 K, assume the

“bulk” phonon mean free path is A,,; =1.5um , where here “bulk”
refers to a nanotube with L — oo . (Estimates for A, range from

around 0.25 um to 3 um [3,4,37,38]). Make log-log plots of the
thermal conductivity and thermal resistance of a SWCNT as
functions of length, for L ranging from 1 mm down to 10 nm. The
diameter of the tube is d = 2.4 nm , and the most common definition
for the cross-sectional area for heat conduction is A = 7db, where
the thickness of a single wall is »=0.34nm. Assume that the
thermal conductivity of a very long SWCNT at 300K is
k =5000 W/m-"C. You can compare your results with the results

of a more comprehensive theoretical analysis by Mingo and Broido
[38], selected values of which are given in Appendix D.

Velocity averaging for thermal conductivity. Equation (11.16)

states that the correct way to calculate an average sound velocity
from v, and v ; is to average them in an inverse-squares sense.

Why don’t we just do the simple average v, =3v ;+iv, ,?

Answer this question by focusing on the low temperature limit.
Considering the three subsystems separately (there are always two
polarizations of transverse acoustic waves and one polarization of
longitudinal acoustic wave), use the low-temperature specific heat
of eq. (11.19), and assume that A, —const. at low T (for

example, phonons traveling along a wire with diffuse boundaries
will all experience A, =D). The total phonon thermal

conductivity is simply the sum of the thermal conductivities of the
three subsystems. By equating your result to the analogous lumped
expression for the total k assuming a single averaged velocity,
show that eq. (11.16) is indeed the correct averaging rule. If
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ver =5200m/s and v ; =~8840m/s (approximate average values for
Si), what is v, ?

Velocity averaging for specific heat. Derive an averaging rule
analogous to eq. (11.16) to combine v,; and v ; into a single

value of v .,

that gives the correct low-temperature specific heat
for the combined system of longitudinal plus transverse acoustic

phonons.  Evaluate the numerical value of your v, for

ver =5200m/s and v ; =~8840m/s (approximate average values for

Si), and compare to the value of v, found from eq. (11.16) as well

2 1
_Vs,T + Evs,L .

as to the simple weighted average v, =3

Equation (11.30a) gives the effective mean free path for the Fuchs-
Sondheimer solution in the asymptotic limit of a thick film.
Combine this result with Matthiessen’s rule, eq. (11.26), to derive
an expression for the boundary scattering mean free path A, in

this limit, as a function of L and/or A, .

Equation (11.30b) gives the effective mean free path for the Fuchs-
Sondheimer solution in the asymptotic limit of a thin film.
Combine this result with Matthiessen’s rule, eq. (11.26), to derive
an expression for the boundary scattering mean free path A, in

this limit, as a function of L and/or A, .
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APPENDIX A: ORDINARY DIFFERENTIAL

EQUATIONS

(1) Second Order Ordinary Differential Equations with Constant

Coefficients

Second order ordinary differential equations with constant coefficients
occur often in conduction problems. Common equations and their solutions
are presented below. Detailed treatment can be found in the literature [1,2].

(i) Example 1:

d 2
—; —m? y=c
dx
Solution:
¥ = Cy exp(mx) +C, exp(-mx)———,
m
or

y =C, sinh mx + C, cosh mx ——— .

m2

(ii) Example 2:

dzy

—2 + m2y =cC.
dx
Solution:
y=C,sinmx+C, cosmx+%.
m
(iii) Example 3:
d? d
—y+2b—y+m2y=c.
de dx

(A-1)

(A-2a)

(A-2b)

(A-3)

(A-4)

(A-5)

The solution to this equation depends on the magnitude of b? relative to

m2:

(a) b>< m?>

y = C, exp(=bx)sin(Nm> —b? x)+C, exp(=bx) cos(Nm? —b? x) +L2.
m

(A-6a)
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(b) b> =m?
¥ =exp(-bx)[Cyx + Cy [+~ (A-6b)
m

() b*>> m?

y=C, exp(=bx + Vb2 —m? x)+ C, exp(=bx — Vb2 —m? x) + —— (A-6c)
1 2 2

(iv) Example 4:

2
Y oY 2y £y, (A-7)
dx? dx

The solution to this equation depends on the magnitude of b? relative to

m?:

(a) b*< m*

y=C, exp(=bx)sin(\W\m? —b> x)+ C, exp(~bx) cos(Nm> —b> x)+
1 2

exp(=bx) [sin( /mz _p2 x) If(x) ex [ 2 2 _ (A-8a)
—_— p(bx)cos(Nm*~ —b” x)dx
Vm? —b?

cos(v m? —b? X) '[f(x) exp(bx) sin(y/ m? —b? X) dx} .
(b) b* =m?
y= exp(—bx)[Clx +Cy+x j f(x)exp(bx)dx — Ix f(x)exp(bx) dx} . (A-8Db)
() b*> m?

y =C, exp(=bx +vb% —m? x)+C, exp(—bx —b? —m? x)+
_ [r2_ 2
eXP( bx+Vb" —m x)[jf(x) exp(bx— /bz —m? x)dx}— (A-8¢)

21/b?% —m?

2 2
eXp(—bx - m x) [ J-f(X) exp(bx + m x)dx }
o
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(2) First Order Ordinary Differential Equations with Variable
Coefficients

A linear differential equation of the form
d
APy =00, (A-9)

has the following solution:

)= e_jP(x)dx[ J‘Q(x)ejp(x)dxdx-f‘c} ’ (A-10)

where C is constant of integration,
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APPENDIX B

INTEGRALS OF BESSEL FUNCTIONS

In the following formulas Z, (x) represents J,(x) or ¥, (x). Note that

the integral j Z(x)dx can not be evaluated in closed form.

1. :zl (x)dx = —Z,(x)

2. ..xZO(x)dx = xZ,(x)

3. .'le (x)dx = —xZ, (x) + jzo(x)dx

4. :x2ZO (x)dx = x2Z,(x) + xZ (x) — J.Zo(x)dx

5, ..meO (0)dx = x" Z, (x) + (m —1)x"" Zy (x) — (m —1)? j X727, (x)dx

6. .me \(X)dx =—x""Zy(x)++m jxm_lZO (x)dx

7. (29 g=z,0)-Z (x) jz (x)dx

(Z (x) z (x) Zy(x) 1 Zy(x)
8. J xm (m )2 m-2 (m_l)xm—] (m ) J‘xm—Z dx
9. (4™ o7 ()4 Iz (x)dx

xml

m— 1

10. v (x)d _ Z (x) J‘Z (x) dr
Jox" mx m

11. x"Zn_l(x)dx =x"Z,(x)

12. [x"z,, ()dx=—x"Z, (x)

13. .men (xX)dx =—x"Z, (x)+(m+n-1) Ixm_lZn_l (x)dx
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APPENDIX C: Values of Bessel Functions
x | Jo(x) | Ji(x) X Jo(x) | Ji(x)
0.0 1.0000 0.0000 4.0 -0.3971 - 0.0660
0.1 0.9975 0.0499 4.1 - 0.3887 -0.1033
0.2 0.9900 0.0995 4.2 -0.3766 -0.1386
0.3 0.9776 0.1483 4.3 -0.3610 -0.1719
0.4 0.9604 0.1960 4.4 - 0.3423 -0.2028
0.5 0.9385 0.2423 4.5 - 0.3205 -0.2311
0.6 0.9120 0.2867 4.6 -0.2961 -0.2566
0.7 0.8812 0.3290 4.7 -0.2693 -0.2791
0.8 0.8463 0.3688 4.8 - 0.2404 - 0.2985
0.9 0.8075 0.4059 4.9 -0.2097 -0.3147
1.0 0.7652 0.4401 5.0 -0.1776 -0.3276
1.1 0.7196 0.4709 5.1 -0.1443 -0.3371
1.2 0.6711 0.4983 5.2 -0.1103 -0.3432
1.3 0.6201 0.5220 5.3 -0.0758 - 0.3460
1.4 0.5669 0.5419 5.4 -0.0412 -0.3453
1.5 0.5118 0.5579 5.5 - 0.0068 -0.3414
1.6 0.4554 0.5699 5.6 0.0270 -0.3343
1.7 0.3980 0.5778 5.7 0.0599 -0.3241
1.8 0.3400 0.5815 5.8 0.0917 -0.3110
1.9 0.2818 0.5812 5.9 0.1220 -0.2951
2.0 0.2239 0.5767 6.0 0.1506 -0.2767
2.1 0.1666 0.5683 6.1 0.1773 -0.2559
2.2 0.1104 0.5560 6.2 0.2017 -0.2329
2.3 0.0555 0.5399 6.3 0.2238 -0.2081
2.4 0.0025 0.5202 6.4 0.2433 -0.1816
2.5 - 0.0484 0.4971 6.5 0.2601 -0.1538
2.6 - 0.0968 0.4708 6.6 0.2740 -0.1250
2.7 -0.1424 0.4416 6.7 0.2851 - 0.0953
2.8 -0.1850 0.4097 6.8 0.2931 - 0.0652
2.9 -0.2243 0.3754 6.9 0.2981 -0.0349
3.0 -0.2601 0.3391 7.0 0.3001 - 0.0047
3.1 -0.2921 0.3009 7.1 0.2991 0.0252
3.2 -0.3202 0.2613 7.2 0.2951 0.0543
3.3 -0.3443 0.2207 7.3 0.2882 0.0826
3.4 -0.3643 0.1792 7.4 0.2786 0.1096
3.5 -0.3801 0.1374 7.5 0.2663 0.1352
3.6 -0.3918 0.0955 7.6 0.2516 0.1592
3.7 - 0.3992 0.0538 7.7 0.2346 0.1813
3.8 - 0.4026 0.0128 7.8 0.2154 0.2014
3.9 -0.4018 -0.0272 7.9 0.1944 0.2192




APPENDIX C: Values of Bessel Functions

407

APPENDIX C: Values of Bessel Functions (Continued)

MEROREAC)
8.0 0.1717 0.2346
8.1 0.1475 0.2476
8.2 0.1222 0.2580
8.3 0.0960 0.2657
8.4 0.0692 0.2708
8.5 0.0419 0.2731
8.6 0.0146 0.2728
8.7 -0.0125 0.2697
8.8 - 0.0392 0.2641
8.9 - 0.0653 0.2559
9.0 - 0.0903 0.2453
9.1 -0.1142 0.2324
9.2 - 0.1367 0.2174
9.3 - 0.1577 0.2004
9.4 -0.1768 0.1816
9.5 - 0.1939 0.1613
9.6 -0.2090 0.1395
9.7 - 0.2218 0.1166
9.8 - 0.2323 0.0928
9.9 - 0.2403 0.0684
10.0 | -0.2459 | 0.0435
10.1 -0.2490 | 0.0184
10.2 | -0.2496 | - 0.0066
10.3 | -0.2477 | - 0.0313
104 | -0.2434 | - 0.0555
10.5 | -0.2366 | - 0.0789
10.6 | -0.2276 | - 0.1012
10.7 | -0.2164 | -0.1224
10.8 | -0.2032 | - 0.1422
109 | -0.1881 | -0.1603
11.0 | -0.1712 | - 0.1768
11.1 -0.1528 | -0.1913
11.2 | -0.1330 | - 0.2039
11.3 | -0.1121 | -0.2143
114 | -0.0902 | - 0.2225

o) | (%)
11.5 -0.0677 | -0.2284
11.6 -0.0446 | -0.2320
11.7 -0.0213 - 0.2333
11.8 0.0020 - 0.2323
11.9 0.0250 -0.2290
12.0 0.0477 -0.2234
12.1 0.0697 -0.2157
12.2 0.0908 - 0.2060
12.3 0.1108 -0.1943
124 0.1296 - 0.1807
12.5 0.1469 - 0.1655
12.6 0.1626 - 0.1487
12.7 0.1766 - 0.1307
12.8 0.1887 -0.1114
12.9 0.1988 - 0.0912
13.0 0.2069 - 0.0703
13.1 0.2129 - 0.0489
13.2 0.2167 - 0.0271
13.3 0.2183 - 0.0052
13.4 0.2177 0.0166
13.5 0.2150 0.0380
13.6 0.2101 0.0590
13.7 0.2032 0.0791
13.8 0.1943 0.0984
13.9 0.1836 0.1165
14.0 0.1711 0.1334
14.1 0.1570 0.1488
14.2 0.1414 0.1626
14.3 0.1245 0.1747
144 0.1065 0.1850
14.5 0.0875 0.1934
14.6 0.0679 0.1999
14.7 0.0476 0.2043
14.8 0.0271 0.2066
14.9 0.0064 0.2069




408 APPENDIX C: Values of Bessel Functions

APPENDIX C: Values of Bessel Functions (Continued)

x | (o) | hi(x) x | Yo(x) | hi(x)
0.0 - - 0 40 |-0.0169 0.3979
0.1 -1.5342 | -6.4590 41 | -0.0561 0.3846
0.2 -1.0811 | -3.3238 4.2 |-0.0938 0.3680
0.3 -0.8073 | -2.2931 43 |-0.1296 0.3484
0.4 - 0.6060 | -1.7809 44 |-0.1633 0.3260
0.5 -0.4445 | - 14715 4.5 |-0.1947 0.3010
0.6 -0.3085 | -1.2604 4.6 | -0.2235 0.2737
0.7 -0.1907 | -1.1032 4.7 |-0.2494 0.2445
0.8 -0.0868 | - 09781 4.8 |-0.2723 0.2136
0.9 0.0056 | -0.8731 49 |-0.2921 0.1812
1.0 0.0883 | -0.7812 5.0 |-0.3085 0.1479
1.1 0.1622 | -0.6981 51 |-0.3216 0.1137
1.2 0.2281 -0.6211 52 |-0.3313 0.0792
1.3 0.2865 | -0.5485 53 |-0.3374 0.0445
1.4 0.3379 | -0.4791 54 | -0.3402 0.0101
1.5 0.3824 | -0.4123 5.5 [-0.3395 - 0.0238
1.6 0.4204 | -0.3476 5.6 | -0.3354 - 0.0568
1.7 0.4520 | -0.2847 5.7 |-0.3282 - 0.0887
1.8 04774 | -0.2237 58 |-03177 -0.1192
1.9 0.4968 | -0.1644 5.9 |-0.3044 - 0.1481
2.0 0.5104 | -0.1071 6.0 | -0.2882 - 0.1750
2.1 0.5183 | -0.0517 6.1 | -0.2694 - 0.1998
2.2 0.5208 0.0015 6.2 | -0.2483 - 0.2223
2.3 0.5181 0.0523 6.3 | -0.2251 - 0.2422
24 0.5104 0.1005 6.4 | -0.1999 - 0.2596
2.5 0.4981 0.1495 6.5 |-0.1732 - 0.2741
2.6 0.4813 0.1884 6.6 | -0.1452 - 0.2857
2.7 0.4605 0.2276 6.7 |-0.1162 - 0.2945
2.8 0.4359 0.2635 6.8 | -0.0864 - 0.3002
2.9 0.4079 0.2959 6.9 | -0.0563 - 0.3029
3.0 0.3769 0.3247 7.0 | -0.0259 - 0.3027
31 0.3431 0.3496 7.1 0.0042 - 0.2995
3.2 0.3071 0.3707 7.2 0.0339 -0.2934
3.3 0.2691 0.3879 7.3 0.0628 - 0.2846
34 0.2296 0.4010 74 0.0907 -0.2731
3.5 0.1890 0.4102 7.5 0.1173 - 0.2591
3.6 0.1477 0.4154 7.6 0.1424 - 0.2428
3.7 0.1061 0.4167 7.7 0.1658 - 0.2243
3.8 0.0645 0.4141 7.8 0.1872 - 0.2039
3.9 0.0234 0.4078 7.9 0.2065 - 0.1817
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X | %» | h(x)
8.0 0.2235 | -0.1581
8.1 0.2381 -0.1331
8.2 0.2501 -0.1702
83 0.2595 | -0.0806
84 0.2662 | -0.0535
8.5 0.2702 | -0.0262
8.6 0.2715 0.0011
8.7 0.2700 0.0280
8.8 0.2659 0.0544
8.9 0.2592 0.0799
9.0 0.2499 0.1043
9.1 0.2383 0.1275
9.2 0.2245 0.1491
9.3 0.2086 01691
9.4 0.1907 0.1871
9.5 0.1712 0.2032
9.6 0.1502 0.2171
9.7 0.1279 0.2287
9.8 0.1045 0.2379
9.9 0.0804 0.2447
10.0 0.0557 0.2490
10.1 0.0307 0.2508
10.2 0.0056 0.2502
10.3 | -0.0193 0.2471
104 | - 0.0437 0.2416
10.5 | - 0.0675 0.2337
10.6 | - 0.0904 0.2236
10.7 | -0.1122 0.2114
10.8 | -0.1326 0.1973
109 | -0.1516 0.1813
11.0 | -0.1688 0.1637
11.1 | -0.1843 0.1446
11.2 | -0.1977 0.1243
11.3 | -0.2091 0.1029
114 | -0.2183 0.0807

x | Y | Yi(x)
11.5 | -0.2252 0.0579
11.6 | -0.2299 0.0348
11.7 | -0.2322 0.0114
11.8 | -0.2322 -0.0118
11.9 | -0.2298 - 0.0347
12.0 | - 0.2252 - 0.0571
12.1 | -0.2184 - 0.0787
12.2 | -0.2095 - 0.0994
12.3 | -0.1986 -0.1189
124 | -0.1858 - 0.1371
12.5 | -0.1712 - 0.1538
12.6 | - 0.1551 - 0.1689
12.7 | -0.1375 - 0.1821
12.8 | -0.1187 - 0.1935
12.9 | -0.0989 - 0.2028
13.0 | -0.0782 - 0.2101
13.1 | - 0.0569 -0.2152
13.2 | - 0.0352 - 0.2181
13.3 | -0.0134 -0.2190
134 0.0085 -0.2176
13.5 0.0301 - 0.2140
13.6 0.0512 - 0.2084
13.7 0.0717 - 0.2007
13.8 0.0913 -0.1912
13.9 0.1099 - 0.1798
14.0 0.1272 - 0.1666
14.1 0.1431 - 0.1520
14.2 0.1575 - 0.1359
14.3 0.1703 -0.1186
14.4 0.1812 - 0.1003
14.5 0.1903 - 0.0810
14.6 0.1974 - 0.0612
14.7 0.2025 - 0.0408
14.8 0.2056 - 0.0202
14.9 0.2065 0.0005
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APPENDIX C: Values of Bessel Functions (Continued)

x | Lo(x) | I(x) x | Ty | Ii(x)
0.0 1.0000 0.0 4.0 11.302 9.7595
0.1 1.0025 0.0501 4.1 12.324 10.688
0.2 1.0100 0.1005 4.2 13.442 11.706
0.3 1.0226 0.1517 4.3 14.668 12.822
0.4 1.0404 0.2040 4.4 16.010 14.046
0.5 1.0635 0.2579 4.5 17.481 15.389
0.6 1.0920 0.3137 4.6 19.093 16.863
0.7 1.1263 0.3719 4.7 20.858 18.479
0.8 1.1665 0.4329 4.8 22.794 20.253
0.9 1.2130 0.4971 4.9 24.915 22.199
1.0 1.2661 0.5652 5.0 27.240 24.336
1.1 1.3262 0.6375 5.1 29.789 26.680
1.2 1.3937 0.7147 5.2 32.584 29.254
1.3 1.4693 0.7973 53 35.648 32.080
1.4 1.5534 0.8861 5.4 39.009 35.182
1.5 1.6467 0.9817 5.5 42.695 38.588
1.6 1.7500 1.0848 5.6 46.738 42.328
1.7 1.8640 1.1963 5.7 51.173 46.436
1.8 1.9896 1.3172 5.8 56.038 50.946
1.9 2.1277 1.4482 5.9 61.377 55.900
2.0 2.2796 1.5906 6.0 67.234 61.342
2.1 2.4463 1.7455 6.1 73.633 67.319
2.2 2.6291 1.9141 6.2 80.718 73.886
2.3 2.8296 2.0978 6.3 88.462 81.100
24 3.0493 2.2981 6.4 96.962 89.026
2.5 3.2898 2.5167 6.5 106.29 97.735
2.6 3.5533 2.7554 6.6 116.54 107.30
2.7 3.8417 3.0161 6.7 127.79 117.82
2.8 4.1573 3.3011 6.8 140.14 129.38
2.9 4.5027 3.6126 6.9 153.70 142.08
3.0 4.8808 3.9534 7.0 168.59 156.04
31 5.2945 4.3262 7.1 184.95 171.38
3.2 5.7472 4.7343 7.2 202.92 188.25
3.3 6.2426 5.1810 7.3 222.66 206.79
34 6.7848 5.6701 74 244.34 227.17
3.5 7.3782 6.2058 7.5 268.16 249.58
3.6 8.0277 6.7927 7.6 294.33 274.22
3.7 8.7386 7.4357 7.7 323.09 301.31
3.8 9.5169 8.1404 7.8 354.68 331.10
3.9 10.369 8.9128 7.9 389.41 363.85
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APPENDIX C: Values of Bessel Functions (Continued)

X | Ky(x) | K(x) X K, (x) K, (x)
0.0 0 0 4.0 0.01160 0.012484
0.1 24271 9.8538 4.1 0.009980 0.011136
0.2 1.7527 4.7760 4.2 0.008927 0.009938
0.3 1.3725 3.0560 4.3 0.007988 0.008872
0.4 1.1145 2.1844 4.4 0.007149 0.007923
0.5 0.9244 1.6564 4.5 0.006400 0.007078
0.6 0.7775 1.3028 4.6 0.005730 0.006325
0.7 0.6605 1.0503 4.7 0.005132 0.005654
0.8 0.5653 0.8618 4.8 0.004597 0.005055
0.9 0.4867 0.7165 4.9 0.004119 0.004521
1.0 0.4210 0.6019 5.0 0.003691 0.004045
1.1 0.3656 0.5098 51 0.003308 0.003619
1.2 0.3185 0.4346 5.2 0.002966 0.003239
1.3 0.2782 0.3725 5.3 0.002659 0.002900
14 0.2437 0.3208 5.4 0.002385 0.002597
1.5 0.2138 0.2774 5.5 0.002139 0.002326
1.6 0.1880 0.2406 5.6 0.001918 0.002083
1.7 0.1655 0.2094 5.7 0.001721 0.001866
1.8 0.1459 0.1826 5.8 0.001544 0.001673
1.9 0.1288 0.1597 5.9 0.001386 0.001499
2.0 0.11389 | 0.13987 6.0 0.0012440 | 0.0013439
2.1 0.10078 | 0.12275 6.1 0.0011167 | 0.0012050
2.2 0.08926 | 0.10790 6.2 0.0010025 | 0.0010805
2.3 0.07914 | 0.09498 6.3 0.0009001 0.0009691
24 0.07022 | 0.08372 6.4 0.0008083 | 0.0008693
2.5 0.06235 | 0.07389 6.5 0.0007259 | 0.0007799
2.6 0.05540 | 0.06528 6.6 0.0006520 | 0.0006998
2.7 0.04926 | 0.05774 6.7 0.0005857 | 0.0006280
2.8 0.04382 | 0.05111 6.8 0.0005262 | 0.0005636
2.9 0.03901 | 0.04529 6.9 0.0004728 | 0.0005059
3.0 0.03474 | 0.04016 7.0 0.0004248 | 0.0004542
31 0.03095 | 0.03563 7.1 0.0003817 | 0.0004078
3.2 0.02759 | 0.03164 7.2 0.0003431 0.0003662
3.3 0.02461 | 0.02812 7.3 0.0003084 | 0.0003288
34 0.02196 | 0.02500 7.4 0.0002772 | 0.0002953
3.5 0.01960 | 0.02224 7.5 0.0002492 | 0.0002653
3.6 0.01750 | 0.01979 7.6 0.0002240 | 0.0002383
3.7 0.01563 | 0.01763 7.7 0.0002014 | 0.0002141
3.8 0.01397 | 0.01571 7.8 0.0001811 0.0001924
3.9 0.01248 | 0.01400 7.9 0.0001629 | 0.0001729
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APPENDIX D

FUNDAMENTAL PHYSICAL CONSTANTS AND
MATERIAL PROPERTIES

D-1 Fundamental Physical Constants

Quantity Symbol Value

Ideal gas constant Ry 8.314 J/mol -K
Avogadro’s number N, 6.022x10% mol!
Boltzmann’s constant kg 1.381x107% J/K
Planck’s constant (reduced) h 1.055x1073* J-s

Speed of light in vacuum c 2.998x10% m/s
Stefan-Boltzmann constant o 5.670x107° W/m? -K*
Electron mass m, 9.110x107! kg

D-2 Unit conversions

Electron volts [eV] to Joules [J]: leV =1.602x107"7J

D-3 Properties of Helium Gas

Atomic weight: M =4.003 g/mol
Thermal conductivity at atmospheric pressure:
T[K] 100 200 | 273.15| 300 | 400 | 500 | 700 | 1000
0.354

k [W/m-°"C] 0.0730 | 0.1151 | 0.142 | 0.152 | 0.187 | 0.220 | 0.278

D-4 Properties of Copper at 300 K
Density: p =8933 kg/m3
Thermal conductivity: & =401 W/m-°C
Specific heat: ¢, =385J/kg-"C
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D-5 Properties of Fused Silica (Amorphous Silicon Dioxide,
Si0O,) at 300 K

Molecular weight: M=60.1 g/mol

Density: p =2220kg/m’

Thermal conductivity: & =1.38 W/m-°C

Specific heat: ¢, =7451/kg-"C

Sound velocities ver =3764m/s, v, =5968 m/s

D-6 Properties of Silicon
Density (7 =300K ): p =2330 kg/m3
Specific heat (7 =300K ): ¢, =712Jkg-"C

Thermal conductivity of bulk silicon [4]
Note: Low-temperature values are
dependent on sample size.
T k
K] [W/m -°C]
1 4.48
2 31.7
3 99.8
5 424
10 2110
15 3930
20 4940
30 4810
40 3530
60 2110
80 1340
100 884
150 409
200 264
300 148
400 98.9
600 61.9
800 42.2
1000 31.2
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D-7 Measured Thermal Conductivity of a 56 nm Diameter

Silicon Nanowire at Selected Temperatures [5]

(K]

320

300

250

200

150

100

60

40

30

20

[W/m -

°C] | 25.0

257

27.5

29.0

28.5

255

18.9

6.75

2.77

0.72

D-8 Calculated Thermal Conductivity of Single-Walled Carbon

Nanotubes, Selected Values [6]

T=316K

L k

m W/m-°C
1.06E-08 3.53E+01
2.25E-08 7.16E+01
4.13E-08 1.17E+02
8.48E-08 2.16E+02
1.61E-07 3.43E+02
4.16E-07 6.15E+02
9.20E-07 1.01E+03
3.09E-06 1.92E+03
8.25E-06 2.86E+03
1.83E-05 3.54E+03
4.70E-05 4.25E+03
1.00E-04 4.52E+03
3.23E-04 4.80E+03
1.70E-03 4.94E+03
3.51E-02 4.93E+03
1.01E+00 4.91E+03

T=31.6K

L k

m W/m-"C
9.97E-09 1.94E+00
3.77E-08 7.41E+00
2.91E-07 5.07E+01
1.64E-06 2.82E+02
5.95E-06 1.07E+03
3.67E-05 5.77E+03
2.16E-04 2.61E+04
6.85E-04 5.37E+04
2.71E-03 9.62E+04
9.78E-03 1.22E+05
4.22E-02 1.35E+05
2.48E-01 1.40E+05
1.07E+00 1.35E+05
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INDEX

A

Acoustic phonon, 363
Asymptotic expansion, 270

Ballistic, 392
Basic problem, 269
Basic solution, 269
Bessel:
differential equation, 52
derivatives, 56
forms, 54
functions, 52
integrals, 56, 404
special relations, 55
tabulation, 56 405-411
Biot number, 29, 30, 120
Binomial expansion, 296
Boltzmann transformation, 224
Boundary conditions:
examples of, 12
fins, 34
homogeneous, 73
Moving interface, 185
Non-homogenous, 74, 109
non-linear, 185
porous media, 163
Boundary-value problem, 74
Bulk, 347

Characteristic functions, 75
Chen-Holmes equation, 312
Characteristic values, 78
Classical size effect
Composite:

Cylinder, 27

wall, 31
Conservation of energy, 5
Control volume formulation, 237
Coordinate perturbation, 270
Corrected length, 44
Correction coefficient, 328

Debye approximation, 364

Debye T 3 law, 366

Debye temperature, 365

Derivatives of Bessel functions,
56

Duhamel’s superposition integral,
119, 141

Differential equations:
first order, 403
homogeneous, 73
non-homogeneous, 74, 103
non-linear, 215
partial, 72
second order ordinary, 401

Differential formulation, 5
diffusivity, 8
boundary conditions, 73
differential equations, 73

Diffuse, 380

Diffusive, 391

Dopants, 361

Dulong and Petit, 366

Effect of density change, 204

Eigenfunctions, 79

Eigenvalues, 78

Electron, free, 360

Emissivity, 11

Energy generation, 5,7

Error function, 153

Equidimensional equation, 58

Euler equation, 58

Exponential expansion, 296

Exponential integral function,
209, 381

Extended surfaces, 34

Fermi energy, 360
Fermi temperature, 361
Fermi velocity, 360



Fins:
annular, 35
approximation, 36
Biot number, 36
boundary conditions, 40
constant area, 41-49
convection and radiation, 283
corrected length, 44
efficiency, 44, 59
function of, 34
graphically presented solutions,
59, 60
heat equation, 37
heat transfer rate, 40, 59
moving, 45
porous, 178-182
temperature distribution, 35
types, 34
variable area, 49
Formulation:
differential, 5
integral, 237
Fourier’s law of conduction, 2
Free boundary, 184
Fuchs-Sondheimer solutions, 380

Heat conduction equation:
cylindrical coordinates, 9
porous media, 165
rectangular coordinates, 5
spherical coordinates, 9

Heat flux, 4

Heat transfer coefficient, 11

Homogeneous, 73

Ideal gas constant, 355
Interface boundary conditions,
185
Integral Formulation, 237
Integral method:
accuracy, 237
Cartesian coordinates, 238

Index 417

control volume formulation,
237

cylindrical coordinates, 246

integration of differential
equation, 237

mathematical simplification,
236

penetration depth, 243

thermal layer, 243

Isotropic material, 4

Kinetic theory, 351
Kirchhoff transformation, 220

Latent heat of fusion, 188

Leibnitz’s rule, 257
Lumped-capacity analysis, 119,

121

Local thermodynamic
equilibrium, 354

Matthiessen’s rule, 397

Mean free path, 349

Mean free time, 352

Moving boundary problems:
interface boundary conditions,
185
non-linearity, 189

Nanowire, 347
Neumann’s solution:
melting, 203
Solidification, 200
Newton’s law of cooling, 10
Non-homogeneous:
boundary conditions, 74, 109
differential equations, 73, 103
Non-linear:
boundary conditions, 216
differential equations, 215
problems, 215, 251
Normalization integrals, 102
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One-dimensional conduction, 24
Optical phonon, 364
Orthogonality, 74

Penetration depth, 243
Pennes bioheat equation, 305
Perturbation:
coordinate, 270
parameter, 270
problems in conduction, 271
quantity, 269
regular, 269
singular, 269
Phase change, 184
Phonon, 361
Photon, 362
Porous media
applications, 168
boundary conditions, 167
heat conduction equation, 165,
168
porosity, 164
simplified heat transfer model,
164
transient conduction, 171
Problem solving format, 15
Primary unit cell, 364

Quantum size effect, 350
Quasi-steady approximation, 190

Random walk, 352

Separation constant, 78
Separation of variables:
method, 73
procedure, 76
Similarity transformation method,
119, 150, 197
Specular, 379
Specularity, 379
Superlattice, 350
Stefan-Boltzmann constant, 11

Stefan’s:

Number, 183

problem, 288

solutions, 197
Sturm-Liouville:

equation, 74

problem, 74
Superposition method, 109
Surface convection, 109
Surface radiation, 11
s-vessel tissue cylinder model,

323

Taylor series method, 216
Temperature dependent
properties, 251
Temperature distribution, 2
Thermal conductivity, 3
Thermal layer, 243
Thermal velocity, 357
Thin film, 348
Time dependent boundary
conditions, 141
Transient conduction in:
cylinders, 133
plates, 124
spheres, 138
semi-infinite regions, 150
Trigonometric expansion, 296
Two-dimensional conduction:
Cartesian coordinates, 83
cylindrical coordinates, 97

Umklapp scattering, 366
Units, 16

Variable area fins, 49
Variable conductivity, 24, 17,
222,224

Wave effect,
Wavepacket, 348
Weinbaum-Jiji, 315
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